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1 Abstract

A retirement model defined within a push/pull framework allowing for heterogeneity
in leisure preferences is estimated. The proposed estimation method applies non-
parametric estimation techniques and the estimation results show evidence of bi-
modular population distributions of the leisure preference parameter k.

The model is estimated separately for ten gender- and education specific groups.
The results suggest that men to a larger extent are pushed, while women are pulled
into retirement. The estimated distributions of the pull parameter £ tend to be split
in a large group with relatively low values of 2 and a smaller group with significantly
higher % values.

The estimated model assumes different interest rates such that the interest rate
on deposits is constant while the interest rate on debt increases with the debt takers
age. The Endogenous Grid Method (EGM) is applied to solve for optimal consumption
paths. By explicitly accounting for data censoring, a potential selection bias and loss

of useful information is avoided.
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2 Introduction

Population aging is a pronounced and global trend, caused by rising life expectancies
and falling birth rates. Figure[I|documents the persistence and magnitude of the trend
in Denmark. The largest cohorts exit the work force while the smallest cohorts enters,
resulting in increased dependency ratios and increased pressure on public finances.
In 2014, Public spending on pension schemes accounted for 19.8% of Denmark’s total

public spending (Finansministeriet (2014)).

Figure 1: Historical and estimated development of elders in Denmark
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Source: historical numbers and population projections from Statistics Denmark.

In addition to demographic changes, the share of Danes holding private pension
wealth has increased significantly, making individuals more free to time their own
retirement. About 4% of average wages were paid into to a pension scheme in 1984
compared to 11% in 2010. Conversely, payouts from individual pension savings rose
from 15% of total pension payouts in 1984 to 35% in 2010 (Kramp et al. (2012)). An
understanding of what constitutes people’s retirement decision is crucial and the pri-

mary motivator for this analysis.

Structural retirement models are useful as they shed lights on the retirement de-
cision and enables policy experiments and forecasts which are helpful tools for policy
makers. The basic assumption when modeling behavior is that people’s decision de-
pends on a combination of their circumstances and their preferences. Most structural
estimations assume that individuals share the same preferences, such that the variety
in behavior is explained by the observed circumstances, e.g. financial situation, health

etc. But given this approach, if a group of individuals facing the same circumstances

5



behave differently, they must have different preferences. The purpose of this project is

to measure and investigate this variety in individuals’ preferences.

We model retirement behavior in a push/pull-framework that allows for hetero-
geneity in leisure preferences. The main contribution of this study is the proposed es-
timation of this heterogeneity which applies a non-parametric estimation technique.
Another significant contribution is the actual estimation results that reveal a signifi-
cant variation in peoples preferences for leisure, indicated by the model parameter %.
The model is estimated separately for ten gender- and education specific groups. The
estimated distributions of & tend to be split in a large group with relatively low values
of £ and a smaller group with significantly higher k& values. This significant evidence of

heterogeneity contributes with a deeper understanding of peoples retirement behavior.

Chapter [3| outlines the context from which the current model has emerged and
describes the applied model. Chapter [4] describes the rules and regulations that con-
stitute the Danish retirement system. The analysis is built on an extensive amount
of data work as contra-factual income paths are simulated for all individuals, for each
possible retirement age, described in Chapter [5| The model assumes different in-
terest rates for debts (age-dependent) and deposits (constant), making a closed-form
solution to the optimal consumption problem impossible. The consumption problem is
therefore solved numerically with the Endogenous Gridpoint Method (EGM) proposed
by [Carroll (2006) in Chapter [6| The non-parametric estimation method is derived in
Chapter [7. The estimation of the heterogeneous utility parameter is done together
with the remaining homogeneous model parameters which are estimated with Max-
imum Likelihood. Finally, Chapter |8 contains the estimation results that suggest
bi-modularity in the population distribution of preferences of leisure and Chapter [9|

the final conclusions of the study.



3 Modeling Retirement

3.1 When and why do people retire?

In Denmark the "default" retirement age for those born prior to 1952 is 65 years - at
age 65 you’re eligible to receive old age pension (OAP). However, most people don’t
choose retire at age 65. Both early retirement schemes as well as private retirement
savings enable people to retire prior to the default retirement age, while some choose
to stay in the labor force after age 65. Figure [2| show a detailed histogram of the
retirement ages of cohort 1941 — 45 with peaks at age 60, 62 and 65. Retirement

Figure 2: Actual retirement ages, cohort 1941-45
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Note: Source: Register data and the DREAM database (100% of the population).
The week-precise retirement ages are provided in the DREAM database, retire-
ment ages later than 65 are identified by the same criteria as in section[5.2]

prior to age 65 must be funded either by own savings or, as is often the case, by Early
Retirement Pension (ERP) benefits which enables retirement from age 60 for members
of the scheme, see section When we look at retirement ages for the different
genders and educational groups (see figure [3), some patterns occur. Women tend to
retire earlier than men and individuals with high education tend to retire later than
those with less education.

The histograms reveal a standard with respect to retirement age in the Danish
labor market. A large majority of Danes choose to retire between age 60 and 67.
Obviously aging and attrition both plays significant roles in the matter, but what de-
termines the exact retirement age of people during this age interval? The retirement
decision of older workers depends on a great many variables. The following section
outlines the most common reasons to retire, distinguishing between financial and non-

financial determinants.

3.1.1 Financial Considerations

Economy is an important determinant in the retirement decision, consisting of sav-

ings, income and the underlying institutional framework such as the tax system and
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Figure 3: Retirement ages for cohorts 1941-45 divided by gender and education
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public pension schemes. The interaction between savings and income is ambiguous
due to the nonlinear institutional settings. Financial circumstances improve when
retirement is postponed. Because time as retired is shortened and extra time in the
labor force enables individuals to accumulate more savings. In addition, public pen-
sion plans reward late retirement by increasing payouts and reducing offsets from
private savings when retirement is postponed. Overall, the institutional framework
encourages late retirement, but still leaves other options open.

Retirement often results in a significant decline in income. A low income while
working results in a smaller decrease in income when retiring while high-earning in-
dividuals experience a larger decrease in income. Low wealth accumulations results
in a low income while retired, encouraging late retirement. High accumulations offset
the decline in income, encouraging early retirement. As a rule of thumb, combinations
of a low labor income and high accumulation of savings make people retire early while
high labor income and low accumulation of wealth make people retire late, see Table

It seems reasonable to assume that individuals with high salaries also have high

Table 1: How wealth and income affects the timing of retirement - Rule of thumb

Low Wealth Accumulation | High Wealth Accumulation
Low Income ? Early Retirement
High Income Late Retirement ?

wealth accumulations and vice versa. Incentives related to the remaining two combi-
nations are more complicated due to the complex and non-linear institutional settings.
This complexity calls for a detailed assessment of each individual’s financial situation
in order to understand how his/her economic circumstances interacts with the timing

of retirement.



3.1.2 Non-financial considerations

Were economy the only determinant, everyone would work until they droped dead.
Obviously, there is more to the retirement decision than just economy, and the list of
non-financial determinants could be infinitely long. Since the mid 90’s, there has been
a tradition within the field of retirement analysis to distinguish between pull and push
effects of the retirement decision, e.g. Feldman|(1994). While the push-effect covers
negative features of the work role or working environment pushing people into retire-
ment, the pull-effects cover the positive features of the retirement role or retirement
environment pulling people into retirement. Push effects make people think that they

should retire while the pull effects makes them want to retire.

* Push: The main reason why people are forced or pushed into retirement is their
worsening health that often comes with aging, especially in jobs that require a
high degree of physical activity. Having a physically demanding job might even
contribute to the worsening health, why some experience physical attrition in
their work, pushing them into retirement. Attrition could also be interpreted
more broadly as the ability to keep up with the work, including the adjustment
to new working procedures or new technology. Low job satisfaction, salary or job
security as well as societal expectations of "normal" retirement age also adds to

the list of common push-factors.

e Pull: Most individuals enjoy the extra free time that comes with retirement.
A retired spouse, grandchildren or other factors that improve the value of free
time will enlarge this effect. It is a standard assumption in economic theory that
individuals value free time. But one could also imagine some people, who do not
prefer free time over work. For older workers whose self-identity is closely tied

to work, retirement means the loss of valued activities, not the gain of them.

Obviously, push and pull factors act concomitantly. It is the combination of pushes
and pulls that produces preferences and intentions regarding the timing of retirement.
Also, the extent to which the retirement decision is dominated by push forces as op-
posed to pull forces has consequences for the perception of retirement as a voluntary

decision.



3.2 Literature study

Induced by a decreasing trend in participation rates of older workers, studies of eco-
nomic determinants of retirement originated in the 1970ies in the US. In a context
of low fertility and steadily increasing life expectancy, its progress has continued ever
since. The following literature review will focus on the development of retirement
studies in a global setting. A brief outline of Danish retirement studies will follow
with an emphasis on more recent contributions. Even though all empirical analyses
referred to below are based on different data sets and different methods, the results
reveal some common features. All analyses suggest that financial circumstances affect
the retirement decision. In addition, low education, spells of unemployment, and poor
health are found to be associated with early retirement in all analyses where these

issues are considered.

3.2.1 The evolution of retirement modeling

The earliest models of retirement are mainly applications of the standard single-
period labor supply model where individuals maximize utility with respect to leisure
and consumption. An example of this approach is Feldstein (1974). These rather prim-
itive models assume that individuals solely focus on current period income when con-
sidering their retirement decision, ignoring the fact that future retirement benefits
are affected as well. The one-period model was soon enough replaced with a life-cycle
model where individuals act to optimize their discounted lifetime utility with respect
to labor supply/retirement age. A lifetime retirement problem was already solved in

Boskin| (1977), and the continuous version of the problem can be generalized as:

T
mng: f U(L,,Cpe Ptdt
0

T R T
s.t. f Cie Pidt = f Yie Ptde + f B/(R)e Ptdt
0 0 R

T denotes the maximum age of the individual, B the discount factor, Y the labor in-
come and B(R) the pension benefit retirement associated with retirement at time R.
Empirical implementations of the life-cycle theory didn’t take place until the 1980’s.
Mitchell and Fields| (1984) and Gustman and Thomas| (1986) provide two of the first
empirical implementations of this general framework, modeling in detail the lifetime
income pattern. The model in |Gustman and Thomas (1986) was the first to explain
the spikes of exits at age 62 and 65 in the US. Another frequently applied model of
the 80’s is the duration model, first developed for studies of unemployment spells, e.g.
Hausman and Wise (1985) . The dependent variable of the duration model is time to
retirement, taken as a positive, continuous random variable. But due to the reduced

form nature of the duration model it lacks economic interpretation and predictability.
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The introduction of Dynamic Programming (DP) was a significant contribution
to the field of retirement studies when introduced in the late 1980’s, first applied in
Rust (1989) [] At time ¢ an individual can choose to 1) retire and derive utility from
present and future pension or 2) to continue working and derive utility from current

wage and the option to reconsider the problem in the following period:

T
V, =max |E; (Uy(Y)+vi+Vis1), Ei|Y 57 (UABs(0) +ws) (1)

s=t

The utility function for workers U,, and a retirees Ug can vary and individuals are
uncertain about future preferences which is reflected in the error terms v and w which
capture unobserved determinants of retirement such as health conditions. In order
to define the retirement model, both functional forms of utilities and the structure of
the error terms must be specified. The solution is obtained by recursive optimization
(backwards induction). Dynamic Programming requires high computational complex-
ity which increases when assumptions are relaxed. As technological improvement
allowed for higher complexity, later DP models evolved towards more complex error
structures. Stock and Wise (1990) assume a Markov Process for the error terms at the
cost of "approximating" dynamic programming with the Option Value Model.

In the Option Value Model (OV) developed in [Stock and Wise| (1990), workers

evaluate the following value function:

r-1 T
Vir) =Y UL(Y)+ Y B Ur(By(r) (2)
s=t S=r

The value function depends on retirement year r. In a two-stage comparison the
worker determines what future retirement year yields the maximum expected utility
(r*), then he compares that utility (£,V;(r*)) to the utility of retiring today (E;V,(t)). If
the difference between these two (the so-called option value G;(r*) = E;Vy(r*)—E;V(t))
is positive, the retirement decision is postponed to the following period, if G;(r*) <0
he retires. Once retired, consumption is valued with parameter £ compared to when
retired, £ representing the value of income while working relative to its value once
retired.

The dynamic programming and option value models are much alike. They share
the basic idea that workers decide whether to retire according to an evaluation of the
opportunity cost in terms of utility. However they differ widely in the way they each
treat uncertainty. The key simplifying assumption in the option value model is that
the retirement decision is based on the maximum of the expected present values of fu-

ture utilities if retirement occurs now versus at each of the potential future ages. The

TRust, (1987) first applied dynamic programming to solve for optimal replacement of bus engines.
Rust’s famous bus-example was one of the first and papers in the dynamic programming literature
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DP rule considers instead the expected value of the maximum of current versus fu-
ture options. The expected value of the maximum of a series of random variables will
necessarily be greater than or equal to the maximum of the expected values. Thus,
to the extent that this difference is significant, the option value rule understates the
expected value of waiting. But the OV model has computational advantages over DP.
Thanks to the absorbing state and Markovian assumptions, equation [2|can be divided
into a deterministic and stochastic part, which drastically simplifies its computational
complexity compared to dynamic programming, see Stock and Wise (1990). Moreover,
Robin Lubsdain and Wise| (1992) argues that "more complex specifications may pre-
sume computational facility that is beyond the grasp of most real people and therefore
less consistent with the actual rules that govern their behavior”. And when comparing
predictive abilities of dynamic programming with those of the option value, they find
no significant difference. A more recent comparison in Belloni| (2008)) does not prefers

one model to the other unambiguously either.

Econometric and technological advantages, together with availability of longitudi-
nal data sets, allowed for increasingly complex models. The most prevalent models in
recent retirement literature apply dynamic programming with modern specifications
that relax many simplifying assumptions and includes the modeling of simultaneous

decisions.

In the late 90s in the US a growing proportion of married women in the labor
force approached old age. This led to a number of interesting questions regarding the
phenomenon of joint retirement, i.e. spouses retiring simultaneously regardless of
individual ages. Many studies have documented the joint retirement of couples, e.g.
Blaul (1998). Most models use the dynamic programming approach, one recent ex-
ample being the quite comprehensive analysis in (Gustman and Thomas| (2009) which
models the retirement decision on the household level, integrating many features of
previous retirement models into a single framework. The model allows each spouse
to retire and unretire, transitioning among the states of full-time work, partial retire-
ment and full retirement. Retirement and savings are jointly determined and there is
heterogeneity in time preferences. While most studies use the dynamic programming
approach, some apply developments of the duration model, e.g. /An et al.| (1999) (Bi-
variate Duration Model) and [Honoré and Paula| (2013) (Interdepentent durations for

husbands and wives).

Another prevalent subject in the field of retirement modeling is the interaction be-
tween retirement and health. Much of the available empirical evidence in this area
suggests that poor health causes workers to retire earlier, e.g. McGarry (2004). Most
studies have found that poor health brings on retirement but there is much disagree-
ment as to the precise effects of health on retirement. The literature, however, does

not unanimously agree on the size of the health effects - mainly due to the various
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econometric issues that arise when health is proxied by survey-based self-reports or
even by more objectively measured indicators (Larsen and Guptal (2010)).

The model in |Stock and Wise| (1990) relies on assumptions about a 100% credit
constraint with no saving or borrowing - consumption in a given period always equals
income in the same period. More recent models relax this assumption and make the
modeled credit markets more realistic. One example is French|(2004) where individ-

uals are allowed to save but not to borrow.

3.2.2 Recent Retirement Literature in Denmark

The Danish contribution to the retirement literature is quite modest, especially when
it comes to structural models. Bingley et al. (2004) use the option value model to
model the impact of financial incentives in the Danish retirement system and conduct
a policy experiment. But instead of estimating the model on Danish data they simply
apply the structural parameters found by [Stock and Wise (1990). The first attempt
to actually estimate the option value model in Danish data was done in Dang et al.
(2004), where a subset of singles were used. The estimation was done separately on
single men and women in order to compare their retirement behavior. The estimated
values of the k£ parameters did not differ substantially from those estimated in [Stock
and Wise (1990) - they find k., = 1.39 and & femares = 1.37. However, they allow for
k to vary with health and they expand their utility expression to include individual
characteristics in an additive manner. They find that worse health increases the k-
parameter and thereby individuals’ willingness to reduce income in order to retire.

Analyses of joint retirement has also been prevalent in the Danish literature. A
reduced form estimation of hazard rates can be found in |An et al.|(2004). Bingley and
Lanot (2007) and Jgrgensen (2014) apply a dynamic programming approach in which
the individual retirement decision is modeled on the household level. Jgrgensen! (2014)
finds that wives value leisure more than their husbands and low skilled workers value
leisure more than high skilled. All three articles finds evidence of leisure complemen-
tarity in retirement for couples.

When it comes to health, Denmark differs from most other countries as health in-
surance is universal and access to most health services is free for all regardless of their
economic situation. In addition, health-related exit from the labor market is possible
in Denmark through Social Disability Pension (SDP, "fgrtidspension"). This implies
that health ought to be less important in Denmark compared to studies conducted on
e.g. US data. This theory is confirmed in |Larsen and Gupta (2010). However, they too
find health to be an important determinant of preferences for retirement in Denmark,
with poor health status leading to earlier retirement.

Arnberg and Stephensen|(2015) model retirement in a simple push/pull framework
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but allow for heterogeneity in preferences for leisure. This model constitutes the foun-

dation of the current study and is described in detail in the next section.

3.3 The Model

Like the majority of its predecessors, the applied model defines how the retirement
decision is based on preferences for consumption and leisure. This study is a devel-
opment of the one in Arnberg and Stephensen| (2015) which was originally developed
in collaboration between the Danish Economic Councils and DREAM (Chapter 3 in
"Dansk @konomi Forar 2013"). The model is inspired by the option value model in
Stock and Wise|(1990), but differs significantly in the following points:

1. The parameter £ which measures the utility of consumption obtained while re-
tired relative to while working is assumed to vary in the population why we

estimate a distribution of £’s contrary to a single value.
2. Individuals know their future income streams and utilities with certainty.

3. Individuals can save and borrow - the interest rate on deposits is constant while
the interest rate on debt increases with age.

4. The incentive to retire can increase with age as we include a variable that de-
creases the level of utility permanently as retirement is postponed. This param-

eter can be interpreted as an attrition parameter.

5. We apply a more general CRRA utility function with a higher coefficient of rela-

tive risk aversion, as is found in the literature.

One can say that simplifying assumptions about the decision process are made
in order to allow for more complex specification of consumption and utility. [Stock
and Wise| (1990) model uncertainty with respect to future utility functions in order to
account for individual preferences for work versus leisure or evolving health status.
The perfect foresight assumption in point 2 is better fit for this model as we explicitly
account for individual specific leisure preferences and as the Danish welfare system is
universal and free health care is available to all, why health shocks are less important
in a Danish context compared to e.g. in the US.

The current analysis differs from the one in Arnberg and Stephensen| (2015) by
developing a more realistic capital market with different interest rates for deposits
and savings. This makes an analytical closed-form solution to the consumer’s problem
impossible, why we instead solve it numerically by applying the Endogenous Grid
Method (EGM) proposed by |Carroll (2006). We also account for censored data which

14



reduces a potential selection bias and increases the data size compared to Arnberg and
Stephensen| (2015). There are also some minor differences in the computing of future

income streams, see section (5.3

The model is derived in a random utility model framework in which all individuals
are assumed to be utility maximizers. Consider N individuals at age 0 who are decid-
ing when to retire, r. The time-subscript is denoted by a (age), a € {O, 1,...,A} where
A is the maximum possible age such that no individual lives longer than A years.
Note that the time subscript is initiated in the year where the retirement decision is
taken and not at birth, such that a = 0 might indicate an an individual at age 59. We
assume that the individuals know their future financial situation - salaries, interest
rates, pensions - with no uncertainty. The only uncertainty is with respect to death
where age- and gender specific death probabilities are known to the individuals. The
retirement age, r, is chosen at age 0 and retirement is considered an absorbing state -
the retirement decision is assumed final and cannot be changed subsequently. Individ-
uals choose to retire at age 1,...,P why all individuals aged P or older will be retired
for sure. The utility at age 0 of retiring at age r is divided into a deterministic and

stochastic component:

Uo(r) = pVo(r) + e, 3)

Vo denotes the present value utility of consumption in all future periods which is
known to both the consumer and the researcher while ¢, is an unobserved hetero-
geneity known only by the consumer. Notice that ¢ applies for a given retirement age
- it is not age dependent bur retirement age dependent. The non-stochastic term is
called the representative utility. It is important to emphasize that ¢, is known to the
consumer - from his point of view there is no uncertainty and the retirement decision
is 100% deterministic. ¢ can be interpreted as a weight to the deterministic contribu-
tion relative to the utility function. As the variance of the stochastic contribution ¢, is
exogenous, ¢ is identified. ¢ ensures that the size of the deterministic utility relative
to €, makes sense. We could also interpret % as the variance of €, - if ¢ is large the

stochastic contribution ¢, will be small and the decision more deterministic.

Let u denote the temporary utility function in period a of period a consumption,
cq. All consumers are assumed to have CRRA utilities with relative risk parameter
p which we will set to 2. But in addition to the traditional CRRA utility function,
consumption is multiplied with the function y, (r;k, oc) that introduces pull- and push

parameters k£ and a related to retirement.

_ (Ya (r;k, 0() ca)l_p
= T,

u(eq) (4)
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Ya is defined as

e @ ifg<r
Ya(r;k,a) = ) (5)
ke™ @ ifaz=r
The function y, (r;%, @) is drawn in figure {4/ for both & = 0 and a > 0.
Figure 4: The function vy,

a=0k>1 a>0,k>1
Ya Ya

Retirement Age Retirement Age

While % is designed to capture the pull effects of retirement as described in section
a captures the effects that pushes people out of the labor force and into retire-
ment. We assume that %k is heterogeneous and we wish to estimate its distribution
non-parametrically in the population. The effect of a is to decrease the utility gain
of consumption prior to retirement. For every year retirement is postponed, the util-
ity level decreases. Once retired, the utility level remains constant at the decreased
value. k measures the utility effect of retirement and indicates how much a person
values one unit of consumption after retirement relative to before. Setting a =0 we
might also interpret 1/k as the fraction by which an individual is willing to reduce
income in order to retire.

The present (age a=0) value of future discounted consumption, Vj, is given by:

A (ya (r;k,a) ca)l_p

Vo(r) = B (6)
;1 1-p ‘
The discount factor f, is defined as
a 1 _ .
fa= ]2 (7

o1 1+0
where u, denotes the death probability at age a and 0 the subjective rate of time

preference. As the maximum age is A we have py4 = 1. An individual aged A years will
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die within the year with probability 1.

The researcher observes the initial wealth W, and future incomes, y,,a =0,...,A are
observed or simulated from observed data. For ¢ =0,...,r — 1 the income will consist of
wages while for a =r,...,A it will consist of retirement benefits. Let Y (r) denote the

income sequence given retirement age r, such that
Y(r) = (Y17 ---,Yr—lyBraBr+17 "'7BA)

with Y denoting income prior to - and B the income after - retirement. Given this
information as well as assumptions about the utility function, interest rates, death
probabilities and time preference, we are able to find an optimal consumption path
as described in We assume that individuals choose to retire at the age, r,
that gives the highest discounted utility at age 0, Uy(r) of all future consumption. We
do not know €, why it is considered a random variable.The error terms are assumed
to be independent and identically extreme value distributed. As only choice-specific
variables enters our utility measure the resulting model is a Conditional Logit model.
More considerations on the choice of model as well as a mathematical derivation of
the Logit model can be found in appendix We can specify the probability of
retirement at age r by

exp (([)Vo(r))

P |k, b ,0 =
rirth.a.0.6) Yi-oexp (¢Vo(a))

(8)

3.3.1 Model Intuition

Now consider the retirement decision from a classical consumer choice perspective
with a budget line and indifference curves as illustrated in figure |5| The budget line
indicates the present value of future incomes given the different retirement ages. In-
dividuals typically wants high income and an early retirement age why they strive at
reaching the top-left corner of the graph.

k affects the slope of the indifference curves and a the curvature. Individuals with
high % values (high preferences for leisure) tend to cut the budget line in early retire-
ment ages while those with low k-values cuts the budget line for late retirement ages.
A high value of a increases the curvature of the indifference curve and make early
retirement ages more attractive compared to when a = 0. Some retirement ages are

optimal for several values of £ and a.

€, denotes the unobserved heterogeneity in the model and it covers non-financial
incentives that affect the retirement decision. Interpretation of the error term is not
straight-forward and its effect is easily confused with that of k. It is essential to recall

that €, is retirement age dependent: An individual has P unobserved error terms - one
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Figure 5: Optimal Retirement Age with (right) and without (left) push effect «
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for each possible retirement age - which we assume to be identical and independently
extreme value distributed, see Section for further reflections on this assumption.
Therefore we might think of ¢, as an error term that captures outer stochastic shocks
relating to a given retirement age. On the other hand, % captures some deeper person-
ality characteristic that is constant for an individual.

Recall that ¢ indicates how deterministic/stochastic the model is with 1/¢ scaling
the variance of the error term €,. This is emphasized when evaluating equation (8 in
the limit values of ¢. If ¢ =0 vi get:

Pr(rlk,a,¢ =0,6) :113 Vreil,..,P}) 9)

Such that the retirement decision is 100% random with equal probability of each

retirement year. The opposite case is when ¢ — co:

lim Pr(r*|k,a,¢,0) =1 (10)

$p—oo

With r* denoting the utility-maximizing retirement age such that

r* =argmax Vy(r)
r<P

If ¢ is infinitely high, r* would be the chosen retirement age with certainty. A
small ¢ indicates that the unobserved heterogeneity has a great impact on the retire-
ment decision, €, being unknown to the researcher and assumed i.i.d extreme value
distributed.

As k increases, individuals are more likely to retire early, and when %k approached
0 they are more likely to retire late. However, due to the error term ¢, and the fact
that p =2, an infinitely large %2 does not implicate retirement at r = 1 with certainty.

For a further elaboration on the properties of equation [8 with respect to %, see Section

712
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We set p = 2. Recall that p denotes the coefficient of relative risk aversion in the
assumed CRRA utility function, 1/p being the inter-temporal elasticity of substitution
(IES). p = 0 corresponds to an additive utility function where the consumer is indiffer-
ent between consumption now and in the future. p = oo corresponds to a limitational
utility function where the consumer doesn’t accept any variation in consumption and
choose a constant consumption path. General speaking, p < 1 indicates low prefer-
ences of consumption smoothing while p > 1 indicates high preferences of consump-
tion smoothing. The value of p also has an effect on the curvature of the budget line
in Figure [5| and obviously influences the estimation results. However, /Arnberg and
Stephensen| (2013) argues that the effect is rather small. Previous literature on risk
aversion does not agree on the estimate of p, which varies from 1 to 10 in most stud-
ies (Azar|(2010)). A general consensus is to put p = 2, as this is done in Arnberg and
Stephensen| (2015). We do the same in order to keep our estimates comparable.

Great caution is needed when interpreting the different parameter values. The
push- and pull variables a@ and & are modeled such that a captures a worsening of the
utility level as retirement is postponed, a decline that continues until retirement and
then stabilizes at a permanently lowered level. £ on the other hand, reflects a jump in
utility after retirement. It is constant and does not depend on the chosen retirement
age. The push and pull effects described in section does not all fit equally well
into the chosen modeling. Some push effects, e.g. the ability to keep up with work,
job insecurity or general dissatisfaction with work does not result in a permanently
decrease in utility after retirement. Job dissatisfaction, e.g. is better captured in
the push parameter as a dislike of working is also reflected in higher preferences for
leisure.

As the model doesn’t account explicitly for retirement-related variables such as
health, it is difficult to relate the estimated push/pull variables directly to e.g. health
conditions. If an individuals’ bad health is worsened when staying in the labor force
(e.g. physical attrition) it would show in a large pull parameter a. If an individuals’
bad health condition on the other hand is permanent and not worsening with age (e.g.
an individual in a wheel chair) it might show in higher preferences for leisure, 2. A
more temporary bad health condition predicTable at age a = 0, such as the knowledge
of a future knee operation, might again show in ¢,.The aim of the specified model is not
to identify the effect of certain circumstances as health or joint retirement. Its advan-
tage, on the other hand, is its very simplistic and pure utility framework that cuts to
the actual core of the retirement decision. The fact that the model only includes future
income streams as explanatory variables makes it ideal for out-of-sample forecasts but

also makes it lack on direct economic interpretation.
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4 'The Danish Retirement System

Institutional settings play a key role when seniors form their labor market decisions.
The following section outlines the Danish retirement system that applies to the co-
horts of 1941-45 with an emphasis on the rules that creates incentives with respect to
the timing of retirement. The two main elements of the Danish retirement systems
are the Early Retirement Pension, ERP (efterlgn), and Old Age Pension, OAP (folkepen-
sion). ERP is a voluntary program in which participants pay annual membership fees
in order to obtain eligibility from age 60 to 65. OAP is fully government financed and
available to all Danish citizens at the age of 65. To supplement the ERP/OAP ben-
efits, individuals can accumulate individual pension savings. Section includes a
more detailed description of how different institutional settings are implemented in

the computation of income simulations.

4.1 Individual pension savings

For the majority of Danes, living off OAP alone will result in a drastic decline in income
after retirement, why increasingly many accumulate individual retirement savings
as a supplement to the OAP. The private pensions in Denmark are divided into two
main categories: employer and employee administrated savings (in Danish arbejds-
giveradministrerede and private opsparinger). Employee administrated pensions are
agreement based schemes where employers contribute a percentage of the worker’s
gross labor market income to an individual pension fund, typically ranging from 12
to 17 percent. These are typically decided through collective agreements. Employee-
administrated pension funds consists of savings that are accumulated voluntary by
the employee.

The two main categories (employer and employee administrated savings) can be
further divided into 3 types of retirement savings: life annuities ("livrente"), term
pension ("ratepension") and capital pension ("kapitalpension"). First, life annuities
guarantees a monthly payment from retirement until death. The guaranteed amount
depends on the level of accumulated savings and is therefore increased (decreased) if
the owner postpone (advance) retirement. Secondly, term pension is a pension balance
that is distributed through annuities of 10 through 25 years, initiated no later than age
77. Thirdly, capital pension is a pension balance with no requirements on installment

- is usually paid as a lump sump, no longer than 15 years after retirement.
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4.2 Early Retirement Pension (ERP)

The ERP system was introduced in the 1970’ies with the purpose to make room for
new and younger employees by allowing the old and physically attired workers to re-
tire. ERP benefits are available from age 60 until the default retirement age at 65,
where the OAP is available and contains elements of both a funded and unfunded ben-
efit system. Members of unemployment funds with a certain degree of seniority, who
have contributed to the ERP program for at least 10 years prior to retirement (yearly
fee was 4.488 DKK in 2004) are entitled to receive ERP benefits. The ERP payout re-
sembles the level of unemployment benefits, making the ERP scheme very popular as
the government roughly finances 70% of the benefits (Jgrgensen|(2014)). To qualify for
ERP, one must be available to the labor market, such that individuals retiring prior
to age 60 loose their ERP eligibility. This requirement of labor market attachment
makes retirement prior to age 60 very unattractive and results in a significant spike
of retirements at age 60. Approximately 72% of the cohorts 1941-45 were ERP eligi-
ble at age 60 El, making the eligible share of those attached to the labor market even
higher (92% in this analysis, see chapter [5). A so-called two-year rule makes it more
attractive to postpone ERP retirement for two years, until age 62. If an individual has
been eligible for ERP in at least two years before retiring, the level of ERP increases
from 91% of the unemployment benefits to 100% ﬂ The ERP benefits are means tested
with respect to individual pension savings, depending on the level, type (life annuity,
rate or capital pension) and category (employer or employee administrated) of the sav-
ings, and wheter if the pension is paid concurrently with the ERP benefits. Fulfilling
the two-year rule will mean a decrease in ERP benefit deductions. How the ERP is
means tested with respect to the different types of individual pension savings is de-
scribed in detail in Table |2, When an ERP eligible individual fulfills the two-year-rule
but postpones his retirement even further, he receives one "portion" tax-free premium
of 10,000 DKXK (2004-level) for every 4 months of full-time work until age 65, making

the maximum possible number of portions equal 12.

4.3 0Old Age Pension (OAP)

The Danish OAP system is available to all Danish citizens aged 65 or above. It consists
of a baseline amount ("grundbelgb") and an OAP supplement ("pensionstilleeg").The
baseline annual amount (55.776 DKK in 2004) is means tested based on concurrent la-

bor market income only, while the additional amount differs for married (26.208 DKK

2Source: Register data. An individual is assumed ERP eligible if he/she 1) Contributed to the ERP
program at age 59 or 2) Received ERP benefits

3The level of unemployment benefits is set to 90% of the previous salary but with a maximum limit
(166.660 DKK in 2004)
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Table 2: Annual Means Testing of ERP based on individual pension savings

. Retirement
Retirement Before 62 After 62
Employer Employee Employer | Employee
Adm. Adm. Adm. Adm.
. 60% of 60% of
Llf:e, NP (80% of RP - BA) | (80% of RP - BA) 0 0
Annuities 60% of
P 50% of AP (80% of RP - BA) 55% of AP 0
60% of 60% of
Term NP | (50 of RD - BA) | (5% of RD - BA) 0 0
Pension 60% of
P 50% of AP (80% of RP - BA) 55% of AP 0
. . 60% of 60% of
Capital Pension | ., o1y BA) | (5% of RD - BA) 0 0

Note: NP = No Payments Made, P = Payments Made, AP = Actual Payment (annual), RP
= Reported Payment (annual), RD = Reported Deposited amount of total savings, BA =
Basic Allowance (11.500 DKK in 2004) - can only be used once.

in 2004) and unmarried (56.148 DKK in 2004) and depends on a number of factors in-
cluding individual pension savings, concurrent earnings of a partner and his/her labor
market status. Unlike the ERP, OAP is not means tested based on pension savings.
Seniors with poor financial situations can furthermore apply for additional benefits,
e.g. housing allowances. If an individual at age 65 postpones his retirement, his OAP
will increase with 6% for each year of postponement (with a maximum of 10 years). If
e.g. the OAP is postponed with 2, 3 or 4 years, OAP benefits will increase permanently
with 12, 18 and 24%.

4.4 Acting on financial incentives

While favoring late retirement, the Danish retirement system induces retirement at
ages 60 (ERP), 62 (ERP/private pensions) and 65 (OAP). One essential assumption
underlying the entire study is that the retirement decision depends on financial incen-
tives - if not, the analysis would be completely nonsensical. Fortunately, people do act
on financial incentives when timing their retirement. Danish register data for cohorts
1941-45 show that most people retires when there is a financial incentive. Figure
in section [3.1| depicts the actual retirement ages for cohorts 1941-45, and we see that
actual retirement ages cluster at age 60, 62 and 65.

Figure [6] reports the age-dependent paths of ERP and OAP benefits for different
combinations of ERP eligibility and retirement ages. The 2004-rates applies to a single

person with no individual pension savings and no labor market income in retirement.

22



The solid curves apply to an ERP eligible person who retires at ages 60 (low level of
ERP), 62 (high level of ERP), 63/64 (high level of ERP + 4/8 taxfree premium portions)
and 65 (no ERP benefits but 12 tax free premium portions). The dotted lines apply
to a person who is not eligible of ERP where retirement prior to age 65 must be self-
financed. Recall that an individual eligible to ERP who retires at age 59 looses his
ERP elegibility. Retirement later than age 65 result in a permanent 6% increase in
OAP benefits for each year the retirement is postponed. This, off course, also applies
to ERP eligible individuals who would then be rewarded with a tax free premium and
increased OAP.

Figure 6: Annual retirement benefits from ERP and OAP
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5 Data

The analysis is based on a vast amount of population-based administrative register
data available from Statistics Denmark. The data contains anonymised information
on a 33.3% random sample of all Danish citizens. Individuals born between 1941 and
1945 are selected form age 59 to 67. Danish register data includes yearly information
about earnings, savings, social transfers etc. The initial data processing is performed

with SAS software while taxes and public transfers is modeled in C#.

5.1 Scope of the model

The model is estimated with first possible retirement age 1 =60 and last P = 67, such
that the decision age is 0 =59. The majority of the cohorts 1941 to 1945 retires during
this interval of time, see figure |2l However, approximately 7% retire at age 67 or later.
It would always be optimal to prolong the period of possible retirement ages, but this
would increase the amount of data work and estimation computations considerably.
As a compromise, 67 seems to be a reasonable choice of latest retirement age. The

same argument goes with the choice of maximum age which is set to 100 years.

5.2 Data selection

The selection of data has a huge impact on the following empirical analysis why we
must be careful to select our data in a reasonable manner. As the response vari-
able is retired/not retired it only makes sense to include those individuals who face a
"standard" retirement decision, why individuals on disability- and transition benefits
together with officials [ are excluded. Table [3] outlines how the data size decreases
when observations are discarded, ending up with roughly 40% of the original data.
91,7% of our sample is entitled to the ERP.

Table 3: Data Selection

Total Deleted | Share
Cohorts 1941-1945 alive at age 59 107932
Salary >90,000 (2001-level) at age 59 70405 | 37527 34.77%
Haven’t been on disability or transition benefits | 68927 | 1478 1.37%
Isn’t an official 65581 | 3346 3.10%
Total 65581 | 42351 | 39.24%

4Officials refer to those eligible for the Danish equivalence of a defined benefit plan in the US
("tjenestemandspension")
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Individuals who are not present in data throughout all 8 consecutive years (age
60 to 67) are not discarded from the analysis. Section how the data censoring are
handled throughout the estimation process. Including the "disappearing” individu-
als in the analysis minimizes a potential selection bias. Note that self-employed are
included in the analysis. One might argue that the retirement decision of self em-
ployed depends on other factors than for employees, but assuming an overall similar
push/pull structure seems quite reasonable.

Our data is divided into 12 gender/education sub-samples prior to estimation. Ta-
ble 4] show the sizes of these groups and how income, wealth and pension savings vary
through the different groups. It also show how the majority of the sample are eli-
gible for ERP, corresponding to roughly 90% of the entire sample, with a small over
representation of women. We see that males have higher labor market incomes and
considerably higher wealth accumulations (more than double in mean and quadrupole
in median) compared to their female counterparts. The male observations also have
larger pension savings than females, but much more equally distributed between the
genders than wealth accumulations. Another prevalent tendency for both earnings,

wealth accumulations and pension savings is that they increase with education.

Table 4: Descriptive Statistics

N ERP% Y59 Yso Ws9 Ws9 PSsg PSso

MEN 36,130 87.83 366 302 853 504 1056 288

Unknown 570  80.18 346 286 673 331 889 253
Unskilled 10,709  88.73 327 271 812 422 666 247
Vocational 15,787  91.49 331 288 741 475 646 261

Short Tertiary 1,538 83.62 365 322 1051 651 746 256
Medium Tertiary 4,884  84.50 439 372 962 647 1,886 589
Long Tertiary 2,642 72.63 595 475 1,413 877 3,759 3,682

WOMEN 29,454 91.95 252 236 399 125 843 246
Unknown 408 83.33 266 256 505 162 827 261
Unskilled 10,201  92.01 223 212 311 79 426 197
Vocational 11,417  92.87 241 231 3563 120 581 237

Short Tertiary 1,012  89.13 276 260 613 251 921 344
Medium Tertiary 5,347  93.27 293 293 499 194 1,741 904
Long Tertiary 1,069  81.01 430 401 974 624 3,002 2,443

Note: All amounts are in 1.000 DKK. Bar denotes mean value, while tilde denotes the
median. Yxg is labor market income at 59 years, Wsg is wealth at age 59 (initial wealth)
while PS5g is the total amount of deposited pension savings, including life annuities, term
pensions and capital pensions. ERP % denotes the percentage of a given group that are
eligible for ERP benefits.

An individual is defined to be retired if at least one of the below statements are

true: 1) Receives more than 68,000 DKK/year (2000-level) from individual pension
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savings, 2) Receives ERP benefits, 3) Receives OAP benefits with a yearly salary below
90,000 DKK (2000-level), 4) Receives OAP or ERP benefits in 1-11 months and receives
less than 50% of previous year’s salary or 5) Yearly salary below 90,000 DKK (2000-
level) two years in a row. The distribution of retirement ages in the sample, including

the gender-specific distributions, are stated in Table

Table 5: Gender-specific distribution of educational attainment

All Men | Women
60 24.7% | 18.9% | 32.0%
61 9.6% | 83% | 11.4%
62 18.0% | 17.9% | 18.1%
63 9.9% | 10.2% | 9.4%
64 6.3% | 7.0% | 5.5%
65 10.9% | 12.5% | 8.9%
66 51% | 5.7% | 4.3%
67+ 13.5% | 16.9% | 9.2%
Missing | 2.0% | 2.6% | 1.2%

5.3 Simulation of future income streams

An extensive amount of data work is processed in order to compute the future income
streams. For each individual, income at all ages a € {60,...,100} must be computed
for all possible retirement ages, r € {60,...,67}. The future income streams consist of
salaries, public retirement benefits (ERP/OAP) and payments from individual pension
savings. Some parts of the income streams are read directly in data, but far the ma-
jority of future incomes are simulated, as they relate to a hypothetical retirement ages
or simply happen in the future. We are able to observe the individuals’ retirement
savings at age 59 together with salaries and wealth accumulations. The future income
streams consists of salaries, ERP benefits, OAP benefits and payments from individ-
ual pension savings. The following section will explain the assumptions that are made
in order to simulations of the different components. ERP, OAP and taxes depend on a
highly complex system of rules. They are simulated in a comprehensive tax-benefit C#
simulator developed by DREAM.

5.3.1 Wealth

Individual wealth is set to the variable formrest_ny05 - constructed by Statistics Den-
mark - observed at age 59. It includes property value, bank deposits, shares, bonds
and mortgages deducted debts in different financial institutions including mortgage

and bank debt. While this variable covers the most important elements of wealth it
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doesn’t include value of cars, boats, cash and share purchases in cooperative hous-
ing. We let the largest initial debts equal 1,000,000 DKK in order to facilitate optimal

consumption paths with non negative consumption.

5.3.2 Salaries

Annual salaries are observed for both wage earners and self-employed for those years
they actually work. Hypothetical salaries from individuals’ actual retirement age un-
til the last possible retirement age (67) must be simulated. The chosen simulation is
indeed very simple: we compute the average age-specific wage development for each
gender-education group from observed salaries and forecast the simulated salaries
with the same development. The simulated wage of individual X subsequent to his
actual retirement is found by assuming that his wage would have followed the same
development as that in his corresponding gender/educational group, had he not re-
tired. The two graphs in figure [7| depict the developments for the different gender-
and educational groups. After age 60 wages increases during the first couple of years
while decreasing around age 63-64 for all groups. The wage increase is higher for

women than men.

Figure 7: Wage Development
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5.3.3 Early Retirement Pensions (ERP)

We assume that all individuals contributing to the ERP-scheme at age 59 are entitled
to receive ERP benefits at age 60 (roughly 90% of our sample, see Table [4) and that
they meet the 2-year rule at age 62. We assume all individuals to be full-time ensured.
Table [2| in section [4.2| outlines how the ERP benefit is means tested with respect to
retirement savings. Individuals who retires after age 62, thereby fulfilling the two-
year-rule, are assumed to postpone any individual pension payments until age 65 in
order to avoid reductions in the ERP benefits. If a person fulfills the 2-year rule but
postpones retirement, he will receive a tax-free bonus of approximately 40,000 DKK

for each year of postponement.

5.3.4 Old Age Pension (OAP)

We assume that all individuals older than 65 are entitled to receive the OAP. The basic
OAP will only be reduced if the individual receives a salary of a certain amount. The
amount of maximum additional OAP depends on cohabiting partner status and the
amount is reduced with the level of total income (including private pension payouts),
partner’s income and retirement status. The different rates for the OAP are set to the
actual rates until 2015. Future rates are assumed to grow with an assumed inflation
rate of 3.28%. Individuals who retires at age 66 will receive 6% increased OAP benefits
for the rest of his life. Postponing retirement until age 67 will increase it by 12%. This
incentive to postpone retirement was not introduced until 2004, but it is included
for all individuals. This is in fact a violation of the model assumption, see further

explanation in section (7.5

5.3.5 Individual Retirement Savings

Information about all individuals’ private retirement savings are reported at age 59.5
by regulation. While capital pensions and term pensions are both listed with the de-
posited amount, life annuities are often registered with the annual commitment giving
retirement at age 60. Individuals are assumed to save some percentage of their wage
for their retirement as long as they work. Information about actual yearly pension con-
tributions are available from data until the actual retirement age. The mean shares of
income that was paid to the different types of retirement savings from age 59 until the
actual retirement age are computed. We assume that the same share of income would
be paid in the years following the actual retirement age in order to simulate the fictive

contributions.
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5.3.5.1 Capital Pension

We assume that the Capital Pension (CP) is paid as a lump sum in the first year of
retirement. The capital pension deposit are assumed to grow with the annual interest
rate iy = 4.75% in the period prior to retirement. All interest gains on retirement
savings are taxed with the so-called PAL tax, tpar, = 15.3%. CPsg is observed from

data and the subsequent years are found by:

CP,=CP, 1+*(1+ig(1—7tpar))+ACP,_qfora<r

where ACP,_; denotes the amount contributed to the capital pension at age a — 1

5.3.5.2 Term Pension

All terms pensions are assumed to be equally distributed through annuities of 10
years, such that the payment size simply equals 10% of the deposited amount at age
the retirement age, growing with 1+i,.(1—-7paz) each year. The payments start at the
year of retirement with exemption of ERP eligible individuals who retire at age 63 or
64. They are assumed to postpone the payments until age 65 to avoid reductions in
ERP benefits.

5.3.5.3 Life annuities

Life annuities are observed both as total commitment (LAT9T) and as annual payouts
(LAPAY)) given retirement at age 60. In order accumulate the contributions made after
age 59 (ALATOT), all life annuities must be transformed into their corresponding total
deposited values. And then, in order to compute the life annuity payments in retire-
ment, the total deposited amount must be transformed back into the corresponding
annual payments. These transformations are done with some actuarial mathemat-
ics. Assuming that the deposited values at all times should equal the present value of

future annuities we get the following:

LATOT

1+ig(1-
leu__)g (1—,ui)><( +iq(1-Tpar)

1+7yage

PAY _
LA“ - )—(i—a+1)

ATOT

The total committed amount, L , is assumed to follow same development as

the capital pension such that

LATOT =L ATOT « (1+i4(1—1par) + ALATOT fora <r

where ALAZ_OIT denotes the amount contributed to the life annuity savings at age
a-—1. LAZOT denotes the age a fixed-price value of the total commitment and yu; the

death probability at age i. The interests gained on the deposited value are assumed to
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equal the interest rate on deposits iy =4.75% . We let 7,44, denote the wage inflation,
set to growth (g=1.5%) times price inflation 7,,;c. = 1.756%, such that 7,44, = 1.015 *
1.0175=1.032 = 3.2%.

5.3.6 Spouses

Now consider the main person and his/her spouse - the spouse. As the income and
retirement status of the spouse affect the amount of OAP which the main character
is entitled to, we need to compute spouse salaries. The exact retirement age of the
spouse is not necessarily observed. In that case, it is set to the default retirement
age, 65. The latest observed salary of the spouse is extrapolated with wage inflation
Twage = 3.2% until the actual or assumed retirement. Some individuals loose their
spouse and/or get a new spouse during the age interval 60 to 67. You can argue both
against and in favor of including observed changes in partner status when computing
the future income streams. Whether individuals are able to predict divorces, death
of a partner, meeting a new partner etc. is a delicate matter. We decide to include
all observed changes in partner status with reference to section [7.5.3| on the perfect

foresight assumption.

5.3.7 The Tax System

Individuals are, at age 59, obviously not able to predict how the tax system develop in
the future. Never the less, actual tax institutions are applied until and including 2014.
Thereafter we will "freeze" the overall tax system and only project the different limit
amounts for the different progressive tax-levels with the wage inflation 7,44, = 3.2%.
One might argue that it would be more correct to freeze the tax system from age 59,
but this would result in drawbacks with respect to those individuals who retire late

and include changes in the taxsystem before retirement, see section[7.5.3]

5.3.8 Mortalities

We apply the gender- and age specific death probabilities calculated by DREAM for
the 1943 cohort. As we assume that the maximum age is 100 we have put g0 = 1.
The age and gender-specific mortality for age 60-99 are depicted below in figure
representing the probability of dying in the following year at a given age. As is well

known, mortality is highest for men and increases with age.
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Figure 8: Death Probabilities
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5.4 Omissions

Due to data- and time limitations some transfers and incomes were excluded in the
analysis. All capital gains from the initial wealth accumulation is set to zero as an
estimation of future capital gains would include estimation of future wealth which is
found endogenously in the model. Besides contributing to the future income stream,
capital gains also affect the amount of additional OAP and taxes. These effects are
not captured in our computed income streams. Nor do we include housing benefits
in our calculations. The amount of entitled housing benefits depends on the tenant’s
financial situation (both income and wealth) and the amount is higher for those eligi-
ble of OAP. It would be quite naive to assume that 59-year olds remain in the same
residence until their death, why an additional model of future moving patterns should
be included in order to find a reasonable suggestion of future housing benefits. Due to
the high complexity of the housing benefits it is further more arguable that most in-
dividuals are not able to forecast their own future amount of housing benefits. Other
public benefits targeting the economically disadvantaged are excluded as well. The
amount depends on the individual’s future wealth which, as just mentioned, is en-
dogenously determined in the model. These benefits are the supplementary pension
benefits (@eldrecheck), health service supplements (helbredstillaeg), heating allowance

(varmetillaeg) and discounted TV license.
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6 Optimal Consumption Paths

An essential assumption when analyzing the retirement decision lies in the individ-
uals’ expectations of the future. How they act today depends on their beliefs about
tomorrow. A broad agreement in previous literature on the subject is to consider the
retirement decision from a life-cycle perspective. The consumer chooses his levels of
consumption, savings and work supply such that the total expected utility of the fu-
ture is maximized. In this analysis we assume that individuals have perfect foresight
with respect to their future financial situation. As a result, the consumer is able to

derive a final future optimal consumption path at a = 0.

6.1 Optimization problem with credit constrains

Our attempt to model a realistic credit market is described in the following: The con-
sumer is able to save and lend money at all times, but is subject to a credit constraint
consisting of varying interest rates on debt and deposits. The interest rate received
from deposits (i, "b" for bonds) will always be smaller than the interests on debt (i ).

The relationship between the two interest rates is defined as:

1+ip=(1+iq(@) (1 ta) (11)

While the interest rate on deposits/bonds is constant, the interest on debt varies

with the debt takers age: 1+i4(a) = ((111[)))

moneylender takes the money borrower’s death probability into account in order to

. When deciding upon an interest rate, the

deal with the risk of the borrower dying and never paying back the loan, making it an
actuarial fair contract.

We denote the end-of-period net wealth by W,, start-of-period income by y, and the
during-period consumption by c,. W, can attain both positive (deposits) and negative
(debts) values. As described above, the interest rates accumulated from the previous

end-of-period wealth depends on its sign:

N igla) ifW,_1<0
(@) = Ya(Wo_1) = ot (12)
ip ifW,_1=0

Given initial wealth (W) and future income streams (y = {y1,...,ya}), the a = 0-

year old faces the following maximization problem with respect to consumption path

c={c1,...,ca}:

1-p
T (ya (r;k,a) cs)
max Ba (13)
¢ a=0 ].—p
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Subject to the budget constraint
W, = (1+{(a)) Wooi+ Yo —ca (14)

We assume that there are no bequest motives such that W4 = 0. The Lagrange

function of the optimization problem with the new constraint becomes:

:Ba_ﬂa (Wa _(1+Wa(Wa—l))Wa—1_ya+Ca) (15)

Deriving and solving the first order conditions of the Lagrange function we get:

0L o
> :ya(r;k,a)l PealBa—MAa=0
Ca
& Yo (rik, @) P ey’ Ba=Aa (16)
0« AWy + Agi1(L+ig@)W, if W, <0

Wa | A W, + Agi1(1+i5)W, ifW,>0

& (Ao + A1+ i@+ 1)) Wy =0 (17)
In order for equation |[17|to apply for all values of W, we must have

Aa = Agr1(1+i(a +1)) (18)

Recall that f, =[1¢_, 111%“ such that % = %. Equation and combines

to the Euler equation:

Ya (r;k, a)l—p c;pﬁa =%Ya+1 (r;ka a)l—p c;flﬂa+l(1 + i(a +1))

—p - —p —p 1-— N
& ¥a(rik,a) P ey’ =yas (rsk,a)" pcaf1#(1+z(a+l))
ka)\7 ’
a rr,a L 1- 2 “p
Sy = L) ca+1( 'ua+1(1+z(a+1)) g (19)
Yo (r3k,a) 1+6

6.2 Endogenous Grid Method

In order to solve the consumer’s problem described in previous section, the Endoge-
nous Grid Method (EGM) proposed by Carrolll (2006) is applied. Carroll developed
the method to solve stochastic optimization problems. Due to the perfect foresight as-

sumption, the applied model assumes uncertainty only with respect to time of death.
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As death is an exit state, our optimization problem is of deterministic character, why a
more simple version of the EGM method is used. The following algorithm follows the
notation and structure of the one in Stephensen|(2009), only without stochastics.

First, define a wealth grid with J% grid points - a grid point is given by j €
{1,...,J W}. The wealth in a given grid point is given by W(;) and this value is given
by the definition of the given wealth grid. The defined wealth grid reaches from
W(1) = Wypin to W(JV) = Wmax and is ordered such that W(j) < W(j+1) for all j < J".
The wealth grid does not solve the optimization problem itself, but it provides the
framing of the optimization problem - an invisible, underlying structure determining
the span of the optimization procedure. Given a person’s initial wealth and future
income sequence, all of his future wealth positions should be within the scope of the
defined wealth grid. As we allow for negative wealth (debt) we have W(1) = W,,;,, <O0.

In the following notation, bars denote points that are not situated on the wealth
grid. We define a policy function ¢ that, for a given age and previous-period net wealth,
defines the optimal consumption: ¢, = & (Wy-1,a). We define the policy function on the
wealth grid as:

ca(N)=E(W(),a) = &)

From the wealth grid we derive a policy grid which, for each point on the wealth
grid, computes the corresponding optimal consumption. So we are actually dealing
with two separate grids, a wealth and a policy grid, which relate as in the above equa-
tion. We assume that the consumers don’t wish to leave any wealth behind why we
must have W4 = 0. Given this last-period restriction we are able to calculate the last

period consumption:

ca=¢Was1,A) = (1+ywa(Wa_1))Wa_1+ya
Or when evaluated on the wealth grid:
eal)=Ea() = (1+wa (W) | WG +94
As the policy function at the terminal age A is known we are able to derive the pre-

vious policy functions recursively: Assuming that ¢,,1 is known, we want to calculate
¢q. To do this we use the Euler equation in (19):

-1

p-1
Ya+1(r;k7a) L c (l_l.la+1
Ya (r;k,a) “1{ 7110
If we define ¢,(j) = {,(j) such that ¢,(j) denotes the level of consumption which

P

Cq =

(1+i(a+ 1)))

directly corresponds to the previous periods’ end-of-period wealth being W(j). The

above Euler equation evaluated on the grid becomes:

p-1 1

a 7k1 b - Ma ~ -
M) fa+1(j)(ﬂ(l+z(a+l)) ’ (20)

Ya (r7k7a)

Ea(j):( 1+6
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For a given wealth in period a + 1, equation [20| returns the period a consumption.
Let W,_1(j) denote the period a — 1 wealth corresponding to the period @ consumption
level ¢,(j) and period a wealth W,(j). Inserting this in the budget restriction defined
in (14) we get

W) = (14 YaWa-1()) Wa-10)+ Yo = Cali) =
W +ca(j) = Ya

Wa-1() = —
1+ya (Warr ()

We notice that W,_1(j) appears on both sides of the equality. But this is not
a problem since the function v, (Wa_l( j)) only requires information on the sign of
W,_1 which equals the sign of the numerator W(j) + ¢,(j) — v, as the denominator

1+y, (Wa_l) is always positive. The above equation is rewritten:

W) +ca()=ya . . _ .
W, (=4 Ta@ if W) +ca()—ya <0
17 WoEa) v

Tor, else

We found the previous-period wealth (W,_1(j)) and the same-period level of con-
sumption (c4(j)) corresponding to a point on the wealth grid W(j). But we are not
done yet: W,_1(j) is not situated on the wealth grid. In order to proceed to period
a—2 and derive ¥,_1 from v,, W,_1(j) must be situated on the wealth grid. The policy
function must be approximated to some value that ensures that W,_1(j) is situated on

the wealth grid. This is done by linear interpolation of c,(j).

Assume that W,_1(j) is evaluated for all grid points. For every grid point i €
{1, ...,JW}, identify j such that W,_1(j) < W(i) < W,_1(j + 1). Now we have that
N WO -Wai()) . _
Ea(i) = Ca(j) + = (G (1)~ Ta())
Wao1(G+1D-W4_1())

We don’t actually compute W,_1(j) as we only need c,(j) in order to derive c,—1(j)

and so forth. The process of deriving v, from ¥, 1 is done in the below steps:

Ya+1 = Ca+1 :>Ea 3Wa—l(j):>1,ua (21)

The sequence of which the entire policy grid is computed in each grid point j is as

follows:

Wa=0=ca(j)=>Ca-1() > Wa_2(j) = ca-1(j) > ca-2(j) > Wa_3() = -+

=¢1() = Wo(j) = ¢1())
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Once the policy grid is defined recursively for all periods, we are able to derive
the corresponding optimal consumption paths. This is done in chronological order,
beginning with a = 0. We consider the initial wealth, Wy and place it on the wealth
grid. We find it to be somewhere between grid point j and j + 1, let’s say Wy =bW(j) +
(1-6)W(j+1) for some b €[0,1]. Now the optimal period 1 consumption is given by

c1=b&1()+(A-b)E1(+1)

This process is repeated until the entire optimal consumption path is found. Know-
ing the optimal consumption in one period enables us to derive the corresponding
wealth in the same period which is given in the budget equation in (I14). We place
this value of W, on the wealth grid, find it to lie between grid point j and j+ 1 with

distance b and get:

Car1 = bég(N+(1=b)Ea(j+1)

The process is continued until the entire optimal consumption path has been com-

puted.

6.3 Examples of optimal consumption paths

In order to understand what the optimized consumption paths look like we will solve
the optimization problem for an individual who earns 300.000 DKK per year prior to
retirement and subsequently receives retirement benefits of 200.000 DKK per year.
We put a =0 and 2 = 1 (no push effect and no gain/loss in utility level after retire-
ment) and use male death probabilities. Figure [9 show the consumption path and the
corresponding development of the individual’s wealth when r = 8. The first pair of
graphs depicts the solution when the initial wealth is 1 million DKK, the middle pair
when it is 0, while the last pair show the solution when negative initial wealth is -1
million DKK. Individuals with positive initial wealth have high initial consumption,
higher than their income why they start out to consume all their wealth. As soon as
all wealth is consumed, consumption is stabilized at the income level. With no initial
wealth accumulation, individuals will only accumulate wealth if they postpone their
retirement to benefit from the higher labor market income. Like the case with posi-
tive initial wealth, individuals choose a high initial consumption level which decreases
until there is no mo accumulated wealth left and consumption stabilize at the income
level. Individuals with (significant) negative initial wealth will allays be in debt and
the resulting consumption level remains constant. As the different colors symbolizes
different retirement ages, they also show how much postponing retirement increases

the resulting consumption level. The analysis in |Arnberg and Stephensen| (2015) is
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Figure 9: Optimal Consumption Paths when r =6
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founded on the assumption of a perfect capital market, where both debt and wealth
have same actuarial fair interest rate 1+i, = (1+i,)(1 — ). When r =6, the result-
ing optimal consumption path is constant regardless of initial wealth, corresponding
to the above case with negative initial wealth where the accumulated wealth never
reaches a positive value.

The kink in the consumption path is caused by an asymmetry of the interest func-
tion i(a). Recall Euler’s equation given in equation Inserting the interest rate
i(a+1) defined in equation k=1, a=0and p =2 we get two different consumption-
developments, one characterizing the "wealth-regime" applicable when W, > 0 and one
characterizing the "debt-regime" applicable when W, < 0:

1
1+ip) 2 .
Ca+1l (Tﬂb) lfWa <0

_1
cart (LA +ip)) T i Wez0

As long as wealth is positive, we have that ¢, > ¢,+1 and as the death probability
increases with a the difference between ¢, and c,.1 gets larger resulting in the con-

cave shape of the consumption development for the initial years with positive wealth.
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As soon as the accumulated wealth is spent and reaches negative values, the individ-
ual enters the debt-regime and starts to follow the rule that ¢, = c44+1 if ip = 0. The
individual just reach an infinitesimal negative amount of wealth which is kept con-
stant due to this rule where consumption is kept at a steady level equal to the level of

income.

However, we usually find that the subjective time preference rate 0 is higher than
the interest rate E], reflecting impatience of the consumer. Figure show how the
chosen wealth- and consumption paths change when peoples impatience increases.

Figure 10: Optimal Consumption Paths when r =4.75% and 6 = 15%
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Now, consumption in the beginning of the period is remarkably higher than before
and the consumption level decreases throughout the entire period for all three cases
of initial wealth. First, individuals dis-save in order to finance the high initial con-
sumption levels. The consumption level decreases, and at some point it gets below
the income level, why individuals again start to accumulate wealth such that at the

terminal age, A = 100, they have repaid all their accumulated debts. The consumers

3Arnberg and Stephensen! (2015) advocate for § parameters around 0.1-0.2, referring to |Andersen
et al.| (2008) who bases their analysis on an experimental design with approximately 250 Danish par-
ticipants
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actually chose borrow money with guarantee in their future retirement benefits when
0 is large enough.

A high level of impatience leads to a decreasing consumption level. If you don’t
value consumption in the future as much as consumption today there is no reason not
to spend more today and compensate with a low future consumption. The higher 6, the
steeper consumption path, also reflected in the Euler equation. The fact that 6 > i,
results in a decreasing consumption paths in both the wealth- and debt regime. In the
upper example with positive initial wealth, the decrease in consumption is slightly
steeper during the wealth-regime, but due to the relative low death probabilities prior

to age 70 the difference is very small and impossible to detect in the graphs.
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7 Estimation

The model allows for heterogeneous preferences for leisure, £, and a non-parametric
estimation technique is developed to measure this heterogeneity. The following show
how, with an iterative process, one can make the average distribution of preferences
converge towards the true population distribution. The basic idea behind this es-
timation technique resembles that in Train| (2007) but with significant differences:
Whereas [Train (2007) identifies the moments of some theoretical distribution, the cur-
rent method is non-parametric. The theory underlying the estimation in Train|(2007)
also applies to the non-parametric estimation in the current study and is further elab-
orated in Train (2009) chapter 11 and 12. The remaining homogeneous model param-

eters, a, ¢ and 0 are measured with Maximum Likelihood Estimation.

7.1 Estimation of k

k is assumed to be a heterogeneous parameter meaning that it can vary for different
individuals in the population. One of the primary goals of this study is to estimate the
population distribution of 2 non-parametrically. The following section explains how
this distribution is derived from the combination of observed and simulated data de-

scribed in the previous section

Let the population consist of N individuals. For each individual j,j € {1,...,n} the
initial wealth Wg is observed together with the actual retirement age, r/. Let Y (r)

denote the individuals’ income sequence given retirement age r, such that

Y@y = (v, Y]

. BL.B],,....B})
with Y({ (Bé) denoting the individuals’ income prior to (after) retirement. From ob-
served data on salaries, pension savings etc. together with knowledge of the tax and
public transfer system, the income sequences Y/ ,...,Y; are simulated as proposed in
section [5.3]
Given the logit specification denoted in equation [8| and derived in appendix
the probability of individual j retiring at age r is given by
, , exp ((,bVoj (r))
P (rlk!,a,,0) = . : (22)
24=1€Xp ((pV({(a))

As stated in equation [6], Vo(r) is defined as the utility of all future consumption at age

a=0: 1o
A (ya (r;kj,a) c{l)

Vi) =
o gg% I-p

Ba (23)
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The future consumption path of individual j can be derived numerically from x/ =
(W({ ,Y(l)j,...,Y(P)j) applying the Endogenous Grid Method (EGM) as described in
The probability of retiring at a given age can therefore be considered as a
function of x/ alone. This enables us to express the probability of person j’s retirement
age as a general function, 7. This function applies for all individuals but requires an

individual specific input x/:
exp ((/)V({ (r))
Zle exp (gbV({(a))

Equivalently to the assumption that x/ is drawn from some distribution with density

(24)

n(rlk,a,(/),ﬁ,xj) =

function f(x),x € X we assume that & is drawn from a distribution with density func-
tion p(k), k € K. Doing this we assume the distributions of x/ and % to be independent

which we will return to in[7.51

We observe/simulate x/ while %/ is non-observable to the researcher. We will now
show how the distribution p(%k) can be derived by non-parametric estimation given the
data d” for j € {1,...,N } We begin with Bayes’ rule, which relates the conditional to
prior believe of two events, say event A and event B. We have that
P(B|A)P(A)

P(B)

According to Bayes’ rule we are able to exploit the information about a persons

P(A|B) =

actual retirement age a,, to say something about the probability of that person’s k-
parameter. The underlying intuition is simple: A person retiring at a late age indicates
a low value of £, while an early retirement indicates a high value. Applying Bayes’ rule

to r and & gives us:

Piri |k, a,b,0)p(k) ﬂ(rj|k,a,¢,9,xj)p(k)
P(ri;a,¢,0) P(r/;a,¢,0)
Here p(k) denotes the population distribution and P/(k|r/;a,,0) the conditional

(25)

PI(kIr; a,,0) =

distribution of %2 as a function of a,¢ and 6.

Now we are able to derive the unconditional probability of / from the its condi-
tional distribution 7 (rlk, a,¢,0,x’ ) defined in equation (24). By marginalizing out the

conditional variable we obtain the unconditional probability:

P(rf;a,q),e):f n(rjlk,a,<p,6,xj)p(k)dk
X

However, we still have no clue as to what the item of interest, p(k), is. But even
though p(k) appears on the right hand side of (25), it can still help us find p(k) itera-

tively. By P(r/ ;a,¢,0) we've found a way to describe each individuals’ £-distribution.
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And if we consider the average of all individual’s P/ ;a,¢,0) we are able to describe
k’s distribution in the entire population. The following result is indeed crucial to the

analysis.

Theorem 7.1.1 (Estimation of the k-distribution). Consider N consumers and let the
probability of consumer j retiring at age a be given by (22). Assume that x; is drawn
from a distribution with density function f(x) and k from a distribution with density
function p(k). Let P(k|r/) be given by @5). If and only if P/(k|rj) is derived from the
correct prior p(k) we have:

p(k) = lim — %Pj(kvj)
N—-oco N

—00 J=1

Proof. Define
n (rlk, a,cb,@,xj)ﬁ(k)

P(r;a,¢,0)

PI(kIr!) = (26)

Where -
15(’”;06,90,9):[ ﬂ(ajlk,a,cb,t?,xj)ﬁ(k)dk
0

The "hat" in p(k) indicates, that we are not necessarily referring to the true prior p(%),

but some guess. Now we have that
1 N . o .
lim = " P/(kla’) = E | P/(kla)|
n—»oonzl L
n(r|k,a,¢,e,xf)p(k)

=FE _
P(r;a,,0)

_fhp n(rlk,a,(p,e,xj)

5 6(R)P(r; ¢, d
Xg=1 P(r;a,¢,0,x) P(R)P(r; ¢, x)f (x)dx

) P(r’a’('b,e’x)f(x)dx

P
= A(k) /2 rlk,a, ’nyj A
p -Xarz;‘l ( ('b P(r;a,(P,H,X)

Only if the guess p(k) is correct we have that p(k) = p(k) and thereby Vr € {1,...,P},
x € X we have P(r;a,¢,0,x) = P(r; a,$,0,x) such that

1y . ; Lid N\ P(r;a,¢,0,x)
im — Y P/(kla’) = J) B9800
P .
=p®) | Y 7(rlk,a,¢,0,07 ) fx)da
Xa,=1
= p) [ f@id
X
= p(k)
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Theorem|[7.1.1]looks promising. It states that the mean of all individuals’ 2-probabilities
conditioned on their observables r/ and x/ approaches p(k) when the number of indi-
viduals goes to infinity. Naturally we don’t have infinitely many individuals in our
population (and certainly not in our data), but we will treat the asymptotic results
as approximately valid for our finite sample sizes. However, we still have one crucial
problem: in order to compute the conditional %2-probabilities in (25), we must know the
unconditional population probability p(k). Inserting equation (25) in theorem we
get

N n(rjlk,a,([),ﬁ,xj)p(k)

1
)= — : .
p(k) Njg‘lfxn(rJlk,a,gb,G,xJ)p(k)dk

(27)

What we have is a fixed-point problem: We want to find the distribution p(k) that
solves p(k) = f(p(k)), f being the function in above equation It turns out that if
we just insert some arbitrary, random guess p(k) in the right hand side of equation
compute the left hand side and repeat the computations, we will reach the true
distribution of p(k). The reason for this is given in Banach’s Fixed Point Theorem,
which is stated in appendix The explanation of why equation converges is
that the function is a contraction mapping. As stated in the theorem in appendix
we let the distribution py(k) be some initial guess, e.g. a uniform distribution, and

then ps(k) — p(k) for s — oo with

n(rf|k,a,¢,9,xf)ps_1(k)

1 N
Hs(k) = — . . (28)
P NJ-;fKn(rJIk,a,gb,G,xJ)ﬁs_l(k)dk

Proving that our function is in fact a contraction mapping is highly complex as we
are not dealing with the transformation of a value, but an entire distribution. An ac-
tual mathematical proof has therefore been left out of the analysis. A more intuitive
explanation as to why equation [27| converges to the true prior lies in the Bayes’ rule
stated in equation Given an individual’s information (x/ and r/), his actual retire-
ment age is more probable fore some values of £ than others, which will be reflected in
the values of 7 (rj %, a,c/),@,xj ) evaluated at different ks. This probability is weighted
by the prior probability, (%), but the resulting distribution P’/(k|r/; a,$,0) is pushed
towards the distribution of JT(T‘j Ik,a,d),e,xj ) The average of all individuals’ condi-
tional distributions of & results in the distribution pg , which will necessarily be closer
to the true distribution than p;_1 due to the fact that all individuals’ 7 (rj \k,a,p,0,x )
has pushed it in a direction that fits data better.

When applying the described estimation theory on simulated data, we see that the

estimated distribution does in fact converge to the true distribution. This is illustrated
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in figure 11| that show how, for each iteration i, the initial uniform distribution con-
verges to the true simulated distribution of %2 plotted in green. When initiating the

estimation with different shapes of initial distributions, they all converge to the true

distribution.
Figure 11: Convergence of p(k)
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Note: Based on simulated data. Illustration of how a uniform initial guess po(k)

converges iteratively to the true distribution p(%) (the green curve).

Train| (2009) section 11.5 mentions the same convergence property as that in The-
orem for a correctly specified model at the true population parameters, the con-
ditional distribution of tastes, aggregated over all individuals, equals the population
distribution of tastes. They refer to Allenby and Rossi| (1999) who also applies this

property when estimating heterogeneity, however with normality constraints.

7.1.1 Outline of Estimation Algorithm

The following "cook-book" description of the estimation of the k-distribution clarifies

how the fixed point problem can be approached:

1. Make a reasonable guess about the boundaries of k, £,,;, and &,,4%.

2. Assume some random distribution of &, p(k), e.g. a uniform distribution on the

assumed interval [£,,in, B max]-

3. For each individual, derive P/(k|r) from (26). Despite the fact that p(k) # p(k),
Pi(k|r) will be affected by x ;i and thereby shaped in a way that fits the data.
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4. Now let p(k) equal the average of P/(k|r).

5. Repeat step 2-4 until convergence of p(k).

The estimation of p(%k) depends on decisions made in the numerical computation.
In order to evaluate the continuous distribution of £ we need to define a grid, reaching
from %,,;n to kpyay With a given step size. Of course both step size as well as conver-
gence criteria has an effect of the final estimated distribution, why we must be careful

to set each small enough as to ensure that they don’t bias the estimation results.

7.1.2 Properties of 1

7 (r|k) denotes the probability of retirement at age r for a given value of k. This section
examines the properties of 7 for different values of r and %, taking the remaining
parameters ¢ a and x/ for given.

Letting {1,...,P} = {60,...,67}, figure (12| illustrates = evaluated for retirement at
age 1=60,4=63 and P =67 for £ €[0.1,3.9] for simulated data.

Figure 12: Graphs depicting 7n(r|k) for r € {1 =60,4=63,P =67}
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Note: Based on simulated data. For the first (last) possible retirement age, 7 is
maximized in &4y (Bmin), increasing (decreasing) as k grows while m(64|k) is bell-
shaped with a maximum in £ =~ 1.1

Retiring early (r=60) indicates a high ., why 7(60|k) is highest for large values
of k. However, the fact that 7(60|%) is monotonously increasing in £ implies that %
is unidentified for an individual who actually retires at age 60. Having £ = 10 or
k = 100 makes it equally probable that he retired at age 60. Another issue occurs
with late retirements: here, the lowest possible value of 2 maximizes the probability
of retirement at 60. The maximizing value of & is much better defined for intermediate

retirement ages.
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The fact that & is unidentified for individuals who retire at the earliest possible
retirement age a = 0 or the latest P has some unfortunate effects on the tails of the es-
timated distributions. Recall that the measured population distribution p(k) is merely
a weighted average of the individuals’ 7 functions. Those individuals retiring at r = 1
will contribute with large probabilities for the highest k-values, while those retiring at
r = P will contribute with large probabilities for % close to 0. Individuals with excep-
tional large or small values of £ might not be "outweighed" in the averaged distribution
as those with late/early retirement contribute with density mass for &,,;, and k4,
enabling the estimated distribution to have tails. The tails do not indicate that there
are considerable fractions of individuals with extremely large/small k-values but is
merely a result of the behavior of 7 in the limit values of %.

One might think, that as & grows toward infinity, the probability retirement at 1
would approach 1 Iﬂ This is, however, not the case, and will be proved in the following.

Vo(r) denotes the present-value utility of all future consumption. Its definition
given in equation [23|implies that

A (key)' ™
Vo(1) = o
’ agl I-p ¢
e e
Vo(2) = 7 p1+ 0;2 1=p Ba

1-
2 P
ap-1 (e—a(a—O) Ca)

Vo(P) =
’ ;1 I-p

2 \1-p
(ke—a(P—O) ca)

1-p

A
Bat ). Ba
a=P
First consider the case where k2 — oo
When p = 2 we get Vop(a) < 0 Va € {1,...,P} and that Vy(a) — O for £ — co while
Vo(a) <0 for a € {2,...,P}, for k — co.
Recall the definition of 7 (r|k) given in equation 24}

2 (rfE) = 2P PVo)
¥l exp (¢pVo(r))

Evaluated in r = 1, the above expression can be rephrased into:

exp (pVo(1))

Yo-1e2p (pVo(@))
1

T 1+XEexp (¢(Vola) - Vo(1))

n(llk) =

6This is falsely stated in|Arnberg and Stephensen! (2015)
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And as ¢p(Vo(a)— V(1)) <0 for all a € {2,...,P} when k£ — oo it must be that 7 (1|) < 1
for £ — oco.

The explanation of this contra-intuitive behavior of ¢ lies in the chosen utility
specification, more precisely that p = 2. If p <1 then 7 (1|k) = 1 for £ — co. The CRRA
utility-scale with p = 2 will always be negative (when consumption is positive), and
when the level of consumption increases, utility approaches 1. Retirement at age r is

chosen as long as

Uyr)>Uyla) V a#re
¢Vo(r) > dpVola)+e,—€, Y a#r

The upper limit of V;, implies that there is a positive probability of an ¢, large
enough to make an individual prefer retirement at age a, even though consumption at

retirement age r is infinitely larger compared to age a. This implies that

0< k]im n(rlk) <1 V €{1,..P}

7.2 Log Likelihood estimation

Estimation of ¢ and a is done by maximizing a log likelihood function. We know that
the probability of a person retiring at age r conditional on % is given in equation (22).
Given the estimation of the & distribution (see section we are able to derive the
unconditional probability of a person retiring at age r as a function of x;, ¢ and a.
We derive the unconditional probability from the conditional by marginalizing out the

conditional variable k:

Prirsa,g,0,5) = [ (rlk,a,,0,57) p(ks ., 0)dk
X

Note that we write the prior distribution of 2 as a function of a and ¢. This is
because the k-distribution is derived on the basis of some specific assumed values of
a and ¢. If we were to change these values, we would arrive at a different measure
of p(k). Given that we know the actual retirement ages of the individuals, r/, the

likelihood of our data set given the values of ¢, a and 0 is found as:

N . .
L(a,$,0)= HPr(rJ;a,(/),H,xJ)
j=1

And hence the log likelihood function becomes

N .
LL(a,,0)= ) logf T (rlk,a,(p,H,xJ)p(k;a,(p,H)dk (29)
-1 Jx
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We wish to find the parameters ¢ and & which minimizes the likelihood function.
Due to the numerical derivation of p(k), we need to solve this minimization problem
numerically as well. We use the optim function in R to search for and find the optimal

values of ¢, @ and 6.

7.3 Handling data censoring

Recall our model assumptions about the retirement decision: the retirement age is
decided upon at age a = 0 where all future financial circumstances are known. All
we need in order to compute x/ = (W({ Y,y @y ) is to observe the individual at
age a = 0. However, in order to observe the retirement age r’/, the individual must be
present in the data set when he retires. One could think about presence in our data
set as being alive - we will return to this later. The probability of dying at a specific
age is given by .

The probability of individual j retiring at age r, as defined in equation[22] implicitly
assumes that individual j is still alive at age r/. The probability that individual j is
still alive at age r/ is the product of the probabilities of the individual living in the
years prior to /. We will denote this probability by M,:

M, =]~ pa)
a=1

The probability of retiring at a given age should take this probability into account

such that the "mortality corrected” probability, 7, becomes
Ty (rlk, a,cb,@,xj) =7 (rlk, a,gb,@,xj) M,

How will including mortality effect the estimation process? It turns out it won’t. As
the death probabilities are constant, they will cancel out throughout the estimations.

Including mortality in the estimation of 2 as given in equation [25|gives:

Ty (rjlk,a,(,b,e,xj)p(k)

Py(klr’;a,¢,0) = Tty (910,39 pU (30)
n(rjlk,a,(t),e,xj)p(k)-%

- fxn(rflk,a,(/)ﬁ,xj)p(k)dk M (31

=P/ (kIr;a,¢,0) (32)

In the log likelihood function given in equation 29| we find that the mortality contri-

bution becomes an additive constant that can be disregarded in the estimation process:
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N .
LLF=Y)" logf (rlk,a,(p,H,xJ)Mrp(k;a,(P,Q)dk (33)
X

j=1
N .

= Z (f (rlk,a,¢,9,x1)p(k;a,¢,9)dk 'Mr) (34)
N

- Z f (r|k a,¢,0, xJ) p(ksa,d,0)dk + ZlogM (35)
Jj=1 j=1
=LL + constant (36)

If an individual dies after having retired, nothing changes. But if an individual dies
prior to his retirement, things becomes different as we don’t observe his retirement
age. Now we are no longer interested in the probability of retiring at a given age, but
rather the probability of not retiring prior to dying which we will denote by 7.

The probability of dying at age a4 is given by the death probability at a; times the
probability of surviving prior to ag4:

ag—1

MY, = pa, Hl (1~ pa)
a:

The probability of not retiring prior to dying at age a4 is the probability of not
retiring prior to age ay times the probability of dying at age ag, M (‘f g

aq

g (rlk a,¢,0, xJ) (1— Y ﬂ(alk,a,¢,9>xj))Mgd

a=al
As in the previous case the mortality term will not affect the estimation. The
relevant function for estimating 2 becomes

( -Xgl alﬂ(alk,a,c{),@,xj))p(k).%

Jae(1- 22 g 7 (alk, a,,0,59) )| ()R- M2

Pé(kla{i; a,p,0)=

And the log likelihood

Ny aq ) d
= Zlog[ (1— Z n(alk,a,(p,e,xf))p(k;a,(pﬁ)dk + Z longfd
1 %

a=al j=1
Now we have defined the different estimation techniques for the two groups. We
need to include both techniques simultaneously in order to estimate on the total sam-

ple including those with and without observed retirement age. Define

n(rlk,a,qﬁ,e,xj) ifag>r

fr(r|k,a,¢,9,xf): (1 gou aln(alk,a,@@’xj)) ifag<r
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Replacing = with 7 in the estimation of £ and the log likelihood function enables us
to include individuals without observed retirement ages and thereby avoid potential
selection bias. Of course, not all individuals disappear in data due to death. Some
might emigrate and others might disappear simply due to some error in the data col-
lection. However, as the probabilities of dying (or more generally the probability to
disappear in data) either cancel outs or enters the log likelihood function as some con-

stant term, they can simply be disregarded.

7.4 Structure of the estimation program

What we are dealing with is a nested fixed point algorithm. The estimation of @ and
¢ is done by maximizing a likelihood function. But nested in this likelihood function
lies both the EGM-function generating the optimal consumption path and the iterative
estimation of the k-distribution as described in This makes the estimation proce-
dure quite complex and an analytical solution impossible. The maximization of the log
likelihood must be done by searching through different combinations of a@ and ¢ until
the likelihood function is maximized. For each guess of & and ¢, the corresponding
consumption paths and k-distribution must be computed. The steps in the estimation

process can be put as follows:

(1) Assume values of &, ¢ and 0.

(1) For all k-values in the grid & € {kmin, ...,kmax}
(A) For all individuals j€{1,...,N}
(i) For all possible retirement ages a € {1,..., P}
(a) Derive optimal consumption path with EGM
(b) Derive utility
(B) Derive n (rj \k,a,,0,x7 ) for all k-values, r/ being the actual retirement

age of individual

(ii) Find P; for all k-values in the grid and update k-distribution. Until conver-
gence return to

(2) When the k-distribution is converged for the given &, ¢ and 0, derive log likeli-

hood value.

(3) Return to with new values of &, ¢ and 6 and continue until the maximum
likelihood is found
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7.5 Critical assumptions

During the previous derivation of the model and estimation procedures we made sev-
eral assumptions with the purpose to simplify and enable estimation. It is of highest
importance that the researcher considers the underlying assumptions of his model: if
they are likely to bias the estimation results, if they could be avoided or if their pres-
ence affects the interpretation of the estimation results. In this section we will discuss
three of the more critical assumptions made: uncorrelated error terms, independence

of £ and x and perfect foresight.

7.5.1 Uncorrelated error terms

In section|3.3|we defined utility to consist of a deterministic part, Vy and a random part
€ which is known only to the individual. Our logit model relies on the assumption that
the error terms are uncorrelated. The assumption is equivalent to assuming that V(r)
is sufficiently well specified such that the remaining unobserved utility is essentially
"white noise". Our specification of Vy(r), the representative utility, takes account of
the optimal consumption path for an individual given his future income and initial
wealth. It also includes the heterogeneous parameter £ and the attrition parameter a.
However, the remaining contribution to the utility lies in the error terms €. It seems
reasonable to assume, that if a person’s € is large for one retirement age, he’s likely to
have a positive epsilon for the following retirement age - correlation in the error terms
seems likely.

The behavioral implication of IID error terms is independence of irrelevant al-
ternatives, the IIA property. The ITA property implies that the probability ratio of
individuals choosing between two retirement ages, i and j, does not depend on the

availability or attributes of the other retirement ages:

Pr(ilk,a,¢,0)  exp(¢pVo())/XL_gexp(pVo(a))
Pr(jlk,a,¢,0)  exp(pVok))/XE_jexp(pVo(a)

=exp ((b (Vo(i) - Vo(j)))

If the ITA property is plausible, estimation on any subset of alternatives would
result in parameter estimates not significantly different from those on the full set of
alternatives as described in [ Hausman and McFadden| (1984). The IIA property implies
independent error terms, why a test of the IIA property could be applied to test the
plausibility of the IID assumption. Due to time limitations such a test is not performed
in the current analysis. Several models relax the ITA assumption by allowing for more
flexible correlation structures in the error terms. The Multinomial Probit model is
build on the assumption that the error terms are multivariate normal with arbitrary

correlations between ¢; and ¢/ for all i # j. Another popular alternative is the Nested
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Logit model, which parts the set of alternatives into subsets called "nests". The ITA
property is assumed to hold inside the nests but not across different nests. The flexi-
bility of the Multinomial Probit and the nested Logit model, however, comes at a price

as the estimation is numerically very demanding.

7.5.2 Independence of £ and x

The nonparametric estimation of the k-distribution relies on the assumption that &
and x are independent. Recall that x = (WO,Y(O),...,Y(P)) covers initial wealth and
income streams for all retirement ages. One theory could be that individuals with low
(high) k-values will tend to have high (low) combination of income and wealth. The
explanation being that high-wage jobs are more meaningful, interesting and forging
identity than low wage jobs, why high-earners value retirement less compared to work-
ing than low-earners, resulting in smaller £’s. Some degree of dependence between &
and x seems fairly reasonable.

How a violation of the assumption affect estimation can be investigated through
data simulation.

We simulate data for given values of a, ¢ and 6, draw income and initial wealth
from log-normal distributions and define a simple retirement system. We draw dif-
ferent samples of k-values, all with same distribution but different correlations with
x. Estimating the k-distribution from data simulated from the different 2-simulations
show how a correlation affects the estimated k-distribution.

We simulate 50.000 individuals and draw 2, W and Y (in 100.000s) from log-normal
distributions. The data is simulated from our model with a = 0.005, ¢ =2, ® =0.015
and p = 2. Figure show the estimation bias that occurs at different degrees of
correlation and that a higher correlation leads to more bias. The solid curves depicts
the true density function of our simulated %k’s and the dots the estimated density in
the given grid point. We are able to estimate the kdistribution correctly when & and x
are uncorrelated but a correlation of 0.5 (-0.5) skews the estimated curve to the right
(left) compared to the true distribution. A correlation of +£0.5 is quite high, and while
the estimated distributions are clearly biased, the degree of bias is not overwhelming.
What we can do to minimize the correlation in the data is to divide the data-set into
subgroups that have a smaller variation in x. A smaller variation in x will make the

bias less prevalent. We divide the data by gender and 6 education levels.

7.5.3 Perfect foresight

Assuming that individuals have perfect foresight poses some challenges. Perfect fore-
sight with respect to future income requires knowledge of unpredicTable matters, for

example future benefit rates, job situation, health and partner status. In reality, final
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Figure 13: Correlation Bias of k-distribution
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Note: The black curve is the true simulated density of 2. The dotted line is the
estimation when there is no correlation between % and x/. When we simulate %
such that the k-distribution remains the same but with a correlation of 0.5 with x/
(red curve) we estimate a distribution which is skewed to the right compared to the
true distribution. If the correlation is -0.5 (blue curve) the estimated distribution
is skewed to the left

retirement decisions are not taken at age a = 0. One might decide when to retire at
age a = 0, but this decision might change as new information is available, e.g. changes
in health, job status or even the tax- or benefit system.

Having said that, it is reasonable to assume that the perfect foresight assumption
is more appropriate in a Danish context compared to e.g. a US context. As the Danish
welfare system is universal and free health care is available to all, health shocks are
less significant. The Danish welfare system also constitutes a strong safety net such
that individuals who lose their job or working ability are provided relatively generous
social assistance, unemployment- and disability benefits.

When computing the future income streams we should, strictly speaking, not in-
clude any changes that were unpredicTable at age 59. In accordance with the model
assumption, we should base our computations based on the exact situation at agea =0
and then extrapolate everything with some growth and inflation rate. But being 100%
true to our model assumptions on perfect foresight might make our calculations unnec-

essary unrealistic and give inaccurate pictures of the actual situations the individual
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faces. An individual who hasn’t retired, but receives new information after age a =0,
would include this information in his decision making.

When computing the future income streams we chose to contradict the assumed
retirement decision process and include events that were not known to the individual
at age a = 0, but which occurred prior to the latest possible retirement age, P.

One example is the rule of increased OAP that was introduced in 2004: postponing
retirement 1 year after age 65 would result in a 6% increase in all future OAP benefits,
2 year in a 12% increase. While an individual born in 1941 would not know of this
reform in 2001, he would know of it at age 63 in 2004. Given that he didn’t retire
before 2004, he would include this new information in his retirement decision, possibly
even postpone his retirement. Therefore, one could argue, including the change in our
calculations would be the best thing to do. But given he retired prior to when the
information became available, it would be incorrect to account for the reform as it
would make later retirement more favorable than it actually was when he took the
decision to retire early. We have chosen to include some changes occurring between
age a = 0 and P: changes in the tax- and benefit systems and changes in partner
status.

Computing the most accurate future income streams is a compromise between rigid
model assumptions and a complex reality. Deciding on the right balance of compro-
mises is an interesting, yet indefinite discussion. Investigating the robustness of the
estimation results would be desirable but time demanding. An obvious step further
would be to expand to a dynamic model and make individuals reconsider their retire-
ment decision as they age, approaching the dynamic programming framework. Such
a development would lead to a significant increase in the complexity of an already
complex model. Simplification of the retirement decision enabled us to introduce more

complexity in other aspects of the model.

7.6 Computational deliberations

The estimation program is written in R, calling C++ from the R add-on package Repp
which facilitates C++ programming in R. The benefit of programming in C++ is that
it is significantly faster than R. Converting the estimation program from R to C++
reduced the processing time more than 50 times. All estimation, convergence of p(k)
and likelihood computation, is done within C++, while the search for optimizing values
of @, ¢ and 6 is done through the build-in optimization function NLM in R. In order
to ensure a reasonable scale of utility we measure consumption in 10,000 DKK, why
all the computed income streams and initial wealth accumulations are divided by this

amount.
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We estimate £ on an grid ranging from 0.1 to 3.9 with interval length 0.2. When
we solve the consumption problem with EGM we define the wealth grid to contain the
0.2-interval percentiles of a combination of the observed salaries and initial wealth
accumulations. As a result, the interval length of the wealth grid varies with large
intervals for the periphery wealth accumulations and small intervals in the center of
the defined grid. More grid points involve more computations. The higher density of
grid points in the intermediate values of wealth optimizes the EGM algorithm as the
accuracy of the majority of consumption paths are improved. Whenever a combination
of parameters result in a lower log likelihood value, the corresponding estimation of
p(k) is chosen as the initial guess of p(k) in the following log likelihood evaluations in

order to shorten convergence time.

In order to optimize the converge process of the k-distribution as described in Sec-
tion 7.1, we apply the method of Successive Over-Relaxation (SOR) which was orig-
inally developed in a Gauss-Seidel context of solving linear equation systems. An
additional step in the iterative process written in equation [28|is added such that:

Ps+1(R) = wps(k) +(1-w)ps-1(k)

The SOR method exaggerates the change in each iteration whenever w > 1. The
method was tested on simulated data which revealed an optimal value of w = 1.987,
such that the iteration changes are almost doubled. In simulated data, this optimized

the algorithm with approximately 24%.

Despite the many efforts to speed up the estimation process, it is still very slow.
Depending on the initial assumption about the k-distribution, the chosen convergence
criteria and naturally also the number of individuals, each combination of a,¢ and 0
requires up to several hours until the corresponding % distribution and log likelihood
value are computed. Finding new methods to speed up the estimation process would be
incredible useful and is, indeed, needed. The estimation results should be interpreted
with this condition in mind. Due to the limited time available, not all combinations
of grids, intervals, parameter values and convergence criteria were tested, why the

displayed results aren’t optimal with certainty.
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8 Estimation Results

The homogeneous parameters a, ¢ and 0 are estimated together with the distribution
of the heterogeneous variable k. First the model is estimated separately for the two
genders, based on a 10% sample of the data set. Then the data is split in both gender
and education level and the model is estimated separately for each group. The gender-
and education specific estimations constitute the main results of the study why these

will be discussed more thoroughly.

8.1 Gender specific estimation

The homogeneous parameter estimates are presented in Table [6] and the estimated

histograms of p(k) are plotted in Figure

Table 6: Homogeneous Parameters - Gender Divided Estimation

a [0) 0

Men 0.0088 45.32 0.1659
Women 0.0068 39.71 0.1432

Figure 14: Estimated distributions of &
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The estimated population distributions of & clearly suggest a significant variation
in individuals’ preferences for leisure. Both men and women are characterized by k-

values above one, suggesting a utility gain in retirement.

While a large share of both men and women has % values of approximately 1.5,
a smaller group of individuals has significantly higher values. A group consisting of

approximately 15% of all men and 20% of all women clusters around a k-value of 2.5
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while 15% of all women has k-values of 3.

The histogram spike at £ = 0.1 is positive for both genders but significantly large
for men - given the 0.2 interval width it suggests that 8% of all men have k-values
close to 0. But we should be careful to make this interpretation, as the estimated
spike might be a result of the model specification that does not identify k-values for
individuals who retire at the latest (or earliest) possible retirement age, see section
(. 1.2

The gender-specific estimation results suggest that men have higher values of
a, suggesting that men to a larger degree than women are pushed into retirement.
Understanding what an a estimate of 0.0088 or 0.0068 actually means, Figure
show the y-function for different retirement ages evaluated in these values of @ when
k=15.

Figure 15: y evaluated for different retirement ages in the estimated @ parameters
with £ = 1.5
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How much the push-parameter effects the utility of consumption after retirement
depends very much on the chosen retirement age. If @ = 0.0088, the utility level of
consumption is decreased with one third if the retirement age is 67 compared to 60.
So the estimated values of a has a quite large effect on the retirement decision and

the effect is largest for men.

The estimated values of 0, the subjective time preference rate are in line with
previous studies that estimate the magnitude of 6 to be 0.1-0.2, see |/Andersen et al.
(2008).

57

0.8 \-/ 0.8 \w’ -



8.2 Gender- and education specific estimation

The sample is divided in 10 gender- and education specific groups which are estimated
separately. Education levels are split in unskilled, vocational, short-, medium- and
long tertiary. Approximately 1,5% of the sample were registered with unknown edu-
cation level and this group was excluded from the analysis.

The estimated heterogeneous parameter k2 affects the retirement behavior together
with the homogeneous parameters why they should all be interpreted together. The
homogeneous parameter estimates are listed in Table |7| while the estimated distribu-

tions/histograms of p(k) are plotted in Figure

Table 7: Estimation results of homogeneous parameters

Men Women

a ) 0 a [0 0
Unskilled 0.0065 40.21 0.1178 0.0046 4441 0.1661
Vocational 0.0091 43.22 0.1497 0.0084 49.76  0.1647
Short Tertiary 0.0104 46.00 0.2440 0.0070  38.77  0.1307
Medium Tertiary 0.0088 27.92 0.1031 0.0107 27.85 0.1371
Long Tertiary 0.0101 26.23 0.0765 0.0068 20.98 0.0441

The bi-modular distribution of preferences for leisure is extremely significant for
women with longer education, while the bi-modular distribution is more pronounced
for men with shorter education compared to men with long education.

The estimated values of 8, denoting the subjective time preference rate, are in line
with previous studies, see Andersen et al. (2008), that estimate the magnitude of 6 to
be 0.1- 0.2. Individuals with less education generally seem to have higher values of
6, implying that these are more impatient. The estimated levels of 8 are much more
reasonable compared to the estimates in/Arnberg and Stephensen!(2015) where the es-
timated 6 values varying from 0.2-0.5. This significant change in parameter estimates
of 6 is presumably a result of the difference in credit market assumptions. |Arnberg
and Stephensen| (2015) assume identical age-dependent interest rates for debt and
deposits while the current model assumes asymmetry such that the interest rate on
debt equals the age-dependent interest specification in/Arnberg and Stephensen! (2015)
while the interest rate on deposit is assumed constant and equal to 4.75%. This as-
sumption makes it less favorably to accumulate wealth in old age, making dis-saving

behavior more probable for lover rates of 6.

The parameter ¢ is lowest for the higher educations, indicating that the model fits
the groups with less education better as the estimated model is less stochastic com-

pared to the higher educations. Another interpretation is that individuals with higher
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Figure 16: Estimated distributions of &
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education are less likely to follow financial incentives, why the unobserved hetero-
geneity, €, has more influence on their retirement decision compared to individuals
with lower educations. However, this result seem contra intuitive. The sample sizes
differ significantly for the different groups, see Table |4, The highest ¢ estimates tend
to apply to the largest groups, indicating that the retirement decision is more precisely
modeled in the large sample groups. The smallest groups, however, consists of more
than 1000 individuals.

The push-parameter a is consistently higher for men that women but not consis-
tently increasing/decreasing with education level. Surprisingly, the estimation results
suggest that unskilled individuals are the ones with the smallest a estimates, suggest-
ing that unskilled individuals are less exposed to attrition which we know is untrue.
Now, the & distribution for the unskilled is also characterized by high levels of k. A
high % reflects high preferences for leisure, or put differently, dislike of working. As
the push and pull factors act concomitantly, the effect of high k-values on the retire-
ment decision are outweighed by a corresponding effects of low a’s and the other way
around. If the model was estimated with a = 0, the estimated % distributions would

be significantly higher. Never the less, the estimation results suggest that the retire-
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ment decision is more voluntary for unskilled individuals than for individuals with

e.g. higher education.

The estimated k-distribution for women with medium tertiary education is es-
pecially interesting as it suggest an equal division of the group in two halves: one
half with k-values of approximately 1.2 and one half with k-parameters of around 3.
Women with medium tertiary education are typically employed as e.g. nurses and
teachers. The estimated a parameter for this group is higher than for the remaining
groups with a = 0.0107, indicating a high level of attrition which could be both phys-
ical and mental. The high level of @ should again be interpreted in the context of a
highly bi-modular distribution of 2. Those with a combination of a low 2 and high
a are forced into retirement despite the fact that they almost don’t appreciate being
retired. Those with a combination of a high %2 and high a face a more voluntary re-
tirement decision where an early retirement decision is rewarded both in terms of a

significant jump in utility and in terms of avoiding a potential high degree of attrition.

Women with long tertiary education are extremely divided in their preferences for
leisure. The majority have k-values vary from 0.7-1.3 but then approximately 20%
of the group are estimated to have k& = 3, suggesting a strong dislike of working or
a strong appreciation of free time compared to the remaining 80% of the group. The
corresponding push parameter is low compared to the other groups with a = 0.0068

suggesting a relatively low level of attrition.

To men with long tertiary education, the retirement decision is a choice between
the devil and the deep blue sea. £ values below 1 (corresponding to a utility loss when
retiring) and a high value of a suggests that they are forced into retirement: they don’t
want to retire but as their utility is permanently worsened the longer they stay in the
labor force, they are forced to retire eventually. A high level of @ might not only reflect
physical attrition but might also reflect worsening mental health condition such as

stress.

In order to ease comparability, all the estimated distributions of &2 are also plotted
together in one graph for each gender, men in Figure and women in Figure
Plotting the estimated distributions of all education group together emphasizes how
the k& distributions shifts to the right for higher educational groups, both for men and

women but most pronounced for women.

If an individual has high preferences for leisure it might indicate that he simply

values his free time a lot - maybe because he likes to spend time with his wife, grand
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Figure 17: Estimated distributions of % - all male education groups
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Figure 18: Estimated distributions of £ - all female education groups
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children or a passionate hobby. But it might also suggest that he just dislikes work-
ing, making the relative value of free time compared to work more valuable. The fact
that the level of £ decreases with longer education might therefore also suggest that
individuals with low education dislike working more than individuals with long edu-
cation. The only groups with k-distributions considerably below 1 are men and women
with long tertiary educations. It makes good sense that individuals with high educa-
tion value their job more, maybe because their self-identity is closely tied to work or

because they simply enjoy working.

In contrast to women with medium- and long tertiary education, uskilled women
have very little evidence of bi-modularity and the estimated distribution is almost
uniform. The group tend to have large k-parameters compared to the remaining group,

varying from 1.5 to 2.5.
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8.3 In-sample forecast

Given our estimation results, what can we say about the model fit? We can estimate
the expected distribution of retirement ages given our model estimates and data and
compare these with the actual distribution of retirement ages. We do a so-called in-
sample forecast. In order to calculate the expected distribution of retirement ages we
must compute, for each individual, his probability to retire at any of the ages 60,..,67.

The probability that individual j retires at age r is:

Pr(rlxj):f m(rlk, @, ¢,0,5 | P(klr s a,0,00dk 37)
X

71k, @, ,0,27) p(R)
:f R e dk
X r aa7¢79)

Summing op the total probability of retiring at a given age for all individuals give
us the expected number of retirements the given year. Let N, denote the expected
number of individuals who retire at age r:

Pr(rlxj)

n
nr:

j=1

Table 8| states the actual and predicted retirement age distributions for men while
Table 9] state those for women:

Table 8: Actual and predicted retirement age distributions for men

All Unskilled  Vocational Short Tert. Medium Tert. Long Tert.

r Act Pred Act Pred Act Pred Act Pred Act Pred Act Pred
60 18.9 18.1 224 224 204 194 154 142 13.6 124 7.6 6.2
61 85 128 9.9 11.8 9.1 14.9 7.0 124 6.6 11.8 3.2 6.8
62 18.2 132 178 148 209 136 15.1 11.8 16.5 11.8 92 175
63 104 115 99 108 109 120 113 112 10.9 122 8.6 9.8

64 73 106 6.2 94 7.2 10.5 8.0 10.5 8.9 123 9.5 12.5

65 12.9 83 10.3 6.9 115 7.7 13.8 8.8 16.8 10.7 24.5 135

66 5.9 88 49 74 52 7.7 56 9.6 80 11.2 9.9 16.6

67 178 166 18.6 165 149 142 238 216 186 176 276 271

The in-sample forecast seem to average out the kinks in actual retirement ages.
This is clearly illustrated in Figure [19|where the actual and predicted retirement ages
are plotted for the weighted averages of the two genders.

The kinks in the actual retirement ages reflect the financial incentives to retire at
age 60, 62, 65 and 67. Whereas the predictions are very accurate for age 60 and 67,
they fail at capturing the kinks at age 62 and 65. The result is an underestimated
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Table 9: Actual and predicted retirement age distributions for women

All Unskilled  Vocational Short Tert. Medium Tert. Long Tert.
r Act Pred Act Pred Act Pred Act Pred Act Pred Act Pred
60 31.8 29.0 38,5 350 308 28.8 222 204 27.2 235 11.7 9.8
61 11.2 174 120 183 114 17.2 78 146 11.2 183 3.9 99
62 18,5 13.7 17.0 129 19.6 14.1 184 13.0 20.0 15.0 146 104
63 94 107 7.8 9.3 9.7 11.1 125 11.7 11.1 123 9.7 11.7
64 5.8 87 48 72 6.0 8.9 7.2 10.9 5.7 9.9 10.8 13.0
65 9.5 62 8.0 52 9.1 5.8 123 8.5 104 7.1 20.5 124
66 4.4 61 3.9 53 4.0 5.8 5.7 9.2 54 6.2 7.9 13.3
67 9.4 82 7.9 6.8 94 8.3 139 11.8 91 7.8 20.8 19.5

Note: The total predicted distribution for men and women are computed as the weighted
averages of the education specific predictions.

Figure 19: Predicted vs. actual retirement distributions
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number of retirements at age 62 and 65 and a corresponding overestimation of re-
tirements at age 62 and 65. This could indicate that the computed income streams
underestimate the financial incentives that applies to the retirement ages 62 and 65.

The fact that the predicted retirement age distribution is too smooth is also related
to the small estimates of ¢p. The predicted retirement ages are more accurate for
those with the highest ¢ estimates. A high value of ¢ indicates that the unobserved
heterogeneity becomes less influential on the retirement decision and the financial
incentives become more important. A low value of ¢, on the other hand, results in a
decision that is more random and more affected by non-financial incentives.

Notice that equationapplies the individual 7/-conditional probability to compute
the in-sample forecast. Thereby , information of each individuals’ actual retirement

behavior is applied when forecasting their predicted retirement behavior. Each per-
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son’s individual k-distribution is estimated from the knowledge of his observed retire-
ment age, and this individual-specific information is useful in the forecast. However,
for out-of sample forecast that concerns another group of individuals, we’re not able
to use this individual-specific information why the individual distributions of % are

replaced with the population distribution such that

Pr(rlx’) = f
X

n(rlk,a,c/),@,xj)p(k)dk (38)

This loss of information obviously means that out-of-sample forecast are more im-
precise compared to in-sample forecasts. However, as the estimated value of p(%) is in
fact just the average of all person’s individual k-distributions, the method described in

equation |37|and [38| produce identical retirement distribution for in-sample forecasts.

8.4 Further research proposals

The estimated distributions suggest that there is a significant variance in individuals’
preferences for leisure in the context of retirement. Such a significant finding deserves,
in my humble and strongly biased opinion, further investigations which were omitted
in this analysis due to time limitations.

During the initial estimation phase I tried to estimate with different combinations
of k-intervals and step sizes. I chose the interval 0.1 — 3.9 with stepsize 0.2 as a com-
promise between accuracy and computation time. However, changing the underlying
k-grid resulted in significant changes of parameters estimates and estimated distri-
bution. In order to test the sensitivity of the results with respect to the selected grid-
intervals it would be interesting to do a cross-validation test on the estimation result
with different k-intervals.

Many of the estimated histograms have significant spike at £ = 0.1, especially for
men. These might very well be explained by the identification issue described section
caused by individuals who retire at the earliest possible retirement age. Expand-
ing the model into including retirement at age 59 might help on this identification
issues. £ = 0 would then imply retirement at age 59 which almost no one chooses, why
the spikes at the left distribution tails would probably disappear.

The relatively simple histogram estimation technique applied in this study could
relatively easily be improved. There exist an extensive literature on non-parametric
estimation techniques, e.g. kernel estimation methods, which would provide more
accurate heterogeneity estimations.

From the maximum likelihood estimation we are able to compute statistical infer-
ence such as standard errors which could easily be computed numerically, e.g. with the

package numDeriv in R. However, as the iterative convergence of & is nested within
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the maximum likelihood evaluation, the computation of the Hessian is both time de-
manding and it dependent on the choice of k-grid, convergence criteria, EGM wealth
criteria etc. The computed standard errors would, however, be a useful indicator of
the accuracy of the estimation parameters, but were not included in the analysis due
to time limitations.

The model relies on several critical assumptions which were outlined in Section|7.5
together with suggested solutions to avoid them. An issue that should be thoroughly
investigated is the correlation between the heterogeneous parameter £ and the back-
ground variables x;. Allowing for interdependence between the heterogeneity and x;
would be an important contribution to the existing model.

As described in the literature study in section previous studies find evidence
of important effects of health and joint retirement on the retirement decision. With
the current push/pull model framework the effects of e.g. health and joint retirement
are hard to identify. see section An obvious development of the model would
therefore be to account for these effects and investigate how they affect the measured
heterogeneity in leisure preferences. Another obvious development would be to in-
troduce job uncertainty. As the current model already applies an EGM solution, the
introduction of dynamic programming seems straight forward.

Whereas the results alone reveal interesting information about heterogeneity in
retirement behavior, the estimated model also constitutes a useful tool for policy anal-
ysis which has not been utilized at all in this study. An obvious next step would be
to apply the model on policy experiments and out-of-sample forecasts and investigate

how accounting for heterogeneity affects these analyses.
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9 Conclusion

The main purpose of this study is to estimate heterogeneity in the retirement decision
with a proposed non-parametric estimation technique. The estimated results show
significant variation in people’s preferences for leisure and suggest a bi-modular dis-
tribution with a large group with relatively low preferences for leisure and a small
group of individuals with significant larger preferences for leisure.

The model is estimated separately for ten gender- and education specific groups
and we find significant variation in the estimation results for the different groups. The
bi-modular distribution of preferences for leisure is extremely significant for women
with longer education, while the bi-modular distribution is more pronounced for men
with shorter education compared to men with longer education. With women having
higher values of the pull-parameter, 2 and lower values of the push-parameter a, the
estimation results suggest that women’s retirement decision is more voluntary com-
pared to men. Individuals with lower educations tend to have higher preferences for
leisure and are less patient, reflected in lower rates of time preferences, compared
to individuals with long education. The estimation results also suggest that - due to
low ¢ estimates - the unobserved heterogeneity has a large impact on the retirement
decision resulting in imprecise in-sample forecasts.

The estimated model assumes different interest rates such that the interest rate
on deposits is constant while the interest rate on debt increases with the debt takers
age. How this affects the estimation results is hard to say, but we do find significantly
lower and more credible estimates of the subjective rates of time preferences compared
to previous comparable studies with more simple (and unrealistic) credit market as-
sumptions.

The estimated heterogeneity and the tendency of bi-modular distributions is a
highly interesting discovery that contributes to a deeper understanding of peoples re-
tirement behavior. The model has a great potential for further developments that
could contribute with a further understanding of heterogeneity in the retirement de-

cision.
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10 Appendix

10.1 Derivation of the Logit Model

Consider individual j. As we don’t know the error terms ¢/ = (ej , ...,e{,) we treat them
as random.

The probability that individual j chooses retirement age r is given by

Pr(r)=Pr(Uy(ry > Uy(ay Ya #r)
= Pr(¢Vo(rY +¢€ > ¢pVo(aY +€) Vi #a)
= Pr(el —€), < pVo(rY — pVola)) Ya # 1) (39)

This probability is a cumulative distribution, i.e. the probability that each random
term e — €, is below the observed quantity ¢Vy(r) —pVo(a) . In order to measure this
probability we need do some assumptions about the distribution of the error term, f(e).

Using the density f(e), the cumulative probability in equation 39| can be written as

Pr(r)=Pr(el — ¢, < pVo(rY — ¢pVola) Ya #7)
_ f (]~ €} < VoY ~ VoY ) (de’ (40)

where I(-) is the indicator function equal to 1 when the expression in parentheses
is true and 0 otherwise. As you can see, this is a multidimensional integral over the
density of the unobserved portion of utility, f(e/). As (Uy(r) is unobserved, measuring
the distribution of the error terms is impossible why we must assume some distribu-
tion. Different assumed distributions leads to different discrete choice models. If we
assume that ¢ follow a normal distribution, we will get a Probit model. If we assume
that e follow an extreme value distribution, we will arrive at the Logit model. Logit
and Probit models are the most prevalent models in similar studies, and the two spec-
ifications tend to deliver very similar results. This is because the normal distribution
resembles the extreme value distribution except from the extreme value distribution
having slightly fatter tails. However, assuming that € is iid. extreme value distributed,
the multidimensional integral in 40| has a nice, closed form solution, why this model
is less computationally demanding. The extreme value distribution has variance %2
why we are implicitly normalizing the scale of utility. We multiply Vo(r) by ¢ in order
to fit it on the normalized utility scale. The mean of the distribution is not zero, but
this doesn’t matter since the utility scale is ordinary: we don’t care about the level of
utility itself, only the differences in utilities.

The joint density of ¢/ is denoted f(e/). With this density, we are able to make

probabilistic statements about individual j deciding to retire at age a:
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Pri(r)= Pr{Uy(rY > Uy(ay Va #r)
=Pr(¢Vo(rY +€. > ¢pVola) +€. Vi #a)
=Pr(el <€l + pVo(rY — pVola) Ya #r) (41)
Suppose we knew the value of the error terms e/, then we would know the choice

probabilities Pr/(r) conditional on the information about e/, Pr/(r)le/. Define B, =
el +pVo(ry — pVo(ay, this gives us:

Pri(r)| €/ = Pr(e] < B1&e] < By&...)
= Pr(e‘é <By)Va #r (42)

Assume that ¢/ are iid extreme value distributed. The extreme value distribution

is given by the density function
¢

fey=e e

And cumulative distribution
. el
Fl)=e"°

Due to the independence of the error terms, the probability in [42|is just the product

of the individual densities:

Pri(r)| €/ = Pr(e] <B1)-Pr(c} <Bs)-...-Pr(e}, < Bp)

Obviously €/ is not known, and hence we must arrive at the unconditional proba-
bility by integrating e/ out - we evaluate the integral of Pr(a, = ale’) over all possible

values of ¢/ weighted by its density:

Pﬂm:prﬂwnaﬂdmd

o0 . i
- f H e—e e_ele_e_sj de’
—© \a#r

We wish to evaluate the above integral, and the first step is to remove the restric-

e &l
tion a # r by multiplying by e®  -e® =1:

68



e —eBa| —ef e o J
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Now consider the product. It can be written as

P
-B, P -B,
H e “=e Lam1® "
a=1
e Zapzl e—(e‘é +¢V0(r)/—¢V0(a)j)

e P e VoY V@)

Define @ =Y°_, e~ @Yo =¢Vo@) | thig gives us

© VA
Pr(r):f e ¢ Qe gl
-0

where @ is independent of the variable of integration /. Now we do integration by

€

substitution with the change of variable y = e~'. This transformation maps [—oo,00]

onto [0,00] with the inverse transformation being ¢/ = —Iny. The Jacobian of the
inverse transformation is J = ‘é—i = _71 Since y > 0 the absolute value of the Jacobian

is |J | = % Under the change of variable we reach

Pr(r):f e @Y. y. |J|dy
0

o0
:f ey
0

(e 9]

0

25—1 e~ (@Vo(rY —¢pVo(a))
1
e_(PVO(r)j ZaP:l e([)Vo(a)j
eVo(r)j

CxP eVoly
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10.2 Banach’s Fixed Point Theorem

Definition 10.2.1. Let (X,d) be a metric space. Then a map T : X — X is called a
contraction mapping on X if there exists q € [0,1) such that d(T(x), T(y)) < qd(x,y) for
all x, ye X, y # x.

Theorem 10.2.1 (Banach’s Fixed Point Theorem). Let (X,d) be a non-empty complete
metric space with a contraction mapping T : X — X. Then T admits a unique fixed-
point xx in X (i.e., T(x*)=x"). Furthermore, x* can be found as follows: start with an

arbitrary element xg in X and define a sequence xs by xs = T(xs_1), then x5 — x*.
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