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Chapter 1
INTRODUCTION

This paper describes the dynamic computable general equilibrium (CGE) model of
the Danish economy called DREAM (Danish Rational Economic Agents Model)! that
is under development at Statistics Denmark?. The version 1.2 of the model presented
here is a benchmark version; it is kept simple and all markets are competitive. Thus
the present version can be considered a benchmark to which future, and more elabo-

rate model-versions may be compared.

Compared to version 1.0 (August 12, 1997) some refinements have been made. A
new utility function that has total instead of average utility as it’s criterion has
been chosen. This altered objective affects consumption and savings behavior quite
substantially as will appear later on. Further governmental producers have been in-
troduced in the model to be able to calibrate the model on the actual Danish data. In
order to keep it simple governmental producers are assumed to perform optimization
only intra- and not intertemporally. Governmental investments are assumed to be a
constant share of GDP, and the governmental producers are cost minimizing within
every period given the amount of physical capital. Also associated with the calibra-
tion, a destinction between taxable and non-taxable age dependent public transfers is
carried through, and these are being indexed to the wage net of labor market contri-
bution. Finally, consumption of very old persons now figures as private consumption
instead of public, and transfers between the government and foreign countries are

included in the model.

It should be stressed that the present version of the model and all experiments are of

a preliminary nature, and therefore it is advisable to consult with the authors before

!The name is inspired by the (long) list of topics that the sponsors of the project would like the
model to cover: ”Only a dream could fulfill this”.

2The computable general equilibrium group of Statistics Denmark was initiated by January 1st
1997. The group has gradually grown in size, and has medio May 1997 reached its equilibrium size
of 5 full time employed academics and 2 part time employed research assistants.
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using the material further.

1.1 Features of the model

The remaining part of this section contains a brief presentation of the features of
the model; the following chapters contain a more formal presentation of the different
parts of the model. The model consists of a corporate sector, households, a govern-
ment and a foreign sector. The supply part of the model is rather standard and closely
related to the EPRU-model (see Jensen et al.; 1995). The behavior of the consumers
are modelled along the lines of Auerbach and Kotlikoff (1987), but is extended to
allow for exogenous expected changes in the size of the household along the life-cycle,
both due to the presence of children and due to expected mortality. Furthermore, the

household leaves a foreseen bequest to their children.

1.1.1 Firms

The fundamental behavioral assumption of the corporate sector is that firms strive
to maximize the discounted value of current and future net-of-tax-dividends to the
owners of the stock of shares in the firm. It is assumed that the firm finances invest-
ments by an exogenous combination of debt and retained profits. This implies that
the discounted value of the stream of dividends is positive (and thus the shares have
a positive economic value). The positive discounted value of dividends is composed
of the earnings on the non-debt financed part of the capital stock and the discounted
value of the pure profits of the firm. Pure profits appear due to the fact, that the net
production function of the firm is strictly concave, because of convex costs of installa-
tion of new capital (and also of deploying existing capital). Furthermore, these costs
imply that an individual firm will want to adjust its capital stock gradually towards
a stationary capital stock, if the firm is in an environment with constant prices and
demand. Investments are driven by the so-called marginal g-theory of investment.
Contrary to this, we abstract for the time being from any turn-over costs of labor,
which implies that the employment decision does not depend directly on future prices

and wages.



Features of the model 11

1.1.2 Households

The household sector consists of overlapping generations of households with a finite
and deterministic time horizon. The modelling of the households is an innovation in
the sense that neither the Blanchard (1985) nor the Auerbach and Kotlikoff (1987)
approach to modelling overlapping generations is used. The gains from using the
Blanchard approach is that it allows for analytical aggregation across generations
and therefore offers computational simplicity, which significantly reduces simulation
time and hardware requirements. The costs of performing analytical aggregation have
been considered too high, since it limits the scope for differences between agents in the
economy. Therefore the modelling is based on numerical aggregation of the behavior

of the different generations.

Households are defined as representative couples with children. The size of the rep-
resentative household is affected by the exogenous age and gender specific death
probabilities of the members, and by the age specific fertility rates of women. The
adult members of the households are divided into workers and pensioners, according
to an exogenously given retirement age. The explicit incorporation of both children
and a retirement period gives rise to a life-cycle motive for saving (and dissaving) in
the model. At the end of the planning horizon, each generation of households leave a
bequest to their children. Agents may be alive after the end of the planning horizon -
these persons live from public transfers and take no independent economic decisions
of their own, and one can think of them as living in residential homes for elderly
people. Younger generations derive utility from consumption of the domestic and the
foreign good, and incur disutility from time spent working. Bequest also has a positive

effect on the donor’s utility.

Income for the consumers arise from 8 main sources. The first is wages received for
the hours worked, and the second is unemployment benefits for the hours they are
unemployed. By the constrution of the model, work-sharing prevails such that ev-
eryone in the labor force is equally underemployed. The third source of income is
age-dependent income transfers from the public sector, such as child-care transfers,
education benefits, and sickness benefits. The fourth source of income is pension,
which is given to all persons who are 61 years old or older. The pension is identical
for all pensioners. The fifth source of income is a lump-sum transfer that the public
sector makes in order for the budget to balance every period. The sixth type of in-

come arises from bonds and shares held by the consumers. The seventh source of net



12 INTRODUCTION

income is transfers from abroad, such as aid transfers to developing countries and net
transfers from the European Union. The final type of income arises from inheritance
left by the parent household.

1.1.8 Labor market

The labor market is assumed to be competitive. Labor is a homogenous good and we
abstract from individual differences in productivity. Persons, who belong to the work
force and supply less labor to the market than an institutionally fixed maximum sup-
ply, are entitled to (supplementary) unemployment benefits. Thus the labor market
equilibrium implies that agents voluntary reduce their individual labor supply such
that underemployment and work sharing prevails. The calibrated level of unemploy-

ment in the model is thus by assumption entirely voluntary.

1.1.4 International relations

The economy is integrated in the world economy through trade and capital flows.
Materials and foreign consumer goods are imported while the domestic product is ex-
ported. Domestic production is an imperfect substitute for imported goods, implying
that the terms of trade is endogenous. Financial capital is assumed to be perfectly
mobile internationally, and the exchange rate is fixed. These assumption, the absence
of uncertainty and the presence of residence based taxation of interest income, implies

that the domestic and the foreign pre-tax interest rate are equal.

The foreign demand for the domestic good can be thought of as demand functions
derived from intertemporal optimization of foreigners. Assuming that foreign con-
sumers have utility functions, which are similar to those of domestic consumers, it
may be plausible to assume that the foreign demand function for the domestic good
is isoelastic. For simplicity we assume that the position of the export demand curve

is fixed through time.

1.1.5 The public sector

The government collects taxes, distributes income transfers and purchases the domes-
tic good. Income transfers are assumed to be both age and gender specific. Data for

these transfers in 1992 are obtained from the generational accounting project joint
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organized by the Danish Ministry of Finance and EPRU (see Jacobsen et al.; 1997).

Consistency requires that the agents do not violate their intertemporal budget con-
straints. For the government this implies that the discounted value of government
debt has to converge to zero for time approaching infinity; violating this means, that
private agents are not willing to hold government bonds. To simplify the dynamics,
we assume that the government uses a lump sum transfer/tax to keep the government

budget balanced wn every period.

1.1.6 Rational expectations

Finally, as mentioned, expectations are assumed to be rational. There is no risk and
uncertainty, which implies that agents have perfect foresight, except in the case of an
unannounced change in a policy variable. Even after such an experiment agents are

assumed to form expectations with certainty.

1.2 Simplifying assumptions in the present version of the model

Of central importance in setting up the model was keeping it simple and at the
same time break the path, such that future developments face as few restrictions as
possible. Of central importance to the present version of the model are the following
assumptions, which may be relaxed in later versions (these assumptions are discussed

in more detail in the remaining chapters):

e There are no imperfections in the markets and the entire economy is in a com-

petitive equilibrium.

e The normalizations and the functional forms imply that there is no intertem-
poral speculation in the labor supply, i.e. leisure in period ¢ is not substitutable
for leisure in other periods. The size and composition of the household does
not affect the labor supply, which by the specification of the utility function
turns out to become identical across gender and age. There are no differences in
labor productivity across individuals, which means that everyone supplies un-
differentiated labor. Furthermore, there are no hiring and firing costs. All these
assumptions imply that at each moment of time the labor market is modelled

as a single static competitive market.
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e Household behavior is simplified. Each representative household is assumed to
consist of different agents according to both age and gender. Each of these types
of agents may enter the utility function in different ways. How the composition
of the household affects the behavior of the individuals in the household (e.g.
how the number of the children in the household affects female and male labor
supply) will be the subject of an empirical investigation. In the present version
of the model we abstract from effects of the composition of the household on

the labor supply for both male and females.

e There are two tradable goods: A domestic and a foreign

The next steps in the development of the model will challenge some of these sim-
plifications. First, by more elaborate modelling of the labor supply, and second by
introducing imperfect competition in the labor market. A third extension would be to
increase the number of goods, most importantly to distinguish between non-durable
goods and durable-goods (e.g. housing). Opening for imperfections in the modelling

will be a gradual process, starting with the labor market.

1.3 Overview of the paper

This section gives an overview of the chapters that follows.

Chapter 2 introduces the behavior of the firms. Their behavior is not entirely as in
the standard case, because there are installation costs when expanding or replacing
the capital stock. This means that the profitmaximizing firms adjust their capital
stock gradually, rather than at once, since gradual changes minimizes the costs of
installation. When the model is not in steady state, this construct leaves room for

pure profits that are distributed back to the shareholders, i.e. the consumers.

Chapter 3 presents the demographic characteristics in the model. In this respect the
present model is innovative when it comes to modelling households, since the size of
the household varies over the life-cycle to account for children being born into the
family, children leaving home and expected mortality of the members of the house-
hold. The first part of the chapter presents the new method and compares it to the
two traditional ones; Auerbach & Kotlikoff and Blanchard. Then follows a detailed
description of how these synthetic households are constructed, which basically comes

down to organizing men, women and children in nuclear families. Third is a discus-



Overview of the paper 15

sion of how the population is predicted in the model, and thus how the important
households are forecasted. Finally this chapter discusses the consequences of using
the demographic structure suggested. It is also discussed why and under which cir-

cumstances the present approach is advantageous to the traditional methods.

Chapter j presents the problem faced by the households. Households consist of
women, men and possibly children living at home. The household’s problem is maxi-
mizing utility subject to a budget constraint. The overall utility function is additively
separable in the utility in each moment in time. At each moment in time the consumer
derives utility from consumption and incurs disutility from work. The consumers also
derive utility from leaving a bequest to their children when turning 78 - this bequest
is also additively separable in the utility function. It turns out that the solution to the

consumer’s problem is the standard Keynes-Ramsey consumption smoothing rule.

Chapter 5 describes the aggregate variables in the model. It is also discussed how the
model is closed, which here amounts to describing the behavior of the foreign sector
and the public sector and specifying the equilibrium conditions for the goods and the

labor market.

Chapter 6 contains an analytical description of the stationary state of the model. It
is demonstrated that the stationary state is unique, partly analytically and partly
numerically. First it is shown mathematically that in stationary state there exists an
aggregate version of the model. Then it is shown numerically that with the current
calibration of the model, i.e. with the current choice of parameters, there is only one

equilibrium.

Chapter 7 discusses how the model is calibrated. First it is discussed how calibrating
a dynamic CGE-model differs from calibrating a static model. Here it is done by
calibrating the model to a base year (1995) but adjusting the data set according
to what a hypothetical stationary state for 1995 would have looked like. Unlike in
static models, it is not possible to calibrate the model exactly to the data set of
a specific year; this may violate the intertemporal consistency requirements in the
model, because the data set is inconsistent with the assumption of the stationary

state.

Chapter 8 reports the results of 12 simulations carried out with the model. The
experiments shed some light on how different parts of the model react to changes in

policy variables. The first 8 of the experiments focus on the impacts of changes in
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various tax rates influencing the behavior of households and firms in different ways.
The next two of the experiments consist of a reduction in the average pensioner age
and a reduction of fertility. Finally, the last two experiments illustrate the effects of an

increase in the public expenditure and of an increase in the age dependent transfers.

It should be stressed that although empirical estimates are used, the present version
of the model cannot be regarded as an empirical model of the Danish economy. The
calibrated model should instead be thought of as a parametrized theoretical model
and the simulations as a way of exploring the properties of the model in a setup where

the proportions of the model resemble those of the Danish economy.

The optimal introduction to the material is not necessarily obtained by starting with
chapter 2 and reading the chapters in order, since some chapters are more difficult
than others. On the other hand some chapters need to be understood before others.
Chapters 2 and 5 can be read alone, and chapter 3 is a prerequisite for chapter 4.
Only having understood these chapters will it be possible to understand chapter 6,

where everything comes together in a description of the steady state.

For the novice that needs an introduction to the model and the issues that can be
investigated using it, it is recommended to take a look at chapter 8, before proceeding.
This chapter contains a large number of experiments accompanied by verbal and
graphical explanations. This chapter gives a good idea of what is going on, and
should work as an appetizer to read the main model chapters (chapters 2 to 6). Note
however, that the experiments presented in this chapter are conducted on an earlier

version of the model - namely version 1.0.

1.4 An important note about the dating convention

Throughout the following dating convention is used: Variables are dated according to
end of period convention. This means that stock variables that are active in period e.g.
t + 1, are nominated ¢, since stocks are updated at the end of period. Flow variables
of period t are of course nominated ¢. As an exception to the dating rule, we assume
that people are born in the beginning of the period. Finally, a policy shock which hits
the economy in period ¢, is assumed to take place in the beginning of the period, i.e.
before decisions about the current flow variables are taken. This dating convention is

illustrated in figure 1
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Figure 1 Illustration of the end of period dating rule used in the paper

17

In the model 1995 is considered period 0, and thus time 0 is ultimo 1995. This means

that the first unknown or endogenously determined variables are flows from period 1

and stocks at time 1.
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Chapter 2
PRODUCERS

This chapter describes the behavior of the producers. We distinguish between two cat-
egories of producers: private producers (also labelled firms) and governmental produc-
ers. Their behaviour is specified in much the same way. One very important exception
is that firms are assumed to perform intertemporal optimization while governmental

producers are not.

The main reason for distinguishing between private and governmental producers in
this version, which is otherwise highly aggregated with respect to producers, is to
obtain a more accurate calibration of the assets of households. The dominant item of
these are the households’ claim on the value of the private capital stock. By distin-
guishing between private and governmental producers, the considerable value of the

governmental capital stock can be excluded from the assets of households.

Inside each category of producers we assume that the agents are identical. Since all
firms in the economy are assumed to be identical, and since each firm is a price taker
in both input and output markets, it is sufficient to analyze the behavior of a rep-
resentative firm. The first section outlines the firm’s problem and the second section
goes through the first order conditions characterizing the solution to the problem.
The third section outlines the governmental producer’s much simpler problem and

then examines the solution.

2.1 The firm’s problem

The value of firms is determined from an arbitrage condition, which states that the

gains from investing in shares must pay the same yield after tax as investing in bonds.

The assumption of perfect capital mobility and absence of uncertainty implies that
domestic and foreign bonds are perfect substitutes. Therefore a tax-adjusted version

of the uncovered interest parity (UIP) holds in the model. Absence of exchange rate
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movements implies that the domestic interest rate after tax in equilibrium is equal to
the foreign interest rate after tax. With a residence based taxation of personal capital
income this implies that the domestic (pre-tax) interest rate is equal to the foreign

(pre-tax) interest rate.

Since Danish personal capital income taxation is a residence based tax, we assume as
a starting point that the marginal Danish investor is a domestic citizen, who is subject
to Danish domestic tax laws.! This assumption is not innocent for two reasons. First,
foreign investors may be the marginal source of funds, if domestic tax laws give higher
incentives to investment in bonds than does foreign tax laws (assuming all countries
use a residence based tax). In this case foreign tax rates are the relevant ones. Second,
a large part of Danish savings take place in pension funds, which are not subject to
the same tax laws as citizens. The tax laws give pension funds incentive to invest in

shares.

The consequence of the assumption made may be that the effect of changes in personal

income taxation on the market value of shares may be exaggerated by the model.

Given the assumption that the marginal investor is subject to Danish tax laws and
the fact that there is no risk in the model, the marginal investor will be indifferent

between investing in bonds and in shares if
re(L=t) Vir=(1—t) Do+ (1 —t9) (V, — Viq) (2.1)

where r, is the interest rate equal to the world interest rate, which in a world with
perfect mobility of financial capital is exogenously given for the small open economy.
Vs is the (end of period) value of the firm. D is the dividends. The tax rates are:
t7, tax rate on interest income, t¢, tax rate on dividend income, and, ¢, tax rate on
capital gains.

The left hand side is the opportunity cost of holding shares, whereas the right hand
side is the sum of dividends and capital gains after tax, which is equal to the total

income from holding the value V;_; in shares.

Observe that due to the possibility of different tax rates the investor is not indifferent

between a unit increase in the (pre-tax) dividends and a unit increase in the (pre-tax)
12
1—t9

market value of shares. A unit decrease in the dividends may be compensated by

units increase in the market value of shares. Similarly, a 1 percentage point increase

!By personal capital income taxation we mean: taxation of personal interest income, dividend
taxation and taxation of capital gains. Observe that corporate income taxation is source based.
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1—t7
1—td

in the (pre-tax) interest rate requires an increase in the market value of shares of
percentage points for the arbritrage condition (2.1) to hold. These tax adjustment

factors will appear frequently in the expressions concerning the behavior of the firm.

Rearranging the difference equation (2.1) and leading the resulting equation one pe-

riod yields

1 1—td
V= (o) {El = t;l; Dt b 22
(1 + Ty (HZE)) ot

Leading the expression for V; one period and inserting the resulting value of V4

back into the expression above yields

~ts 1-td,,)
V, = 1 (1 tS“)DS 1 (1-td,, D, v
kg [ T Ty [y e e
s+1 (1_tg+1) s+2 (1—t§+2)

Solving forward yields

1 —¢td ¢ 1
| e 29
] 1-— tt v=s-+1 ]_ + Ty (i:—ig)

The market value of the firm is given as a tax adjusted discounted stream of dividends.
Observe that given our dating conventions, V is the end-of-period market value of the
firm. We assume that each firm strives to maximize the beginning-of-period value of
their outstanding stock of shares, which is given as the end-of-period market value of
share plus the tax-adjusted dividends in the current period. Thus we assume that the
firm maximizes the tax adjusted stream of current and discounted future dividends
from the firm. The managers of the firms maximize this value given the assumption
of perfect foresight and subject to the production technology. To solve this problem

we define dividends at time ¢, Dy, as

Dy = (1=t) (Y —piM M — (L + ) WL — B )
—p{ 1 IP + 458K, + (Bf — Bf,) (2.4)

where p!” is the (producer)price of firm’s output, Y, is the (net) production of the
firm, pI' is the price index of materials used by the firm, M} is the input of materials,
t? is the payroll tax rate, W; is the wage rate, L! is firm employment, B¢ | is the

stock of corporate debt at the beginning of period ¢, p/’ is the price index of the
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firm’s investments, I} is the firm’s investment, K, 1 is the book value of the capital
stock given the tax system, &, is the rate of depreciation allowed by the tax system

and t¢ is the corporate tax rate?.

To avoid the corner solution properties of the optimal financing decision of the firms
(which appears due to the non neutrality of the tax system and the absence of uncer-
tainty in the model), we model corporate debt as a fixed fraction of the replacement

value of the capital stock
B =gp{'K{, 0<g<l (2.5)

where K is the capital stock of the firm.?

Inserting (2.5) into (2.4) implies that investments are financed by retentions plus debt,
and the residual cash flow is always distributed to the owners. This is the so-called

"new view of dividend taxation”.

Observe, that the exogenous financing rule of the firm implies that dividends will
temporarily become negative in case of a sufficiently large boost in investment. This
is due to the fact that the financing rule fixes the debt-financed part of the expan-
sion in investment to g. In this case the firm collects negative dividends from its

shareholders.*

The evolution of the capital stock and the book value of the capital stock given the

tax system, are assumed to be subject to exponential decay and are thus given by®

Ki=(1-8K_+I, 0<&<1, i=PG (2-6)
K= (1=8) Kea 49018, 0<bi <1 (27)

2Corporate taxation is non-negative and there is a limited possibility of deduction of past deficits
according to Danish tax laws. In the stationary state the relation implies that the depreciation
allowance is equal to the direct cost of investment, 6K = p! (§K) . See equation (2.6) and (2.7). This
assures a non-negative tax revenue in the stationary state.

The fact that the relation (2.4) may yield negative tax revenues in case of sharp recessions, thus
implicitly implies that the firms in the model are allowed unlimited carry-forward of tax losses with
full imputation of interest.

3Observe, that the definition of the stock of corporate debt deviates from the standard dating
procedure of this paper. This implies that it is not the ”true” replacement value.

4In the experiments performed in the present paper this phenomenon does not appear.

>The superscript i indicates whether the variable represents the private producer (i = P) or the
governmental producer (i = G). Some variables as for example I?t are only defined for the private
sector and for convenience they are not supplied with such a superscript.
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Figure 2 illustrates the assumed technology of the producers. It is assumed that the
technology of the firm and the governmental producer can be represented by the same
functional form. The upper part of figure 2 outlines the assumed production function
which is specified as two-factor CES (sub) production functions nested as indicated at
the figure. At the top level materials is combined with value added to produce gross
output. Materials are obtained by combining governmentally produced materials and
privately produced materials. Finally, privately produced materials can be either of

domestic or foreign origin.

Gross output
NY’
Materids Value added
M H'
Gov. produced Priv. produced Labor Capital l€—
M M* A K
Domestic origin Foreign origin
MFP MEr
Investments ||
7
Domestic origin Foreign origin
]in IrF

i P: Private producer (firm)
i=G: Governmental producer

Figure 2 The technology of the producers

There are no imported materials which are classified as being governmentally pro-
duced. Value added is an aggregate of labor and capital. The capital stock is changed
by investments, and figure 2 also indicates that the aggregate index of firms’ invest-
ments is a mix of investment goods of domestic and foreign origin. There are no
investment goods produced by the government sector (either domestic or foreign).

Stated formally the net production, Y/, is given as

Y/ = F' (M}, K, L) = @I, KG ), i= PG (2.8)
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where ®(I}, K;_;) is the cost of installation of capital, which is specified below.® The
gross production function Y = F* (M}, H}) exhibits constant returns to scale and is

given as a nested CES function which may be written as

Iy

o o;yv—1

F (Mtla HZ) = [MiYJ\f (Mtl)_?:y; + iy (HZ> 7y ] o , 1=PG (2.9)

with

9iY H

oiyH—1 . Ziyg—1

. . oiyH 1
H; = [:uiYHK (KGq) o+ pyy (Ly) o ] . , 1=PG (2.10)

iy M
oiym—1 . oiym—1

; ; iyt .
M; = [ﬂiYMP (MZP) TYM -+ iy G (MZG) Ty M ] , 1=PG (2.11)

) ) ZiypMp—t . giymp—1 %

M= |::U’z'YMPD (MZPD) TYME Ay NrpR (MZPF) Ty Mp } , 1=P,G (2.12)
where we define H! as a CES index of labor and capital used in production in sector
i (i = P indicates the private sector and i = G indicates the governmental sector),
M; is a CES index of privately and governmentally produced materials used in sector
i, while M{¥ is a CES index of privately produced materials of domestic, M*P  and
foreign, M*FF | origin used in sector i, and M/“ is governmentally produced materials
used in sector ¢ which are all of domestic origin. In the CES functions p; > 0 for
je{iYM, iYH, iYHK, iYHL, iYMP, iYMG, iYMPD, iY MPF} are weight
parameters. o,y > 0 (and # 1) is the elasticity of substitution between materials
and the capital-labor aggregate. Similarly o,y > 0 (and # 1) is the elasticity of
substitution between capital and labor, 0,33 > 0 (and # 1) is the elasticity of sub-
stitution between privately and governmentally produced materials, while o;yp/p > 0
(and # 1) is the elasticity of substitution between privately produced materials of
domestic origin and foreign origin. If the elasticity of substitution between any of the
two pairs approaches unity, the associated CES function reduces to a Cobb-Douglas

function.

The function representing the cost of installation of capital in the private sector,
®F (IF,K[,), is strictly convex in I} and homogenous of degree 1. ®” has the
following functional form

|1
Ki,

@P(ff,Kfo:qﬁP( ) 1P, 0> 0 (2.13)

6Installation costs are assumed to be zero for the governmental producer.
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The function indicates that the costs of installation not only depends on the amount
of investment, but also on the size of the existing capital stock, in the way that costs
diminish the bigger K | is. The numeric signs around the investments make sure

that the costs are positive both in case of positive and negative gross investments.
The index of the investment good used in sector ¢ is defined as a CES aggregate of
the domestic and the foreign good

o
oir—1 | o57—1

=T (P 00) = |y (5°) 57 e (1) 57| i=pc

where I[P I} are the parts of investment which are produced domestically respec-
tively abroad. p;;p > 0, ;77 > 0, are weight parameters, and o;; > 0 (and # 1) is the
elasticity of substitution between the domestic and the foreign part of the investment

index.

Given that the representative firm as mentioned is a price taker in all markets, we may
state the maximization problem of the firm at time s as a two stage problem, where
the firm in the first stage chooses the optimal values of the indexes, I and M/} and
the input of labor, LY. At the second stage the firm chooses the optimal compositions

of the indexes, I”' and M}. The problem at the first stage may be written as follows

[oe] t

max 1_th+Zi_thtH !

(2P, 18, MF)™ 1—¢7° 1 t] v 147 (1:_%)
s.t. (2.14)
D = (1— &) (pFYF — pME — (14 6) WiLF —rBL,)
—pP Il +#66,K,_ + BS — BE_,
W= FU(MP KT L) - 9F(1 K )
K = 1-6")KL, +1f
K, = (1 - Zst) Koy +pl'I?
B = gpi'K[

Now insert (2.6) into (2.5) and further insert this rewritten equation for the stock
of corporate debt together with (2.8) and (2.5) lagged one period into (2.4). The

Hamiltonian associated with the problem above is then given by
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(KL KL LI ME e dar) = (2.15)
R {0 =) (pf [F7 (M KL, LF) = @7 (IF K )] = pP M M = (1+ ) WiLY

— rgpl A KE ) — pPIE + 488, K, 1+ gl [P 4+ (1 - 67) KE,] — gpP L KE }

+Rehc [IF + (1= 87) K] + R [p 17 + (1= 80) Koo

where LY, I and M are the control variables that we wish to maximize for, K[,

and [A(t,l are the state variables and Ay; and Ay, are the shadow prices on the state

variables in the order just mentioned. The compound interest factor R; is defined as

follows

t
1
Ri= [] ———~ for t2s+1 Ri=1 jor t=s  (216)
v=s+1 1 + Ty (1:t§)

2.2 First order conditions to the firm’s problem

Applying Pontryagin’s Maximum Principle we find that the first order conditions are

given by’
OFF W,
MP KPP LP 14 %) — 2.17
8LP( t t—1» ) (+t)pf ( )
OFF pPM
MP, KP 7LP t 218
OMPF ( 3 t—1 ) pf ( )
1— t;fi o Pt oor P P A1t
T4 <1_g+(1_tt)ﬁﬁ(jt K y) :W‘*‘)\Qt (2.19)
1—tf c OF" P 1P P 0" P P pf_ll
l—t% {(1_tt) 2 {aKp (Mt 7Kt 1=L ) aKP(]tuKt 1) TtQT
1—-1t7
+opy" (1= 87) = gpi} = rp— e + 6" = (e = Aien) - (2:20)
— 13
11—t 1—t .
= tgt by = ry——0 = )\ 2(t—1) T Ot Aos — ()\Qt - )\Q(t—l)) (2.21)

"For a presentation of the propositions concerning necessary conditions in discrete dynamic op-

timization problems see e.g. Berck and Sydsaeter (1993).
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The first derivatives of the installation costs function are given by

oD” o"(IP, KT )

S0 K = (1%)# (2.22)
HDP oP(IP, KT )

aﬁ([ﬁf(ﬁﬂ = —L#p_ltl (2.23)

The first two conditions are standard static conditions. Equation (2.17) states that
the marginal product of labor in optimum is equal to the real marginal cost of la-
bor. Observe that employment taxes (payroll taxes) shift the demand for labor in-
ward/downward in a standard labor demand diagram. The nested CES specification
of the production function implies that labor demand is given implicitly as a function

of the net production and the index of domestic input.

Similarly, equation (2.18) implicitly gives the demand for materials. The equation
states, that in optimum the marginal product of materials is equal to the real price of
materials. The equation governing the optimal investment decision is given in (2.19).
The interpretation of this equation is also that in optimum the marginal cost of
investment is equal to the marginal benefits from investment. The marginal cost is
given on the left-hand side. The costs are the sum of the direct costs of investment to
the owners of the firm, and the indirect costs associated with the loss of production,
due to the installation of the additional capital equipment. Both types of costs are
corrected by the tax adjustment factor, which applies to the stream of dividends.
Observe that increasing the debt ratio of the firm reduces the direct cost to the
owners, as they have to finance a smaller fraction of the investment. The benefits of
an investment are twofold. First, it adds to the capital stock of the firm. The shadow
price, Ay, is the marginal value of an additional unit of capital to the owners of
the firm. Second, it adds to the depreciation allowance of the firm. The value of the
depreciation allowance increases with the direct cost of the additional capital unit.
The shadow price, Ay;, measures the marginal value of a unit depreciation allowance to
the owners of firm. The total benefit is the sum of these two effects. The determination
of the expressions for the two shadow prices are given in the two final first order

conditions. These are the conditions for the stock variables of the problem?®.

First, the shadow price of depreciation allowance to the owners of the firm, Ay is

found as the solution to the difference equation (2.21), which is independent of other

OH,

8The expressions are deduced from the necessary conditions KT = Ry 1Ai(¢—1) and OHy

OK, 1

Ri_1 )\Q(t_l) respectively.
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endogenous variables. To calculate the expression we solve equation (2.21) for Ay 1)

and lead the expression by one period. This yields

1 1— ¢ 2
Aoy = L — tg+1t§+15t+1 + (1 - 5t+1) /\2t+1} (2.24)
(1 + t§+17“t+1) t+1

Solving this difference equation forward yields

1 &K 1- - ( 3 )
)\Qt = = > 56 (225)
1—(5,5 S;II—tq 1}-1 (1+1 tgrv)

Thus Ay is given as the tax-adjusted discounted stream of the value of depreciation
allowance of a unit of capital in the entire time horizon. The discounting contains
both the depreciation of the book value and tax adjusted rate of interest. Thus Ao,
measures the increase in the market value of the firm which is due to the depreciation

allowances of a marginal unit of capital that is kept in the firm forever.

Similarly the expression (2.20) may be solved for A;;_1). Leading this expression

yields
1
A = T (X + (1= 67) M) (2.26)
where
11—t c oFt 09"
1-—

td P =y — (B —(1-6") -1
11— tqutl t) Tt prL

Solving this difference equation yields

° 1- 6"
A= —— Z X ] : (2.27)
1_6 s=t+1 vt—&—l(l‘}‘l:g ’U)
A1t is given as the discounted stream of the variable X, where the discounting contains
both physical depreciation and the tax-adjusted rate of interest. X is the tax-adjusted
marginal effect on the current dividends of an increase in the stock of capital. A
marginal capital unit first of all affects the dividends, through the marginal revenue
product of capital. The marginal revenue product has two components: A standard
direct effect on gross production and an indirect effect through a reduction in the

cost of installation of new capital units. Secondly, through the exogenous financial
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rule, an increase in the capital stock increases the stock of debt and therefore the
interest payments of the firm, which reduces the tax adjusted dividends. Finally, as
the firm debt-finances a fixed ratio of the nominal value of capital stock, an increase
in the capital stock, increases the capital gain (or loss) from holding capital, which

generates increased dividends through increased debt of the firm.

Thus \;; measures the increase in the market value of the firm which is due to the
current and discounted future increase in the tax-adjusted value of net production

corrected for increased financial costs.

Observe the difference between (2.25) and (2.27): The shadow price of the capital
stock, Ay is affected by the exogenous debt ratio of the firm, whereas the shadow
price of the depreciation allowance, \y; is not. The latter is due to the fact, that the
depreciation allowance increases the earnings after corporate taxation of the firm,
irrespectively of how the capital stock is financed. Thus depreciation allowance is

capitalized into increased value of the stock of outstanding shares.

The first order conditions (2.20) and (2.21) may also be interpreted directly as user
cost expressions (or arbitrage conditions). Equation (2.20) states, that in optimum
the marginal increase in the dividend from a marginal capital unit (the left hand side
of the equation) is equal to the user cost of holding capital (the right hand side).
The user cost of holding capital (the right hand side) consists of the sum of the tax
adjusted foregone interest payments and the (true) costs of physical depreciation plus
a possible capital loss due to the change in the shadow price of capital to the owners.

Equation (2.21) has a similar interpretation.

2.2.1 The demand system of the firm

The demand for the inputs of the firm can be decribed by a standard CES-demand
system. To do this we introduce a new variable M PK, which is the marginal product

of capital in the gross production function

OF? ) ) ) )
o (MK 1 L) = MPK; . i=P.G (2.28)
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Substituting into (2.20), we get the following equation

1_t? (]_—tc) pPMPKP_ppaif(IP KP )_rgpPI
1— t? t t t t 8KP t " -1 tYVt—1
+gp’ (1-67) — gpiZ,
1 —t7
= Ny t>\1 1)+ 67 M — (A — M) (2.29)
From (2.17) and (2.18) we have that’
8FZ K3 K3 2 a -
g (MK} ,L})=(1+t)W,, i=PG (2.30)
aF K3 T T 7, .

Pigyy (M Koo L) =pi™ . i=PG (2:31)

(2.28), (2.30) and (2.31) shows that the optimal factor demands can be regarded as
the solutions to the following profit maximization problem

max  piY — (pPIMPKIK_, + (1 +t) WL +pMM}) ,  i=PG (2.32)

Ki_ 1L, M

where the expression piM PK; can be regarded as a price of capital. (2.28), (2.30) and
(2.31) are the standard necessary conditions for a solution to (2.32) given the defini-
tion of M PK?. Therefore theorem 3 of appendix B, giving the CES standard factor
demand functions, can be applied. Taking the nest structure of the gross production

function into acount, we obtain the factor demands

. . iMPKz' —OiYH )
Ky = (tayur)™" (Z%) H; , 1= PG (2.33)
2
- , 1+t W, 7v2
Ly = (taypr)™" <( +Z;J) t) Hy | i=PG (2.34)
D
(4 28 7 7 1-0; ag; a —0; #
p = {(MWHK) v (ptMPKt) Tt (i) (1) VVt]l v |
1 = PG (2.35)
and
) . piJ\f[ —0iy o
M{ = (iya)”™ ( ¥ ) Yy, i=PG (2.36)
¢
JH\ iy
H = (yn)™ (pti ) Y}, i=PG (2.37)
yz

7 g 7 170'7; g i 170'7; # .
Py = [(:uiY]VI) v (ptM) Y (i) (ptH) Y} o , 1=PG (2.38)

9Formally, (2.17) and (2.18) has not been derived for i = G. However, they are standard optimality
requirements which are easily shown to apply to the governmental producer, given the assumptions
of instantantanous adjustment in the demand for labor and materials (as opposed to capital).
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The interpretation is straightforward. Consider for example the top nest (2.36)-(2.38).
For a given!" gross production, }7;', it determines the demand for the index of materi-
als, M/, and the value added index, H;. The position of the demand curve (2.36) for
the index of materials, M, depends on the level of gross output, Y;, and the weight
parameter, (v 5, raised to the power o;y. The slope of the demand curve depends on
minus the elasticity of substitution, —o;y. Note that since the materials price index,
piM | also effects the gross output index, p!, cf. (2.38), the price elasticity differs from
—o,y and also depends on the weight parameters. The demand curve (2.36) moves as
pM changes. The demand curve (2.37) for the value added index, Hj, is interpreted
similarly. (2.38) determines the price index for gross output, pi, by equating it to the

unit costs leaving no excess profits.'*

Given the demand for the value added index, H;, determined in this way, (2.33)-
(2.35) determine the demand for the inputs labor, L, and capital K. In the short
run, where the capital stock is given, the marginal product of capital, M PK?, must in
fact assume that value which assures that the given stock of capital, K}_,, is actually
demanded. This feeds back on the price of value added, pi?, cf. (2.35), and the output
price, pt, cf. (2.38). For firms, the marginal product of capital, M PK} affects their
shadow price of marginal capital, A4, through (2.29). This has further repurcussions

for firms’ investments, I, cf. (2.19), which feeds back on their capital stock.

2.2.2  Intratemporal optimization

Given that the optimal level of M} has been determined, the demand for the privately
respectively the publicly produced part of the index can be found by minimizing

the cost of obtaining the index. The demands are the solutions to the minimization

problem
min (MM 4 pMOME) i = PG
MF MIC
s.t. (2.39)
1 1 9iY M T
; ipy T iG\ ol | M -
My = | pymp (Mt ) VM + Wiy v (Mt ) iy M , 1=P,G

0The gross production is of course not given exogenously to the firms but affected by firm be-
havior. In chapter 5 the equilibrium condition equating supply (output) to demand is displayed.

UTn the terminology of standard static CGE-models, (2.38) is a zero profit condition - given that
the price of capital is equal to pi M PK}. Alternatively one could say that pi M PK} has been defined
such that (2.38) acts as a zero profit condition.
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where M is considered given, M’ is the index of materials used in sector i but

produced in the private sector, pi*F is the associated price index, M€ is the index

of materials used in sector i but produced in the public sector, and pi™“ is the price
of publicly produced materials used in sector 7. Again using Appendix B, theorem 1,

we have that the demand for privately produced materials is equal to

p ‘ p?V[P —0iY M )
M" = (paypep)™™ (piM > My, i=PG (2.40)
t
The corresponding condition for the publicly produced materials becomes
) p’i]VIG —0ivy M )
M = (o)™ (B ) ML =G (2.41)
t
and the price index of materials is determined as
1
21V [egs 7 170’1’ 1 ag; / 170'1' 170'7;
ptM = [(ﬁ%YMP) v (PtMP) My (v ara)” ™™ (pi”G) YM} R (2.42)
1 = PG

Given that the optimal levels M{f have been determined, the demand for the domestic
respectively the foreign part of the index may be found by minimizing the cost of

obtaining the specific index. The demands are the solutions to the minimization

problems
min 1+ t’i]V[ PMiPD + MiPF ’ i = P, G
MIPD MiPF ( t ) (pt t t )
s.t. (2.43)
1 1 UiYMpl
. . 9iYMP — . 9iYMP— OiYMP— .
M = |ty arpp (MZPD) TYMP -+ Uy p PR (ML‘ZPF) JME ,1=DPG

where M is considered given and i is the tax rate on material goods used in sector
7. The domestic and the foreign material are both simple non-composite goods each
having the same price in all applications. The price of the foreign good is implicitly
assumed to be equal to one. Again using appendix B we have that the demand for
domestically, privately produced materials becomes

4 | 1 i tiM p\ ~GivymMpP '
M"P = (i agpp) ™™ <( putvur) & M i=PG (2.44)
t

The corresponding condition for materials produced privately abroad is

M P

(1 + t’L]VI) —0iYMP
M = (tiyagpp) ™™™ (p—t> M i=PG (2.45)
t
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and the price index of privately produced materials is determined as

1
iM iM o 170'1' ag; T
pMt = (1) |:(:U’iYJwPD) M pr) M A (ayaepr) T ML (2.46)
1 = PG
The price index for the governmentally produced materials used in sector ¢ is simply

determined by inflating the output price of the governmental producer, p&, with the

tax rates on materials inputs in sector ¢
W= (L)L = PG

Finally, the demand for the domestic respectively the foreign part of the index of
investments, I/, may analogously be found by minimizing the cost of obtaining the

specific index. The demands are the solutions to the minimization problems

i, (1+¢") (pf°+04") , i=PG

s.t. (2_47)
. D oir—1 - oir—1 a”i—l '

Iy = (MﬂD (IZ ) i+ i (IZ ) 7il ) ) i=PG

where I} is considered given, and ¢! is the tax rate on investment goods. The solutions

are
4 4 1+ i) pP T

ItzD _ (:U’HD)U” (( Zt[>pt ) Itl , 1=PG (248)

Y23

| 1+ 7"

LY = (pop)™ | ~—7— Iy , i=PG (2.49)

23

. . 1—0; 171,

p = (1 + tfsl) ((MuD)UU (pf) T+ (NUF)UU) " i1=PG (2.50)

2.2.3 Govermental producers

Following the national accounts conventions, the governmental sector in DREAM

produces mainly non-marketed goods and services of which an overwhelming part are
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delivered directly to public consumption. Publicly owned firms which mainly produces

for a market are classified as part of the private sector.

As described in the preceeding section, the governmental production and factor de-
mands are modelled in much the same way as the production and factor demands of
the private sector firms. One important exception is that we do not assume any in-
tertemporal optimization of the public sector. Public (gross) investments are instead
assumed to amount to a constant share of overall GDP. Together with the capital
accumulation identity this determines the development of the public capital stock.
Thus, the value of the marginal product of capital can deviate between the private
and the public sector because the public capital stock is not determined by (intertem-
poral) optimization. This is a crude way to model the behaviour of policy-makers,
which just assures that the size of the public sector relative to the private sector is
broadly unchanged.'? For simplicity it is assumed that there are no installation costs

of investments in the public sector.

Given the politically determined investments and capital stock, the public demands
for the remaining inputs labor and materials of different origins are determined along
the lines of the private sector firms, i.e. it is assumed that the public sector minimizes
costs subject to a nested CES-technology and given the capital stock. Thus even
though the public sector does not substitute between capital and labor plus materials
in an economic optimal way it is still assumed that it substitutes between labor and

various materials in an optimal way - given the capital stock.
Formally, the expenditures on public investments are determined as a constant share
of overall nominal GDP

P =k-Y, 0<k<l1 (2.51)

where I is the index of public investments, p/“ is the associated price index, }Aft is
nominal GDP as defined in (5.21) in chapter 5, and k is the share. The public capital

stock, K&, accumulates according to (2.6).

For convenience, it assumed that there are no installation costs for the public sector.

This implies that gross production and net production are identical, i.e. ?}G =YSC.

The factor demand equations of the governmental sector are specified analogously to

12 Analogously, public consumption is assumed to amount to a constant fraction of GDP. All items
of the public budget are determined without any reference to intertemporal optimization, cf. chapter
5.3.
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the factor demand equations of the private sector, cf. the preceding section 2.2. Note

that the resulting CES factor demand equation for public capital, cf. (2.33)

GNPKG\ ven
b) HE (2.52)

Kﬁ1 = (NGYHK)UGyH ( pGH
3

determines the marginal product of public capital, MPKE, even in the long run,

because the capital stock, KZ, is determined from (2.6).
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Chapter 3
DEMOGRAPHIC STRUCTURE

Modelling overlapping generations of households in computable general equilibrium
models is typically based on either Blanchard (1985) or Auerbach and Kotlikoff
(1987). The present model, however, distinguishes itself by developing a new approach
to modelling households. In the following this new approach is presented briefly, and

an overview of the two traditional methods is given.

In the Blanchard model, the household at each moment of time faces a (constant)
probability of death and each household is engaged in a deal with a life insurance
company. The insurance company takes over the stock of wealth as the household
dies. To compensate for this, the household receives an annuity premium, as long as
it stays alive.! By assumption the deal is actuarial fair, such that there are no profits
(and no administration costs) in the insurance sector. The construction implies that,
there is no bequest in these models. One major advantage of modelling household
behavior this way is that analytical aggregation over households of different ages is
possible. Unfortunately this is only possible if some rather restricting assumptions

are made on the differences between agents in the economy.?

Auerbach and Kotlikoff assume in their model, that households of different ages differ
by the level of labor productivity, (assumed to be a hump-shaped function of the
age of the generation) and that each household has a deterministic and finite time
horizon. Bequest is absent in their original model, such that each generation has a
stock of wealth of zero, when they die. Later extensions like Steigum and Steffensen
(1990), Kenc and Perraudin (1997) and Lassila, Palm and Valkonoen (1997) allow

!The Danish Labour Market Pensions Funds can be seen as institutions which resembles the
insurance companies in the Blanchard model. There are two differences: First, the annuity premium
is accumulated until the member reaches the retirement age. Second, the insurance in the Danish
pension funds is only partial, as the insurance deal only concerns the part of the household’s stock
of wealth, which is the accumulated stream of savings in the pension fund.

2The behavior of consumers in the EPRU-model is based on this idea. See Jensen et al. (1996).
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for a positive bequest motive. Finally, Chauveau and Louffir (1997) allow both for a

positive bequest motive and for an uncertain lifetime.

The inclusion of bequest in the model has the effect that the households’ incentive to
save is increased. Thus at any given moment of time the stock of financial wealth in the
economy is increased ceteris paribus. Furthermore, inclusion of bequest implies that
the effects of unanticipated shocks to the economy become more gradual, because
the generations alive react by changing the bequest as well as the consumption in
each period. Since the bequest is the inheritance to the future generation, the total
income of this generation is affected directly. Thus the bequest behavior of the second
generation influences the third generation and so on. In this way, the higher weight
each generation places on bequest in the utility function, the longer will the economy’s

reaction to a shock be.

In the initial version of the present model, labor productivity is assumed to be identi-
cal across generations. However, the present paper distinguishes itself by considering
the household as a decision-unit consisting of a couple of adults that may have chil-
dren living at home. The representative household of each generation as a decision
unit has a deterministic finite planning horizon. The individual members of the house-
hold face an uncertain lifetime although the household as such does not. This implies
that the surviving part of the household retains undivided possession of the stock of

wealth, until the horizon of the household expires.

The construction of these households is described in detail in the following section,
and the rest of the chapter is organized as follows: The second section describes how
the size and composition of the households are forecasted in the present model. In the
third section a description of the constructed data series is given, and finally, the last
section discusses the implications of the demographic structure used in the present
model. It is also discussed why and under which circumstances the present approach

is advantageous to the traditional methods.

3.1 Construction of the representative households

The starting point is the statistics on population by gender and age in 1995 for Den-
mark. This is used to divide the population into generations according to birth-year.
One generation consists of all persons born in a specific year. To convert the gener-

ation of individuals into (synthetic) representative households we use the following
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assumptions and generalizations:

1. There is one representative household in each generation.

2. A representative household is defined as couples of adult males and adult
females, with children below the age of 18 years belonging to the household

of their mother.

3. The household size is measured in adult-equivalents, as will be explained

later.

4. Since the two parties need not be born in the same year, the age of the

household is defined in terms of the age of the female.

5. The planning horizon for a household (a woman) is 60 years. Correspond-

ingly the expected lifetime for a 18 year old woman was 78 years in 1995.

6. The household (as a decision unit) expects with certainty to survive until
the end of the planning horizon. However, the size of the representative
household is expected to be reduced over time according to the individual
probability of death of the members of the household. This is equivalent to
an assumption that a surviving member of the household will always exist
and that this member retains undivided possession of the estate. The fact,
that children are born into the household and later leave home at the age
of 18 (to form a household of their own), also affects the size of the parent
household.

7. The adults in the household younger than 61 are active in the labor market,

and subsequently they retire and become pensioners.

8. Persons surviving the planning horizon of the household (i.e. when the
woman turns 78)? are assumed only to recieve social security pensions, pay
taxes and consume the rest, i.e. the do not supply labor, save or possess

assets.

Some of these ideas are illustrated in figure 3 below. The course of life is split into
2 main phases: childhood (below 18 years) and adulthood (18 years and above).
Children belong to their parent household, which is done by associating them with

their mother. Adulthood can be divided into two phases: one of activity and one of

3Observe, that men who are older than 77 years but married to women, who are younger than
78 years, do not stop economic activities before their wifes turn 78 years.
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passivity. Only the active group is interesting as independent economic agents, since
the passive group is taking no economic decisions of their own. The government takes

care of them, and one can think of them as living in residential homes for elderly

people.
Children Adults
—r »  Typeof individual
Active Passive )
< >« p  Economic status
Working Retired S
» >« > Labor market participation
[ »  Ageof women
0 18 61 78
COUPLE
| I \ I\ I p.  Ageof men
0 18 61 78
Active or passive
< »  Economic status for men

Figure 3 The course of life for women and men in the model

Furthermore, it is possible to divide the active period of life in two phases: the first
with activity in the labor market (i.e. working or being unemployed) and the second
period as retired and not supplying labor. As will be accounted for more thoroughly
in the next chapter, people are assumed to retire at age 61, which means that the

period with activity in the labor market lasts from 18 to 61 years.

Later it will be explained how households, as previously mentioned, are formed from
individuals, but for now it will suffice to think of a group of women at a specific
age (e.g. all 47 years old) being joined with a group of men. The point illustrated
in figure 3 is that even though the group of women is born in the same year, this is
not the case for the group of men to whom they are joined. For the group of women
indicated by the black square, this means that since they are economically active,
their partners are also economically active, even if these (men) are more than 77
years old. However, even though the women are participating in the labor market (as
indicated in the black square in figure 3), this need not be the case for the group

of men belonging to their household; some can be working, some can be retired and
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some can even be more than 78 years old.

This illustrates the somewhat asymmetric treatment of men and women when it
comes to determining whether they are active or passive. When women turn 78 they
become passive and stop all economic activity, and so does their partner irrespectively
of whether or not they have turned 78 themselves. Thus whether a man older than
77 is active or passive is not determined by his own age, but rather by the age of the

woman he is assigned to.*

However, symmetry between the genders prevails when it comes to age and labor
market participation. Whether a man is working or retired from the labor market,
is related to his own age, and not the age of his household. Note, that this does not
preclude the possibility, that the elasticity of his labor supply with respect to wages

are influenced by the age of the woman to which he is assigned.

To sum up, it is important to bear in mind that it is the age of the woman that
determines the household age, and this age determines whether the household is
active or passive; for this purpose the age of the man does not matter. Thus, since
each household is defined in terms of the age of the woman, it is necessary to assign
men and children to a woman. This is done in a manner described in the next sub

section.

Before we proceed note that the population variables of the model will be introduced
when they will be needed as we go along. The notation is rather complex - several
subscripts and superscripts will be used separately and in combination. Therefore an
explanation for the construction of this notation and an overview of the variables are

given in appendix A.

3.1.1 Men, women and the couple-matrix

Assigning men to a household means matching men and women. In other words we
define a mapping, such that all men born within a one-year interval, are distributed
to the female population. Thus every woman is not married to one particular man,
but rather to a distribution of men. From Statistics Denmark (SD) we obtain a
matrix measuring the number of couples distributed over the combinations of ages

of the two parties in the couple. In the statistical material the definition of a couple,

4Note, that technically the construction implies that it is possible for an ”economically passive”
man to turn ”economically active” by becoming married to a woman who is younger than 78 years.
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is simply a man and a woman sharing the same address. Here we confine ourself
to combinations of men and women belonging to the age groups A = [18, fq and

B = [18, 77| respectively. The observations are given by the following matrix

couple couple couple
N18,18t N18,19t N18,77t
couple couple couple
N19,18,t N19,19,t e N19,77,t
couple couple couple
NA,ls,t NA,lg,t NA,W,t

couple
Na,b,t

is b years old. Note that the last column of the matrix, is the expected lifetime for a

where is the number of couples where the man is a years old and the woman

woman in the model, after which her household ceases to exist.

The matrix is constructed using data from SD?. The matrix 95 can be determined
for the part of the population, where men and women form couples. Approximately 64
percent of the population in the age groups A and B for men and women respectively

had formed couples in 1995.

The remaining part of the population in these age groups is either single, or live in a
type of relationship other than the one defined above. Since every person has to be
attached to a household we need to specify a way to distribute these last 36 percent

of the relevant population group.

3.1.2  Normalizing the couple-matrix

A simple way to proceed is first to normalize the matrix, €2;, defined above, such that
the rows sum to unity. More formally divide every element in the matrix by the sum
of all the elements in the row in question (i.e. by the number of men in the given

generation, who have formed a couple). The resulting normalized couple matrix, €,

®The raw data from 1995 are used, except for women below 25 years. The distribution of their
male partners age, is different from the rest of the population in two ways; their partners are
significantly older, and the percentage of women, who are in a couple is low for these age groups.
Therefore the pattern of relative difference in age for 25-year-old women, are assumed to apply to all
women between 18 and 24 years of age. Observations for women above 77 years are dismissed, since
the households’ planning horizon is 60 years. Consistency with generalizations mentioned previously,
requires that couples where the man or the woman (or both) are below 18 years of age are dismissed
as well.
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is given by
Wi1g,18t Wig19t - W18 77t
Qt _ W19',18,t W19.,19,t : W19.,77,t (3.2)
Wiigr Waigr 7 WA7Trt

where wap; € Rjpqp and Y wepe = 1 for all a,t
beB

An element w,; in the matrix will then define the share of men a years of age (and
part of a couple) who is married to a woman of age b at time ¢. Thereby the matrix
can row-wise be interpreted as a discrete probability function (PDF) describing the

distribution of women that are assigned to a vintage of men.°

What we do next is simply to take all men in the age group A, and distribute each of
the generations to the different ages of women according to the corresponding PDF
from the matrix €, as if they were all part of a couple. However, since the number
of men and women in the population are not identical, this implies that more or less

than one man can be assigned to each woman (on average).

We assume from here that the matrix € is stationary through time, such that we
have Q = 0y = Qygos for all £. Let NM be a row vector (of dimension A — 17), where
each element equals the number of men in the age group given by the column (the
first column is men at 18 years), at time ¢. An element of this vector is called N7,
where a is the age of the man in a given year t. Thus the sum of the elements, equals
the total number of men between 18 and A years in a given year. Further let Nf
denote the row vector (of dimension 77 — 17), consisting of the elements, le; (b=

18, 19, ...., 77), which indicate the number of females aged b at time ¢.

Assigning the men to households (defined by the woman’s age) is done simply by
matrix multiplication. Thus N x Q = NM¥ gives the number of men, distributed
after the household age (instead of their own). An element in the vector ]\7,5M I is called
NpF and measures the number of men, who at time ¢ is matched with a female of age
b. Thus adding women, measured by their own age, and men defined by the women’s
age reduces to adding the two vectors NM¥ and NE (both vectors belong to R%).
An element in this vector sum is called letF and measures the number of survived
adults at time ¢ in the representative household of age b (i.e. the generation born at
time ¢t — b).

OIf the elements in the diagonal were unity, i.e. wg ¢ = 1 for all a, this would imply that only
men and women born in the same year, could make couples.
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The number of persons who belong to the sum of these synthetic households is not
exactly identical to the number of adult men and adult women in the real population.
The difference is due to truncations at the two ends of the distribution of men. Most
importantly not all young men (mostly of age 18, 19 and 20 years) are assigned to
women, who are more than 17 year old, as the average man is approximately 3 years
older than the average women in the household. Since women of 17 years and younger
by assumption do not form households of their own, this implies that men assigned
to women of these age groups are also excluded from the data set. At the other end
of the distribution a similar but quantitatively much less outspoken problem arises.
In this case some men younger than 78 year are married to women who are 78 year or
more. These men are considered ”economically passive” as the age of the household

is defined by the age of the woman.

Apart from the mentioned truncations, the main effect of assigning men to women is
that the age distribution of the population is now ”standardized” and measured in
terms of the age of the woman. The fact that women are married to a distribution of

men, rather than a particular man is illustrated in figure 4.

Y oung woman

Middle aged woman
: Old woman

(*)a, l‘(B )

» Age of men

18

Figure 4 The distributions of men that 3 age groups of women are matched with

The figure shows an example of this PDF for a young, a middle-aged and an old
woman (however younger than 78), where the density function is denoted w,; (B).
The PDF is unique for each generation of women, and need not be normal, symmetric
or even single-peaked”. Note again that even though an adult woman is between 18
and 77, this need not be the case for all the men in her partner-PDF. In the PDF
to the right, this is shown by the gray area; it contains men that are older than 77,

but are married to women that are not retired, and thus these men are still economic

"Note that the PDF is in fact discrete, even though it is depicted as continous.
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active (consuming, saving etc. but not supplying labor). In the other end of the scale
this is not the case, as illustrated by the PDF to the left. None of the men associated
with the young women can be less than 18 years old and therefore the distribution
has been cut off to the left of 18°.

In principle a very old woman can be married to a very young man and vice versa,
but this is a rare occurance. In the figure this is illustrated by a frequency of zero®

for some age intervals for men associated with a woman of a given age.

3.1.8 Children

Assigning children to a household means matching child and mother - this is done
in the following manner: Let ]\7,? be a row vector with 18 elements, containing the
number of children grouped by age (first column is children between 0 and 1 years,
and the last contains the number of children between 17 and 18 years). Let Ntc be
a corresponding row vector consisting of the same children converted into a measure
of so-called adult-equivalent units using the function N& = A% (]\7,?) 0 The reason
why this transformation is made is to mirror the fact that children are not requiring

the same level of consumption as adults.

Let 1), (B) denote the discrete probability function of the mother’s age'! for children
c years old at time ¢, ¢ = 0,1,...,17, and let 49 years be the maximal maternal age
when giving birth. Note that 49 years is defined as the maximum in the publication
of the statistics. These maternal vectors of densities can be written as a maternal
matrix, ¥,, consisting of 18 rows and 60 columns. The 18 rows reflect that we want to
assign 18 generations of children, where each row represents a PDF'2. The 60 columns
reflect the 60 generations of women in the ages between 18 and 77, where only the

women at 66 years or younger are potential mothers for these children. The W¥;-matrix

8This point is discussed further in Appendix D.

9Strictly speaking, it is the limit of the frequency (the ”probability”) that is zero.

107n this first version of the model, the function is reduced to N = 0.5- NE .

1Or the age of the household, the child is part of, in the case where the mother dies before the
child is grown up.

12Note that some men are still living at home even though they are between 18 and 28. The reason
for this is explained in Appendix D.
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looks like this

@/10,18,t ¢0,19,t ¢0,35,t ¢0,49,t 0 0 0
U, — 0 ¢1,'19,t ¢1,'35,t ¢1,.49,t ¢1,.50,t 0 (3.3)
0 0 ¢17,35,t ¢17,49,t ¢17,50,t @/117,66,1‘ 0

where >, 9., =1 for all ¢, ¢.

For children born in the base year (1995) the distribution of the mothers’ age is known

with certainty from Statistics Denmark. This distribution is shown in figure 5.

7.000
6.000
5.000
4.000

3.000

Live births

2.000

1.000

14 16 18 20 22 24 26 28 30 32 34 36 38 40 42 a4 46 48

Mother’s age

Figure 5 Distribution of mothers age for newborns in 1995

Note that figure 5 includes mothers younger than 18 when giving birth. In the model
this possibility is ignored because of the assumption that all mothers are minimum
18 years old. This assumption is made for convenience and is unproblematic, since it

is only the case for less than 0,3% of all births that the mother is below 18 years.

Thus figure 5 gives the first row of Wygg95. Assuming this maternal-distribution in 1995
to be time-invariant subsequently ¢, ,, = v, for all ¢, b and all ¢ > 19953, Further
assume that the mortality rate of children is independent of the age of their mother,
then ¢, = 14144 for all ¢, b. This means that all rows in Wy = ¥ are identical,

except for being displaced diagonally.

13This distribution, however, is not time invariant. This is implied by the fact that in 1982 the
average-age of the first-time mother was 24,4 years, where it in 1992 was 26,4 years (Statistics
Denmark; 1996, table 55).
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The number of children that belong to each household (defined by maternal age),
is determined by matrix multiplication, i.e. ]\7tc x U = NtCF . Thus, the resulting
vector NEF € R% is the number of children defined by the age of their mother (or
household), instead of their own, measured in adult-equivalents. An element in the
NtCF vector, e.g. the element le;F , which measures the amount of children belonging

to households of age b may be written as
17
N = NG gy, (3.4)
c=0

where Ngt denotes the ¢'th element in the ]\ZC -vector (i.e. children ¢ years old at time
t).

The total number of adult-equivalents of the households can now be found by adding
the 3 vectors measuring the number of women per generation, NtF , the number of men
assigned to women of each generation, NtMF and the number of children (measured

in adult-equivalents) assigned to the generations of their mothers, NtCF , SO
NPF = NF 4+ KNP 4 KOF = FAY 4 jer (35)

where NET is a vector, where each element, NE measures the number of adult-

equivalents of a specific age b of households.

3.2 Forecasting the number of adult-equivalents

For each vintage of women we define a representative household. The number of
adult-equivalent members in the household at time t, where the woman is of age b,
is given by the adult-equivalents, NlﬁF constructed above. This household finds the
optimal distribution of the consumption bundle per adult-equivalent over time, and
determines the optimal composition of the consumption bundle in each period of time.
Finally, the representative household decides upon the optimal labor supply of the
adult members of the household in each period of time. Due to an additivity assump-
tion in the utility function, the labor supply decision does not involve intertemporal
substitution effects. The distribution of the consumption bundle over time, depends
inter alia on the expected size of the household measured in adult-equivalents. This
size depends on how the population is forecasted and how the households are con-

structed.
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3.2.1 Population forecast

The population is forecasted using a couple of exogenous demographic assumptions'*.

In the present version it is assumed that:

1. The age and gender specific death rates for men, women, and children are kept
constant at the 1995 level. This means that figure 6 illustrated later is assumed

constant over time.

2. The net migration rate is 0 for both genders of each generation for all ¢. This

means that only births give an inflow to the population.

3. The fertility is constant (!) and independent of the number of women in the
fertile age or age-specific fertility rates. It is assumed that the number of new-
borns is constant through time and the distribution across the two genders is
assumed to be identical to the distribution in 1995. The number of newborns is
set such that the resulting stationary population is equal to the population in

1995 (measured in adult-equivalents).

It is possible to relax these assumptions and use other population forecasts in the
model. The last assumption is made in order to get a stationary population fast,
that is after everyone alive in 1995 have died; after 100 years. If fertility depended
on the number of women in the fertile age and age-specific fertility rates, this would
create echo effects in the population, that possibly would never die out - and thus
the model would never arrive at its steady state. The assumption about migration
is also made for practical purposes. In present Danish population forecasts the net
migration is set to 13.500 persons annually (Statistics Denmark; 1996b) - but it is
clearly unreasonable to assume that the migration continues at this rate for many
centuries. Thus, a migration of zero is not chosen because it is believed to be realistic,

but rather because it is an obvious focal point.

With the assumptions made above it is easy to forecast the population. The size of
a given generation and gender at time ¢ + 1 is found from the size at time ¢ adjusted
for deaths using the age and gender specific survival rates. These survival rates are
illustrated in figure 6. The figure shows the share of survivors there will be from a

generation of newborns in 1995 at different levels of age.

14The way the population is forecasted is explained thoroughly in Appendix D.
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Figure 6 Survival rates for a generation born in 1995

Note that in the model it is not possible to be older than 99 years. This is equivalent

to assuming that the survival rate at age 99 is 0.

3.2.2  Household forecast

In order to construct synthetic households from the population forecasted above,

some assumptions are needed:

1. The normalized couple matrix €, is constant through time, i.e. , = Q for all ¢

(as mentioned earlier).

2. The maternal matrix is constant through time, i.e. ¥; = W for all ¢ (also assumed

earlier). This means that figure 5 is unchanged over time.

Once again these assumptions can be replaced by others. It is probably not reasonable
to assume that these matrices are constant over time - but coming up with alternative

specifications of these matrices would be pure speculation.

It is not possible to forecast the household size at time t+ 1 only using the size at time
t and taking deaths and births into account, since the distribution of men attached
to the household differ as the age of the household differ, implying that men moves
around between household of different ages. Thus forecasting the household size is a

sum of the forecasts made for the members of the household.
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Determining the adult members of the household (Nﬁ) at time ¢t + 1 is done by
distributing the amount of 17-year-old’s, adult men and adult women surviving from
time ¢ according to the couple-matrix, €2, to create households in the manner pre-
viously described. The forecasted number of children (]\7&? ) is converted to adult-
equivalents and these are assigned to their mother using the maternal matrix, W.
Adding these two gives the total number of adult-equivalents in each representative

. NNEF _ NAF NCF
household; N5 = N7 + Ngii.

3.3 Description of the constructed data-series

Figure 7 displays the average difference in age between the man and the woman in a
couple, as a function of the age of the woman (as well as the standard deviation). One
observes a relatively large variation in the difference in age for women at different
ages. Whether these fluctuations are indeed age specific or generation specific, has
not been investigated empirically. The assumption presented above implies that the

entire fluctuation is assumed to be age specific.
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Figure 7 Differences in age for couples

Figure 8 shows the absolute age distribution of the two genders in 1995.The thin full
line is age distribution of men measured according to their own age, the dotted line
is the age distribution of women, and the thick full line is the age distribution of
men measured according to the age of their partner. This curve is constructed using

the normalized couple-matrix, € as described in the previous subsection. Finally, the
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Figure 8 Age distribution of the population in 1995
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hump-shaped curve is the age distribution of children according to the age of their

mother.

The figures 9 and 10 display the predicted evolution in the population, given the as-

sumptions listed in the previous subsection. Figure 9 shows the predicted distributions

after 30 years.
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Figure 9 Age distribution of the population in 2025

The figure shows that the assumption of a constant number of newborns in the

forecasting period, implies that the first part of the age distribution for both men
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and women becomes smooth, as the number of persons of both genders are affected
only by the age and gender specific mortality rates (as shown in figure 6). Thus the
assumptions imply, that all echo effects in the population are ignored. However, the
mapping of the age distribution of men into the age distribution of their partners
remains uneven due to fluctuations in the age difference of couple through the life

cycle.

Figure 10 shows the stationary population. These age distributions will appear after
100 periods due to the assumption of constant fertility. Observe that even in the situ-
ation with a stationary age distribution of both genders, there will be an fluctuations

in the number of men distributed according to the age of their partner.
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Figure 10 Age distribution of the population in the stationary state

As households are expected to have perfect foresight, the calculated changes in the
size of the representative household are used for two purposes: 1) to find the optimal
distribution of consumption per adult-equivalent in the solution to the maximization
problem of the household, and 2) to generate the macro consumption from the con-
sumption per adult-equivalent for each generation. The latter implies that a large

generation has a large share in total consumption.

The notion of a representative household should be stressed here. The behavior of
the households in the model implies that the household foresees the changes in its
own age structure over time according to the normalized couple matrix. Literally, this

means that the household foresees the divorces and re-marriages throughout the time
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horizon.

The household maximizes welfare over the deterministic finite time horizon. The
interpretation of this is, that although individuals die and thus reduce the size of the
household, the household as such does not cease to exist before the fixed time horizon.
When the households reach the age, at which their time horizon expires (when the

woman turns 78), they leave a foreseen bequest for younger generations.

3.4 Implications of incorporating the demographic structure

Before turning towards the optimal behavior of the households, it is relevant to con-
sider how the incorporation of the demographic structure affects the expected size
of households through the life-cycle. As a starting point, consider first the expected
size of the household in the Auerbach and Kotlikoff (1987) model and the Blanchard
(1985) model respectively. Auerbach and Kotlikoff assume ”sudden death” and their
decision units consist of individual agents. This implies that the expected size of
the household is constant through the life-cycle; this is illustrated in the left part of
figure 11. Contrary to this, in the Blanchard model the agent faces a constant proba-
bility of death, thus in that model the expected size of the household is exponentially
decreasing through the life-cycle as shown on the right-hand of figure 11.

Auerbach and Kotlikoff: Blanchard:

Size : Size

I
Houscholdage T Household age

Figure 11 Households in the Auerbach & Kotlikoff and the Blanchard model

Comparison to figure 10, which displayed the distribution of the stationary popula-
tion, reveals that the expected size of a given generation (if the age specific death rates
are assumed constant through time) looks like a combination of the assumptions in
the two models, such that for generations younger than 50 years the annual mortality

rate is close to 0. After a relative short phase of life where the age specific mortality
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rate increases, the mortality rate for the remaining lifetime can be approximated by

a constant as in the Blanchard model.

In conclusion, none of the two models alone give a realistic description of the expected
size of a given generation of agents. This conclusion is strengthened, once one considers
other demographic factors affecting the size of the household. First of all, the expected
size of a representative household must be increasing in the period of life, where
children are born into the household and similarly decrease in size in the period of life
where the children leave home and form households of their own. Finally, the expected
size of the household may be affected by the fact, that the expected difference in age
between the persons in the couple is not constant throughout the life cycle (through

divorces and re-marriages).

Household size

20 30 40 50 60 70
Household age

Figure 12 Household structure in the present model

Figure 12 gives the household structure in the present model and is comparable to
the expected size of the household in the Auerbach and Kotlikoff model and the Blan-
chard model (figure 11). In general, of course, the savings decision of the household
depends on the expected future size of the household. Thus the savings behavior of
the households in Auerbach and Kotlikoff’s and Blanchard’s model differ from the
savings behavior in the present model, as a result of the different assumptions of the

expected size of the representative household.

Assuming that the utility function exhibits constant intertemporal elasticity of sub-

stitution (which is the most common assumption in CGE-models and also the one
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applied here), and that the intertemporal elasticity of substitution is less than 1,
implies that agents in the Blanchard-model ceteris paribus will save less than agents
in the Auerbach-Kotlikoff model. The opposite is true if the elasticity of substitution
is larger than 1. In the present model savings are affected both by the presence of
children and by the fact that the mortality rate is positive. Except for the very young
households, we would ceteris paribus expect that savings are lower in households with
this age structure than in both the Blanchard model and the Auerbach and Kotlikoff

model.

The major difference in the macroeconomic results between, the three different ways
of modelling the expected size of the household appears if the age structure of the
population is not stationary, i.e. if one analyzes e.g. the consequences of the aging
problem. To illustrate the difference, consider a decrease in the birth rate. In the
present model, this implies that less children are expected to be born by the rep-
resentative household. Therefore the expected size of the household becomes less
"peaked”. Thus at the beginning of their life, the households’ savings will tend to be

lower, whereas later on savings will tend to be larger.

In this way a reduction in the birth rate, implies both that a larger part of the
households become older (in the phase until the population is adjusted to the lower
stationary level), and that the behavior of the young households are different from

the behavior that the old households had when they were young.

Analyses of this phenomenon using the Auerbach and Kotlikoff model would imply
that only the first of the effects mentioned above would be present.'® Thus the explicit
modelling of the demographic structure adds a qualitatively different effect into the

analysis of changes in the composition of the population.

To sum up, it is obvious that the household structure presented here has a distinct
advantage over the traditional methods. The two traditional methods may be conve-
nient, but for most purposes they can hardly be considered realistic. It is tempting
to label the method presented here ”Full Information” since it uses all available data,

and makes very few assumptions for convenience.

15The Blanchard model is not well suited for this experiment, as the model presupposes that the
population is constant, through the assumption that the birth rate is identical to the death rate.
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Chapter 4
HOUSEHOLDS

The previous chapter described how households were constructed - the purpose of
this chapter is to describe their economic behavior and decision making. The problem
faced by the consumers is indeed a classical one; maximizing lifetime utility subject
to a budget constraint. The intertemporal utility function is the sum of discounted
instantaneous (one-period) utilities for each period in the lifecycle plus utility from

leaving a bequest.

To solve the household’s problem we need first to determine the budget constraint,
i.e. specify the stream of income for an adult belonging to a household of a specific
age at a given time; this is done in the first section. The next section outlines this
utility function that the household seeks to maximize. The third section describes
the intertemporal optimization problem, and it is shown that this problem can be
decomposed into an optimal labor supply decision and an optimal consumption de-
cision. Section four discusses the bequest decision, i.e. how the household determines
the size of the bequest to leave behind, and how it is transferred in to inheritance
for the recipients. Finally section five discusses the consumer’s one-period decision
problem, i.e. how to compose total consumption in a given period (the solution to

the intratemporal problem) of the different goods in the economy.

4.1 Non-interest income

The income of an individual in a given period of time depends on whether he or
she is working or has retired from the labor market and has become a pensioner. To
simplify, the retiring decision is assumed to be exogenous and the retirement age is
set to 61.

Before proceeding it is worth noting that all agents of a specific gender and

age are assumed to be identical. This means, that the recorded level of gender
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specific unemployment is assumed to be shared between all persons of a given gender
in the generation!. Therefore underemployment might be a more appropriate term.
A similar assumption applies to the number of working hours, inheritance and public

transfers.

Each individual receives age and gender specific transfers from the public sector.?
There are two kinds of age specific transfers: The tax free transfers, TRZ{ . J=F, M,
and the taxable transfers TRT/,, J = F, M of which the tax T;,(T RT},) is paid. Also
each individual gets lump sum transfers, 7}" and 7, from abroad and the domestic
government respectively. The general lump sum transfer, 7;, from the government is

used to balance the budget of the public sector.

For a working individual the non-interest income is in addition composed of a salary
net of taxes, an unemployment benefit net of taxes, and inheritance. This amounts

to
(Wi — T (W)l €, + [be = TP ()] (E—¢) +BY  J=F M (4.1)

where W, is the wage rate at time ¢, 3 b, is the level of unemployment benefits, T (W;)
and T} (b;) are the taxes paid of income from employment and unemployment benefits
respectively. The specification of the tax function allows for progressive income taxes.
{ is an institutionally fixed maximum working time, such that e.g. (Z — 65 t) is the
amount of hours that a woman of age b is unemployed (or more correctly underem-
ployed) during period ¢. Finally, B%”, is the inheritance at time ¢ received by gender
J aged i. Note, that the specification of the distribution of births and the assumption
that households survives until the woman reaches the age of 78 years, imply that heirs
will have at maximum age of (78 — 18 =) 60 years, because the youngest mothers are
18 years old. Similarly, the minimum age of a heir is (78 — 49 =) 29 years, as the
maximum age of mothers giving birth is 49 years. This implies that B}’ is positive
only for i € [29,60].

For a person who is retired from the labor market the only non-interest income source

INote however that some men, who are less than 60 years old may be married to women, who
are older than 77 years and therefore these men are defined as economically inactive.

2Presently, the levels of age specific public transfers are indexed to the wage net of labor market
contributions. Later this feature and the assumption of exogenous retirement will be treated more
elaborately. Age specific transfers are calculated from the project of ”generational accounting” un-
dertaken jointly by the Ministry of Finance and EPRU. These transfers are part of the input data
for the model.

3Observe that the wage is assumed to be identical across generations and gender, implying that
labor productivity is the same for all generations and both genders.
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(aside from eventual age specific transfers) is the public pension, fF, which is being
taxed according to the tax-function T} ( 1r ) We define the social security pension as
age independent. This implies that we ignore differences between the standard social
security pension (applying to all persons of 67 or older) and the labor market related
pension scheme (”efterlgnsordningen”) which in principle is not a general pension

scheme.

Further let Nlﬂw denote the number of female workers aged b at time ¢

_{Nzﬂ for 18 < b <61 (4.2)

FW _
Now™ = 0 forb>61

We can now write the total non-interest income per adult of a household aged b at

time ¢, y», as below

o = NAF{ (W= T WL + (b= T2 (0] (£ £5) + BiF)

+ (Nyy = Noi¥) L =17 (fF)]
+N} - (TR, + [TRT}, — T, (TRTY,)])

60
+ Wy =T (Wa)] Y N - wap - £, (4.3)
a=18
60
+ [bt - Ttb (bt” Z NAt Wab (£ ‘gabt)
a=18

+ 30N s (TRY + [PRTS — 12, (CRTL))

a=18

A

+ Z N(% TWab BZLtM + [ftp —-T7 (ftp)} Z NAt Wap ¢+ T+ T

a=29 a=61

To get the total household income provided by women, the sum of income from
employment and unemployment benefits, both net of taxes, and the inheritance (i.e.
the 3 terms in the brackets in the first line) is multiplied by the number of female
workers in the representative household, NJ{V'. The pension after tax is multiplied by
the number of female pensioners. The taxfree and taxable age specific public transfer

are both simply weighted by the (total) number of women in the household.

For households where the women are pensioners (b > 61), the first line of expression
(4.3) cancels out because the number of female workers equals zero. Correspondingly
the term N, — NV in the second line reduces to N;;. On the other hand in the
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case of 18 < b < 61, this last term cancels out (i.e. no pension) while the first line

remains.

The first two lines (inside the braces) represents the total non-interest income after
tax of women in the household whereas the rest of the expression inside the braces
relates to the income of men in the household. This part of the expression becomes
more complicated, as the men in the representative household do not share the same

age. Some men are retired, whereas others are not.

Therefore the men in the household - regardless of the age of the woman - contribute
both with the income terms related to workers and to pensioners. The total income
arising from men in the household is found by multiplying the number of men in each
age group with their respective income terms and then summarize these expressions
over the relevant interval of ages. Income from employment is e.g. given by wages per

hour after tax, [W; — T}* (W,)] (which is the sarne for all age groups), times the male
labor supply of the household. This is given by Z N -wap- L34, (for the household
of age b). Note that there is added a b in the subscrlpt for the male labor supply. This

is done to distinguish between the supply of labor for men at a given age married to

women of different ages.

To measure per adult we divide the sum of income from men and women in the
household, by the number of adults, letF . To this we add the two lump sum transfers,
7V and 74, which are defined per adult, and we finally obtain the stream of non-
interest income per adult belonging to a household of a specific age at a given moment

n time.

To forecast the social security pensions, the unemployment benefits and the age spe-
cific transfers, we endogenize these transfers by relating them to the level of wages.
The pre-tax social security pension is indexed to the wage rate net of labor market

contributions such that
fF=e"W, (1-1) (4.4)

where #! is the labor market contribution tax rate. Nominal unemployment benefits
in Denmark are indexed to the overall wage index, W, with a lag of approximately
two years. In the model this lag is ignored and the benefits are regulated instantly

according to

by = "W, (1 —t)) (4.5)
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where 0 < ¢? < 1. The tax free age specific transfers are indexed as
TR} ='W, (1-t;) J=F M (4.6)
and the taxable age specific transfers are indexed analogously

TRT, =™W,(1-t,) J=F M (4.7)

Observe from (4.3) that the taxation of wages is assumed to be imposed directly on
wages per hour. This (unrealistic) feature is introduced to compensate for unintended
effects of the assumption of work-sharing. The latter implies, that the amount of
unemployment is artificially converted into a reduced number of working hours per
employed and therefore higher unemployment implies lower annual pre-tax wages,
which would have reduced the marginal tax rate, had a conventional progressive tax
system been employed. This artificially lower marginal tax rate for employed workers
affects individual behavior, which in turn would alter the equilibrium. To avoid this,
we have chosen the specification above, to get a tax system which has an effect on
individual behavior, that can resemble the effects of a standard progressive tax system

in an economy, where unemployment is unequally distributed between persons.

We now turn to specify the preferences of the household.

4.2 The household’s utility function

Consider a specific generation of the representative households aged b at a given
point in time ¢. This means, that the household is born in the year ¢ — b. At the
beginning of year t,* where the women in the household turn b years, the rest-of-life
discounted utility for the representative household in question, U1, 1, is given by
a CES-function

78 51
5-1
U141 = [Z (Qit—bri) ° qu,rNﬁ{bH (4.8)
i=b
1o\ b
v = & (—) where {; = 1for i =b,...,77, and £, =€ (4.9)
’ 1+46
The utility, (4.8), is defined as the sum of annual total household utilities (equal
S—1

to instantaneous utilities per adult-equivalent, (@) 5 , times the number of adult-

equivalents in the household, N}’7") in the remaining lifetime (from age b to age 77),

4Observe from the dating conventions of the model (see chapter 1), that households enter the
economy in the begining of the period. Therefore the utility is discounted back to this point in time.
In the following the beginning of period t is approxated by the end of period ¢ — 1.
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discounted to the beginning of year t. In addition to this sum of annual utilities,
the household obtains positive utility from leaving a bequest to the children. This
additional utility is measured as an extra period of (pure) consumption (period 78)

differentiated only from normal consumption by a preference parameter &.

(Q78,t—b+7s 18 the real value (as measured by the price index of consumption) of the
bequest per adult(-equivalent) that the generation leaves to future generations at the
time when it reaches 78 years of age and the household ceases to exist, £ is the weight

that generations associates with the bequest.

Note that the criterion applied in the objective function is the Benthamite (after
Jeremy Bentham, 1748-1832) as opposed to the Millian criterion (after John Stuart
Mill, 1806-1873) used in previous versions of this paper. Thereby the objective is
shifted from maximizing average utility to maximizing total utility - known as clas-
sical utilitarianism. The multiplication by N(EF in the utility function (which is the
new element) implies that households in the planning of the optimal consumption
over time will take into account the fluctuations in household size, not only in the
budget constraint, but also in their preferences by the weights put on instantaneous
utilities at different points in time. In this way utility stemming from consumption
at the end of the planning period will not be weighted very highly, since only a small
part of the household members will live to enjoy it. On the other hand much weight
will be put on utility per head in the mid-thirties where the household reach its max-

imum size®.

4.2.1 How to model utility from leaving a bequest?

The modelling of the bequest decision may in general take two very different routes.
First, bequest may be altruistic as introduced by the seminal article by Barro (1974).
This implies that the present household takes the utility of future generations directly
into account by including the utility functions of these generations in the object func-
tion of the household’s maximization problem. This leads to a model of ”dynasties”
where each dynasty maximizes utility over an infinite horizon. Assuming that no new
dynasties enter the economy, this implies that the overlapping generation structure
collapses and the model converts into a Ramsey type model. In this type of model the

gradual dynamic transition of the economy, which is due to the entry of new house-

®For a more thorough presentation of the two criteria and an analysis of the implications of the
choice between them, see Knudsen and Pedersen (1998).
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holds in the overlapping generations model, is replaced by intergenerational transfers

within each dynasty.

Although intergenerational transfers do play a role in most families, it appears that
such transfers are less perfect than is the case given by the altruistic assumption.

"joy of giving” motive for

Therefore we have in this model chosen to model a
bequest. In this case the parent household obtains utility simply by leaving a gift to
its heirs. The effect on the utility of the heirs does not directly enter into bequest
decision of the parent household. Therefore e.g. the number of heirs is seen not to
affect the bequest decision in the formulation given in equation (4.8). This implies
that the overlapping generation structure of the model is maintained although some

imperfect intergenerational transfers takes place.

Observe, that the ”joy-of giving” motive for bequest implies that bequests has a
”double” effect on the utility of the agents as both the donor and the receiver obtains
utility from the same transfer. Bequest is the only kind of transfer in the economy
which exhibits the ”double utility” feature, therefore the utility effects of policy ex-
periments, which increases this transfer on the expense of other transfers may be

overstated.

4.2.2  The instantaneous utility function

The annual utility function exhibits constant intertemporal elasticity of substitution.
This elasticity is denoted by S > 0. 6 is the rate of pure time preference and v,_1 ; is
the discount factor from period 7 to period b — 1. Q; is the instantaneous utility of
the household.

The instantaneous utility function, (4.10), is defined as the real value of the consump-
tion bundle per adult-equivalent, Cy; minus the disutility of work for the females and
the males measured per adult-equivalent, Z, ; in the representative household respec-

tively
Qot = Cht — Zpy (4.10)

The consumption index Cp; is a CES index defined over domestic and imported

consumption goods and the disutility of work Z;, is given by

N, FW

60
P )+ by S N £ () for 18<h<TS
't a=18

— EF
Zb,t = Nb,t

0 for b=178

(4.11)
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where /], is the number of working hours per woman at age b, and £}, , is the number
of working hours per man aged a in the household aged b. f () is the disutility of work.
Thus, NSV f (€F,) is the sum of the disutility of work for women in the representative
household at age b. Similarly, S=0 N - wap - f (€1,) is the sum of the disutility
of work for the men in the b-years old representative household. Remember that only
the part of the adults who are younger than 61 have a labor supply. Dividing both
expressions by the number of adult-equivalents in the household at the time, N7

implies that total disutility of work is measured per adult-equivalent.

4.3 Intertemporal optimization

The maximization problem of the household may in principle be solved using the
same approach as the decision problem of the firms (see chapter 2). In this case,
one has to set up the Hamiltonian using the stock of wealth per adult equivalent as
the state variable, and maximize this function with respect to the control variables,
which are the household’s demand for each of the two consumption goods and the
household’s supply of labor for both genders and all possible ages of the distribution

of men in the household.

The specification of the utility function (4.8) as a CES function over instantaneous
utility index, @, and the definition of the instantaneous utility (4.10) as a CES
function over two additive terms (i.e. consumption goods and disutility from labor),
implies that the solution may (easier) be found using the general solution to a CES

function, which in a general form is presented in Appendix B.

The solution of the household’s maximization problem follows a two step procedure.
In the first step, the household decides on the optimal evolution of the level of the
consumption index, Cp,, and the labor supply through time, i.e. the household de-
termines the intertemporal evolution of the instantaneous utility index, Q.. In the
second step, the value of the consumption index at each moment of time is split into

its components.

The intertemporal maximization problem for the representative household of age b

at time ¢ , is to maximize rest-of-life discounted utility given by (4.8), using the
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definitions of @y, and Z,; ((4.10) and (4.11)), and subject to the conditions

r Ny NitE
apy = (1 +7m (1 —1])) ap—1.1—1 NEF Ut yEE P,Cyy (4.12)
arg i—p78 = 0 (4.13)
ap—1,4—1 1s given (if b < 18 then ay_1¢1 = 0) (4.14)

where ap; is the stock of wealth per adult-equivalent of household b at time ¢. Recall
that financial assets consist of both shares and bonds. Arbitrage implies that the
tax adjusted yields from the two types of assets are identical in every period, and
therefore we need only to consider the evolution of the total stock of wealth and
not the distributions across assets. Condition (4.12) is the savings identity measured
per adult-equivalent in the household. The first term on the right hand side, is last
period’s stock of wealth, plus interest income per adult-equivalent in the present
period. The second term is the non-interest income, y;, given in (4.3). Recall that
Yp+ is measured per adult. To find the income per adult-equivalent we have to multiply
by the fraction N/ /N/F. The last term, is the cost of the consumption bundle per
adult equivalent, where F; is the price index associated with the consumption index,
Ch -

Condition (4.13) is the terminal condition, that the stock of wealth which the house-
hold holds at the end of its life time (age 77), is equal to the bequest which it leaves to
its successors. This implies that the stock of wealth is zero at "age” 77+1. Condition
(4.14) states that the initial stock of wealth is given by the past, and that it is zero
if the household is of age 18.

To solve the optimization problem, first rewrite (4.12)

apy = (1+7pt) ap_14-1+ Yot — PrQo (4.15)
where
I oy N
Tor = (1+Tt (1_tt))W_1 , (416)
bt

AF

Ut = Yot NEF Bz, (4.17)
bt

Thus 7, is the after tax interest rate adjusted for the growth in the number of per-
sons in the household (measured in adult-equivalents) and @, is the non-interest
income per adult-equivalent corrected for the disutility value of work. Thus given the

tax system and the specified function for the disutility of work, ¥, ., measures the net
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gain from working (measured in units of the foreign good) per adult in the household.

4.3.1  Optimal labor supply

Not surprisingly, £{, and £}, , should be chosen such that , ; is maximized at all times.
Intuitively, this maximizes the net gain from work in the household. Technically it
follows from (4.15) and (4.8) that g, should be maximized at all times: Since a higher
value of 7, expands the feasible value of the instantaneous utility index, (), it must

be utility-maximizing to optimize g, with respect to the labor supplies.

From (4.17) and also using (4.11), the first order conditions are

O 1 FW AFaybt
- N - N 4.1
8€5t 0 ~ bt f (f ) b,t agb}?‘t ( 8)
;ﬁ?t 0,V acl[18;60] <
a,b,t
)
NM oy (0% = NI e (18,60 (4.19)

AT
The interpretation of the optimality condition (4.18) is simply that the women of the
household shall work up to the point where the disutility of an extra unit of work
times the number of female workers is exactly offset by an equal rise in the real non-
interest income multiplied by the number of adults in the household. The condition
(4.19) can be interpreted in a similar way. For each generation of men the increase
in the disutility of the household from an extra unit of work must equal the gain in
real income for the household. Since the condition has to be satisfied for all ages of
men between 18 and 60, the expressions (4.18) and (4.19) together represent 44 first

order conditions.

From the definition of non-interest income, y, given in expression (4.3) the partial

derivatives of this can be deduced

s _ Noa' W, — T (W,) — [b, — T (b 4.20

855}_1\;64;( t t( t)_[t_ t(t)D ( )
3y w ]\ﬂL wab

L — (W, = T (W) — [b = TP (b)]) =2 (4.21)
agabt Nb,t

Subsequently define the function for disutility of work as

I (€)= (711)% ()~ J=F M (4.22)
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Note that the disutility function is the same for men and women and the specification
implies that the marginal disutility is increasing in the amount of work. Then by using
this function and inserting the partial income derivatives, the first order conditions

can be rewritten as

1 NEW
Nit " () = == (We = T (We) = [bu = T7 (b)) (4.23)
, .1 NM.y,
N2 w1 (2)7 = =52 (W= T (W) = [ =T ()]) (4.29)

Finally solving for the labor supply of women and men respectively yields

I { l; for 18 <b< 61
bt 0 for b<18 V b>61
and (4.25)
M { ¢, for 18 <a <61
a,b;t 0 for a<18 V a>61

where

(4.26)

KICM—WMW—W—ﬁWQV
' Y15

Observe first, that no intertemporal speculation in the labor supply occurs. This
atemporal structure is due to the additivity assumption in the utility function, which
excludes income and wealth effects from the labor supply decision. Thus labor supply
in period ¢ is a simple increasing function of the mark up of the wage after tax over

the net of tax unemployment benefits in period ¢.

Secondly, both the female and the male labor supply is unaffected by the age of the
person, as well as all other characteristics of the household (e.g. the number of children
in the household). This lack of effects is due to the non-age specific formulation of the
disutility of labor function, as well as the choice of normalizations of the disutility of

labor in the utility function.

Finally, observe that the assumption that both the functional form and the parameters
of the disutility function are identical across genders, imply that the labor supply of

men and women 1is identical.

As mentioned the specification of the utility function will be subject to empirical in-

vestigations, which may significantly alter the simple an symmetric result presented
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here. The present formulation is chosen, since it represents the simplest possible

benchmark.

4.8.2  Optimal consumption

Given the functions for the supply of labor (4.26), which is a function of prices and
parameters all of which are exogenous to the household, we can now consider g
a known variable at all times. To solve the dynamic problem, means solving the
differential equation (4.15). First define Ry; as the discount factor, discounting from
period 7 to period b

Rb,i = H 1% , fori>1b and Rb,b =1 (4.27)

o1+ T T

Using this discount factor we derive the consolidated budget constraint of the house-
hold using the savings identity (4.12) and the terminal condition for the stock of
wealth (4.13). Observe that

igoriRo-1: — Gic1t-brio1Ro1i-1 = (@ig—pri — (1 + Tippri) @i t—brio1)Ro—1,
From (4.15) this implies that
Qi t—briRp—1: = Qi1 t—pric1 Ro—1m1 + (Git—bri — PropriQit—pri) Ro—1.4

Therefore

i
it—ppillo—1i = Q1 p—prp—1p—1p-1 + E (Gjtmbri — PrprjQit—bt) Ro—1
b

i i
= ap_14-1+ E Yjt—brj o1, — E P Q-5 Ro—1;
j=b j=b

This implies that

78 78
a8 t—p+78lp—178 = ap_14—1 + E Yit—brillo1,i — E P pyiQit—p+ilp—1: =0
i=b i=b

as argypi7s = 0, such that we derive at the consolidated budget constraint which
may be written as

78
Z Ry 1iP—p4iQit—tpi = Ap—1,0—1 + Hp—141 (4.28)

i=b



Intertemporal optimization 69

where
78 77
Hy 11 = Zgi,t—b—i-in—l,i = Z Ui t—bridlo—14 (4.29)
i—b i—b

because ¥rg;—p+78 = 0. Hp; denotes the human capital per adult-equivalent in the

household of b years of age at time t.

The problem for the household is now to maximize the objective function given in (4.8)
with respect to Q;¢—p1i, @ = {b; 78}, subject to the consolidated budget constraint
(4.28).This is a standard CES-maximization problem. According to Appendix B, the

solution to this problem is given by

~ -8
EF S Rb—l,iRﬁ—b+i ap—1,t4—1+Hp—14—1 -
Qit—byi = (1)5—1,2']\7@,5,1,“) ( > ,1>b (4.30)

nbfl,t—l Mo—1,t—1
where
78 s
_ EF \S > 1=
Mp-1,4-1= [Z (”bfl,i : Nz‘,t_b_;_i) (Ptberinfl,i) ] (4.31)
i=b

M+ 18 a household specific CES price index of all future prices for the rest of the

household’s time horizon. Observe from (4.30) and the definitions of v,_1,, 7, and

Ry, ; - given by (4.9), (4.16) and (4.27) respectively - that

- -S
— S [ Bo-1501 ab 101t Hy 1,0
Qv = (Ubfl,bNb,t ) (775—1 t_1> : 1tnb171)tf1“ - (4.32)
s 1 -5
gb NEF 1+Fb,tB ap_1¢-1+Hp 141 (4 33)
1+0 " Mp—1,6—1 Mo-1,6-1 '
14+ 7p M1 % H,
_ S ) ) EF b—1,t—1FHp—1,1—1
= & ( 1+6 P, Nb’t Mp—1,1—1 (4.34)

Qe = € (1 + 7;_(:9— t) nb—]lj,tt—l Nf—q,t_l)s abil’tn;iitlytil’ 18 <b <78 (4.35)
This is the solution for the individual consumption net of disutility from work. Indi-
vidual consumption depends on total individual wealth (the sum of financial wealth
and human capital) divided by the CES price index. The effect on consumption of
high future prices can be seen through a high level of this index. This reduces the
real value of total wealth (for a given nominal value of the stock of human wealth,

Hy_14-1) and thereby consumption. On the other hand an increase in future prices
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makes consumption today relatively cheaper and hereby increases the propensity to
consume today. If the intertemporal elasticity of substitution, S, is greater than 1 the
latter effect will dominate, whereas a low value of S (< 1) will mean that an increase
in future prices will be associated with a fall in today’s consumption - the income

effect is then dominating®.

The fact that current consumption depends on the sum of financial and human wealth,
where the latter represents the discounted value of the future stream of non-interest
income, is due to the joint assumption of perfect foresight and perfect capital markets,
which enables the consumer to transform any stream of income into another stream
of income with the same discounted value. This means that the consumer does not
face constraints in the capital market, as long as he does not violate the consolidated
budget constraint. Therefore future income may readily be transformed into current

consumption.

From (4.30) we have

N
__ ¢S 147 (1-17) 1+Tt+1(1_t:+1) Mo—1,t—1 A\TEF ap—1,¢t—1+Hp—1,¢—1
Qb“rl,t“rl - §b+1 < 1+9 1+9 Pt+1 Nb*l,i*l Mp—1.t—1 (436)

and dividing this with (4.35) implies
S

Lren (1-t) p for 18 < b
Qb+1,t+1 _ < 146 Pt+1) or 18 So0< 77 (4 37)
va £ I+ (127, S :
t 66‘ +1g9 + ) Pil for b _ 77

which is the standard Keynes Ramsey consumption smoothing rule. It states that
the increase in the utility index per adult-equivalent from one period to the next is
a function of the following factors: First, the ratio of 1 plus the interest rate after
tax, to 1 plus the pure rate of time preference. Second, the ratio of the value of this
period’s price index to the next period’s. If the product of these ratios is larger than

1, then the utility index is increasing through time.

4.4 The optimal bequest decision

The final decision, that a given generation of households have to make is the bequest

decision. The result of this decision is easily derived given the specification of the

In the limit where S equals 1 - corresponding to the case of logarithmic utility function - the
expression (4.35) reduces to Qv = gb i (ap—1,t—1+Hp— 1 a—1)[1+r (1-27)] NEI*I .1+ So consumption is
simply the real value of total wealth after payment of mterest measured in todays prices multiplied
by the one-period discount factor.
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utility function (4.8). By the construction of this function, the bequest enters similar
to consumption in an extra fictitious period after the final period of consumption
("period 78”). The weight attached to bequest, £, may however differ significantly
from the weight 1, which is implicitly attached to instantaneous utility at a given
age. In the simulations we assume that £ = 1 and thus the weight representing the
preferences for bequest, is similar to the weight representing preferences for an instan-
taneous utility in a given year. The construction implies that the optimal bequest can
be found using the Keynes-Ramsey rule (4.37) adjusted by the preference parameter

in the discounting

L+r, (1=t P \°
(1= 4) “) Qr7.0-1

Qrg = (f 110 P

4.4.1 Transforming bequest into inheritance

Inheritance is always transferred to the heirs 78 years after the birth of their mother,
no matter whether she is still alive at the time or has passed away earlier. The
inheritance is namely at all times distributed through the households and is paid out
when the household ceases to exist. In the following the term ”heir” is used about
a person only if he or she actually receives inheritance in the given period of time.
Therefore our definitions imply that heirs must have an age h between 29 and 60 -
both numbers included. To find the distribution of heirs, we use the distribution of
births as represented in the W-matrix. First define the column vector, 78, with 32
elements, containing for each of the age groups from 29 to 60 respectively the part
of the group in question, whose mother was born 78 years ago. Using the notation

introduced in the sub section ” Children”, U™ can be written as below

¢29,78 w0749
\ff78 = ¢3?,78 _ 110().748 (4_38)
¢60,78 wO,IS

The equality is due to the earlier assumptions that the maternal distribution is time
invariant and that the mortality rate of people is independent of the age of their
mother. Define next the row vector, ]\739’60, with 32 elements, containing the total

number of men and women grouped by age (first column is the number of persons
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between 29 and 30 years and the last contains the number of persons between 60
and 61 years). The number of heirs at time ¢, N/?| is then determined by the vector

product

260 5 78 _ Nt (4.39)

This enables us to find the inheritance per heir from the household that turns 78

years in period t. Let B, be this amount. B, is then defined as

EF
Pt@78,t ' N787t

Bin —
78,t H
N

(4.40)

where P,()7s; is the nominal bequest per adult-equivalent in the generation that turns

78 years in period t.

To distribute the inheritance to the households, it is necessary to divide the heirs of
the household which turns 78 years into males and females, as the males have to be
distributed according to the age of their wife. Let N/ denote the number of female

heirs at the age of b years. N} is defined as

letH = let Py 7y = let Pz for b e [29;60] (4.41)

The inheritance of women aged b in period ¢, B{"F'| is then given by

FH in

in th ’ B78,t
B = N—zﬂ for b € [29; 60] (4.42)
N - Big, is the total inheritance for women of age b. This is divided by the total

number of women, let, in the age group in question. Another way to put it is, that

the inheritance for a person, B?gw is received only by the part of the women, who is

: N
heirs - namely ——.
bt

Similarly, for men we define the number of male heirs at the age of a years in period
t, NMH, as

N%H = Nﬂg Va8 = N% “ors_a for a € [29;60] (4.43)

a

The inheritance of men aged a in period ¢, B;*", is then given by

MH | pin

o N
B = =t for a € [20;60) (4.44)
a,t
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Here we have used the assumption of the representative households. The number of
men of age a in each household has to be large enough to ensure that the part of these
who receives inheritance doesn’t vary across households. So in all the generations of
households the share of men at a given age (any age between 29 and 60) who are

heirs is the same due to the law of large numbers’.

Note that households of ages both greater than 60 and less than 29 can receive
inheritance, since men in the ages from 29 to 60 can be part of these households. The
inheritance of the female aged b years and the one of males aged a years in period
t, (4.42) and (4.44) respectively, is used in the relation (4.3) which defines the total

non-interest income of the household of age b years in period ¢.

4.5 Intratemporal optimization

Given that the index @, and the labor supply ¢;,, £, , for a, b € [18;60] have been

determined, the consumption index Cj; can be found from the relation
Crt = Qvr + Zpy (4.45)

where Z,;, using the optimal labor choice £}, = £}, , = ;, is given by

F 60
f (L) <% + @ 3 Naﬂ,{-wa,b> for 18 <b < 61

Ty = o o8 (4.46)
/(&) @ > N wap for 61<b<78
ot =18

The total consumption per adult equivalent for the period in question, Cj;, deter-
mined in (4.45) is given for the atemporal optimization problem of the households
which is about distributing total household consumption per adult equivalent on its

components.

Figure 13 illustrates the assumptions about the intratemporal sub utility function of
households. At the top level private consumption goods which are supplied from the
private sector substitutes private consumption goods supplied from the public sector.
At the bottom level privately produced consumption goods of domestic and foreign
origin substitute each other. There are no imports of the publicly produced good. This

"utility tree” is specified as nested CES-functions. The derivation of the intratemporal

"This argument was not needed for the women, since all the women of a given age are connected
to the same generation of household.
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Total consumption
C

Privately produced Publicly produced
C[’ G

Domestic origin Foreign origin
CPD CPF

Figure 13 The intratemporal utility function of the household

consumer demand functions therefore proceeds analogously to the derivation of the

intratemporal factor demand systems of the production sectors, cf. chapter 2.

Formally, the household chooses its demand for the different consumption goods in
each period of time by minimizing the cost of obtaining the index C; ;. Thus, at the

top level demands are the solutions to the following minimization problem

nin_ (L+8/27) (p" + 70 CF, + (0f +t79)CF) (4.47)
b,t’ bt
s.t. (4.48)

Cpt = Qv + Zpy , where
oc—1 o —1 Jz_l
i = (1rop (1) 5% + e (05)°5F)

where the total consumption index Cj; is considered given, le ; is the demand for the
index of the private consumption good delivered from the private production sector
(domestic and foreign), and C’ft is the demand for the private consumption good
delivered from the domestic public sector (there are no imports of publicly produced
consumption goods). Ozf , and C’lft are defined per adult-equivalent of the household
aged b years at time t. p’? is the price index of privately produced consumption goods
net of taxes, while p¢ is the output price of the governmental production sector. t&'*
and t¥¢ are quantity excise taxes on the two consumption goods. t/47 is the VAT
rate (representing all ad valorem taxes). o > 0 (and o¢ # 1)is the elasticity of
substitution between the two goods, and pop > 0 and po; > 0 are the weights
attached to consumption of the two goods in the CES sub-utility function. Using

Appendix B, theorem 1, we obtain the demand functions for the two goods

i 14 tvAar pCP+tCP —oc
let:(ﬂczv)c<( : )]gtt : )> Chy
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Chyt

i

let = (toa)’® <( D,

1+ AT (pf +t99) )

and the consumer price index is determined as

1
Po= (L t02T) (nep)™® (07 +167) 770 + (o) (bF +169) 777 (4.49)

At the bottom level the demand for the index of the privately produced consump-
tion good is splitted into the demands for the parts of domestic and foreign origin

respectively by solving the following cost minimization problem

: P ~PD PF
Cé{g}%f by Cb,t + Cb,t (4.50)
s.t. (4.51)

rop-1 oop=1\ TopeT
P o_ PD\ 2 PF\~5
Cot = <MCPD (Cb,t ) P+ popr (Ob,t ) or )

where the index C/} is considered given, Cf'” is the demand for privately produced
private consumption good of domestic origin and C//" is the demand for the privately
produced private consumption good of foreign origin. The quantities are again mea-
sured per adult-equivalent of the household aged b years at time t. oop > 0 (and
ocp # 1) is the elasticity of substitution between the two goods, and p-pp > 0 and
tepp > 0 are the weights attached to consumption of the two goods in the CES sub-
utility function. Again using appendix B, theorem 1, we obtain the demand functions

for the two goods

OPD _ ocp [ Pt —oer CP 459
bt — (crp) Zﬁ bt (4.52)

t

- 1 —O0OCP
CEF = (upe)™™" (F) o, (4.53)

and the price index of C{} net of indirect taxes is determined as
1

pOF = ((MCPD)UOP (pe) 7 + (MCPF)UCP) rer (4.54)

The interpretation of this consumer demand system is analogous to the interpretation

of the input demand equations of the firms, cf. chapter 2.2.1-2.2.2.
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4.6 Very old persons

The planning horizon of the household expires when the woman who is the head of
the household becomes 78 years old. The surviving individuals of such households
are named very old persons although they include (a small number of) younger men
married to a women at least 78 years old. It is assumed that the only economic
activities of the very old persons is to recieve the ordinary average amount of social
security pensions, pay the normal tax out of this amount and consume the remaining
part, i.e. they do not save and accumulate new wealth. Further, it is assumed that their
intratemporal utility function have the same functional form and the same specific
values of its parameters as the intratemporal utility function of ordinary households.
Therefore the very old persons allocate their total consumption expenditures on the
different consumer goods in the same proportions as the ordinary households, and
the CES-price indices of composite consumer goods are the same for very old persons

and for ordinary households.

Formally, the income of each very old person, y,.,is defined as

Yor = I{ =T (fF) (4.55)

where ff'—T{ (f{’) as usual denotes the disposable social security pension. The very
old persons obtain the demand for the different consumption goods in each period of
time by maximizing the utility index C, ;. Thus, at the top level demands per very

old person are the solutions to the following maximization problem

P oc—1 G oo—1 $
anag’(G Oo,t = (MCP (Oo,t) c + Hea (Oo,t) e ) (456)
s.t. (4.57)

(Lt (07 +t7)CL + (F +t79)CS,) = You

where the total income, y,; is considered given, C’(f , is the demand for the index of
the private consumption good delivered from the private production sector (domestic
and foreign), and C’gt is the demand for the private consumption good delivered from
the domestic public sector (there are no imports of publicly produced consumption
goods). As ususal, p¢F is the price index of privately produced consumption goods
net of taxes, p{* is the output price of the governmental production sector. tF and
t¢C are quantity excise taxes on the two consumption goods, t}47 is the VAT rate

and o¢c > 0, pep > 0 and peg > 0 are parameters of the CES utility function being
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identical to the CES utility function of ordinary households stated in (4.47). Using

Appendix B, section 1.2, we obtain the demand functions for the two goods

14 tvAar CP 4 4CP —oc
Cor = (ep)™® <( t ) (pt : ) Coyt (4.58)
’ P,
1+ tVATY (pG 4 ¢0G —9c
Coi = (o)™ <( : )P(pt ) Coyt (4.59)
t

and the consumer price index is determined as

1—0o¢

1
g o 1-0 l1—0o
Py= (L t7T) (nee)™® (o7 +157) 770 + (o)™ (b7 +109) 777 (4.60)

where
-F)tCo,t = Yoyt

i.e. the CES utility index C,; can be interpreted as a quantity index in C’lf ‘s C’ft.
The CES consumer price index (4.60) of the very old persons is identical to the
CES consumer price index of (4.49) of the ordinary households due to the identical

intratemporal utility functions.

At the bottom level the demand for the index of the privately produced consumption
good, C,,, is splitted into the demands for the parts of domestic and foreign origin

respectively by solving the following cost minimization problem

. P A~PD PF

AR P Cor +Cos (4.61)

5. (4.62)
P P\ ZSE= Py 2 7o

Cor = <MCPD (Co,t ) CP + Uopr (Oo,t ) rep )

where the index C7} is considered given, C{” is the demand for privately produced
private consumption good of domestic origin, C/}" is the demand for the privately
produced private consumption good of foreign origin and o¢p, ptepp and pepp are the
parameters of the CES sub-utility function again being identical to the corresponding
sub-utility function (4.51) of ordinary households. Using appendix B, theorem 1, we

obtain the demand functions for the two goods

CPD — acp & —oer CP 4.63
o,t (ILLCPD) pCP o,t ( . )

t
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CPF — ( )UC’P (L)ﬂTcP CP (4 64)
o,t Hepr pCP o,t .

t

and the price index of C}; net of indirect taxes is determined as

A = ((bern)” 00 + (uepr)" ) (465)

which is identical to the corresponding price index (4.54) for the ordinary households.

This finishes the behavioral description of the households. In the next chapter we

complete the description of the model by looking at the macroeconomic relations.



Chapter 5
MACROECONOMIC RELATIONS

In the previous three chapters, we have described the behavior of the private agents
in the economy. This chapter defines the aggregate variables, describes the behavior
of the foreign sector and the determination of the public budget and specifies the

equilibrium conditions for the goods and the labor market.

Aggregation across generations involves some weighed sum formulas which are stated
explicitly in separate formulas. Aggregation across producers is done by simple sum-

mations which are only stated where needed.

5.1 Aggregation across generations

The total aggregate demand for goods and supply of labor is found by adding together
the demand and supply functions of the representative households of all generations
alive, at a given moment in time. This is done for all periods of time t. For each
generation of households, the level of consumption per adult-equivalent is weighted
by the number of adult-equivalents in the generation of households in question. The
consumption of the very old persons (who have survived the planning horizon of
the household) must be added to obtain total consumption. The same procedure is
applied with respect to the labor supply, except for the fact that in this case the labor
supply per adult of a generation of households is weighted by the number of adults
as children are assumed not to supply labor, and that the labor supply of the very

old persons is zero.

The total number of very old persons is defined as

B A 7 A
NP =) NS+D NM=D "> NM-wap (5.1)

b=T8 a="178 b=18 a—="78
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where B is the maximum age of a female, such that Zfﬂg Nblj; is the sum of females
who are older than 77 years at period ¢. Similarly A is the maximum age of a male,
such that 25178 N2 is the sum of males who are older than 77 years at period t.
However, some of these old males are married to women, who are younger than 77
years. The behavior of these men is therefore already taken into consideration in the
decision making of the households. Thus these men have to be subtracted from the

number of very old people. The number of men older than 78 years married to women
A
younger than 77 years is given by the sum ZZ;S > N, (% “Wap -
8

a="7

The level of aggregate demand and supply of the different goods are defined below as

7
cf = NECl + NPCY, forall t (5.2)

b=18
where C/ is the total domestic consumption demand for the privately produced good

77
Cf => NFFCE + NPCS, forallt (5.3)
b=18
where C¢ is the total domestic consumption demand for the governmentally produced

good

77
crb = Z NEFCEP + NPCLP for all t (5.4)

b=18

where CI'P is the total domestic consumption demand for the privately produced

domestic good

77
CFF — Z NSFCPE + NPCrE for all t (5.5)
b=18

where CPF is the total domestic consumption demand for the privately produced

foreign good

60 77 60
Ly = D> NS+ ) N - wap- b (5.6)

b=18 b=18 a=18
60 7760
F M
= b § Nb,t + § § Na,t *Wa,b
b=18 b=18 a=18

= 4N forallt (5.7)
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where L] is the total labor supply measured in hours and
5= (3o 3 ) 53
b—18 b—18 a=18

is the number of persons in the work force.

Z P ay, for all t (5.9)

b=18

where A; is the total stock of non-human wealth held by domestic consumers

77 A
TR => (N (TR}, +TRT;) + > NM-wap- (TRY, + TRT)]) | for all ¢
b=18 a=18
(5.10)
where T'R; is the sum of age specific transfers
77 60
UBt == bt <ZZN§1'W%(} 16 ét Zth £ gt )
b=18 a=18 b=18
60
= bt 16 ét (ZZN Wa,b+ZNlﬂ>
b=18 a=18 b=18
= b ((—4) N forallt (5.11)
where U B; is total gross expenditures on unemployment benefits
7 A 77
FP=f )Y N -war+ > NL+NC | forallt (5.12)
b=18 a=61 b=61
where F'P; is the total gross expenditure on social security pensions
77
TW, =Y N'r]" forallt (5.13)
b=18
where T'W, is the total transfers to households from abroad
77
Yo=Y Nifr, forallt (5.14)
b=18

where Y, is the total value of the lump sum transfer to the consumers.
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5.2 The foreign sector

The domestic economy is integrated in the world economy, through trade and capital
flows. As to financial capital, we assume that domestic corporate and government
bonds are perfect substitutes for foreign bonds in a perfect world bond market. Res-
idence based taxation of interest income, implies that the domestic pre-tax interest
rate is equal to the foreign pre-tax interest rate, which is assumed to be fixed (through

time) in units of the foreign good.

The accumulation of domestic claims on the rest of the world, is determined by the

current account

F, = (1+m) B+ TW+TWG+ Y i (1+%) X; (5.15)
i=P,G}
1 | |
- CPF M’LPF ]’LF 516
1+t§<t+i§;€(t + 1) (5.16)

where F; is the domestic net stock of foreign assets, TW G, is total transfers to the
domestic government from abroad, X! is exports from production sector i, tX is
the associated export tax (normally negative, i.e. an export subsidy). Total import
consists of imported consumer goods, CI'¥'| imported materials to the production
sectors, Mt and imported investment goods to the production sectors, I}*". ¢! is
the tariff. For convenience we assume that an identical tariff applies to all types of

goods. Since by definition the foreign price inclusive tariff is equal to 1, then foreign

1
14¢t-

price net of tarif must be
Alternatively, the stock of foreign assets may be expressed as the difference between
the stock of total private non-human wealth, A; on the one hand and sum of the value

of assets issued by domestic firms and the public debt on the other hand
F,=A,— (V,+ B + B) (5.17)

where V; is the value of shares in domestic firms, B} is domestic corporate debt, and

BY is domestic public bonds.

(5.17) defines the balance between all the households assets. For most variables the
model is only solved for ¢ > 1. However for some variables including the value of the
firm, the model is also solved for ¢t = 0.! It is therefore likely that the value of the
firm at the end of period 0, Vj, changes compared with the calibrated value at the

!See chapter 7.7 on the solution of the model for an elaboration of this point.
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same point in time, V;,. It is assumed that no other item of households’ assets change
at the end of period 0, i.e. according to (5.17) the sum of households’ assets, Ay,
must change by the amount V —V,,. Further, it is assumed that the asset holdings of
all generations change by an equal relative amount. The relation between the model
solution value of generation b’s assets at the end of period 0, a0, and the calibrated

(initial) value for the same measure, a,,, can therefore be determined using (5.9) as

o 1 ‘/0 - ‘/to
apo = Aty | 1 + == NEF
b=18 Vbt bto

Although the economy is small in the sense that it does not affect the world market

interest rate, we assume that the world production of the good produced in the
domestic country is affected by the level of production in the domestic country.
Thus in this respect the country is not small in its own output market. This implies

that the economy has endogenous terms of trade with the rest of the world.

Only the the private sector supplies exports to the world market. The foreign demand
for the privately produced domestic good, can be thought of as demand functions
derived from intertemporal optimization of foreigners. For simplicity it is assumed
that the foreign demand functions for the domestic goods are isoelastic, and that the

positions of the demand curves are fixed through time
X, =x'((1+t%)p})~ i=PG (5.18)
where x! > 0 are constants, ' > 0 is the price elasticity in the export demand.

As is well known from classical trade theory, the introduction of endogenous terms
of trade implies that there on welfare grounds exists a positive optimal tariff. As
no tariffs are introduced in the present version of the model, this implies that any
policy that introduces a marginal cut back on domestic production, and therefore a
positive terms of trade effect will ceteris paribus tend to increase the utility of the
representative consumer in the domestic economy at the expense of consumers abroad.
Thus the endogenous terms of trade introduces the possibility of using ”beggar thy
neighbor policies” to increase domestic welfare. As will be apparent in chapter 8, this

has significant effects on most of the policy experiments.

5.3 The consumption and the budget of the public sector

Besides being a producer, the (main) role of the government is to collect taxes, to

finance unemployment and pension benefits, other personal transfers such as family
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allowance transfers, and public consumption which is government purchases of goods
and services supplied solely from the governmental production sector. Notice that
this public consumption does not explicitly enter the utility function of the agents.
One interpretation of this is, that the utility function of the agents has an implicit
additively separable argument containing the public consumption, thus the amount
of public consumption does not affect the marginal utility of private consumption and
vice versa. This specification of government consumption in the utility function (i.e.
it is omitted) implies that the model is ill-suited to analyze welfare effects of changes

in the size of government consumption per se.

The government faces an intertemporal budget constraint (the so-called No Ponzi
Game Condition), which implies that the discounted value of government debt has to
converge to zero for time approaching infinity. This means, that in the long run the

increase in the public debt must be less than the interest payments on the debt.

The consolidated budget constraint of the government is derived by using the savings
identity and the No Ponzi Game condition. The procedure is similar to the derivation
of the consolidated budget constraint of the household in chapter 4. This yields the
result that the present discounted value of the stream of tax revenues must be greater
than or equal to the sum of the public debt and the present discounted value of the

stream of government expenditures

tax = G

° = — + B! (5.19)
Z II.- e (L4 70) ; [Tocir (T +70)

where taz, is the total tax revenue at time s, G, is the total public expenditures net

of interest payments at time s, Bf is the stock of outstanding public debt at time ¢.

Violating this means, that private agents are not willing to hold government bonds.
Consistency thus requires, that a policy reaction function is assumed to fulfill the

intertemporal budget constraint.

A simple policy reaction rule, is to assume that the government uses a lump sum
transfer/tax to keep the government budget balanced in every period, i.e. to keep

the government debt fixed. This has the convenient feature, that no dynamic effects

2This would yield a rather peculiar policy finding, since utility is inversely correlated with the
size of government purchases - therefore diminishing government expenditures will unambiguously
increase welfare! This problem can be solved by altering the utility function to take government
expenditures into account. However, this method is not used here, since it would give cause to
an even larger problem when calibrating the model; how to determine the weight to place on the
expenditures of the public sector?
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are fed into the economy from a change in the public debt. However, the assumption
implies that reducing any distortionary tax rate without specifying a source of finance,
tends to lead to a welfare improvement since this amounts to replacing a distortionary
tax with a non distortionary. Thus welfare implications of underfinanced reforms tends
be upward biased. The opposite is true for overfinanced reforms. Keeping these biases
in mind, we assume the simple (and unrealistic) policy rule. The government budget

constraint then becomes

Y, = —nBY, —§V,—pf' IS — TR, —UB, — FP, — FO,
+TW Gy + taz, + p MPKFKE | (5.20)

where g}f/t is the public consumption. 0 < g < 1 is a constant fraction and

Yi= > nY) - pMM; (5.21)
i=P,G

is nominal GDP. p¢ M PKZ K¢ | is the total reward to the governmental capital stock.

tax; is the tax revenue from distortionary taxes in the economy. We define the tax
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revenues from each distortionary tax separately (and valid for all ?)
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(5.25)

(5.26)
(5.27)
(5.28)
(5.29)
(5.30)
(5.31)

(5.32)

(5.33)
(5.34)

(5.35)

(5.36)

where LT, is the tax-revenue from labor income tax on employed, BT; is the tax-

revenue from labor income tax on unemployed. These revenues are differentiated as

employed persons are subject to the labor market contribution tax whereas unem-

ployed are not. T'RT; is the tax-revenue from taxation of age specific transfers, PT;

is the tax-revenue from taxation of public pensions, ET; is the tax-revenue from the

payroll tax, V AT; is the tax revenue from value added consumption taxes, RC; is the

tax revenue from consumption quantity taxes, RT; is the tax-revenue from the tax on

interest payments, DT; is the tax-revenue from the taxation of dividends, C'T; is the

tax-revenue from corporate taxation, G'I; is the tax-revenue from the capital gains

tax, MT; is the revenue from the tax on materials, I7; is the revenue from the tax on
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investment, X'T; is the negative revenue from the export subsidies, and finally, 1T} is

the domestic tariff-revenue.

The capital gains tax revenue, GT;, is simply calculated as the tax rate, ¢/, times
the increase in the value of the firm, V; — V;_1, during period ¢ for all periods except
the first. For the first period we add a capital gains tax for period 0, if the value of
the firm at the end of period 0, V), has changed compared with the calibrated value
at the same point in time, V;,. This is because the model is not solved for the tax

revenue (and most other variables) in period 0.

The total tax revenue is defined as

tax, = LT;+ BT, + TRT, + PT,+ ET, + VAT, + RC, + RT; + DT, +
CT, + GT, + MT, + IT; + XT, + TT, (5.37)

5.4 Equilibrium conditions

To close the model, we need the market clearing conditions for the domestic goods

markets and the market for labor. These are given by

= (MPP+ L)+ P+ xF (5.38)
i=P,G
, Gy
vo=3" MO+ cf+ 25 4 x¢ (5.39)
, Dy
i=P,G
Li=LY+L¢ (5.40)

3See chapter 7.7 on the solution of the model for an elaboration of this point.



88

MACROECONOMIC RELATIONS



Chapter 6
STATIONARY STATE

The purpose of this chapter is twofold. First, we demonstrate that the model has a
unique stationary state for the current calibration. It is quite important to be sure
that there is only one stationary state in the model. In the occurrence of multiple
stationary states, instability for some of the stationary states will mostly be the case.
There is therefore a possibility for unintentionally calibration of a unstable stationary
state, which is undesirable. Second, we describe the behavior of the households of dif-
ferent ages in the stationary state of the model. The desciption is based on numerical

simulations, i.e. the predictions of the model given the macroeconomic calibration.

Uniqueness of the stationary state is demonstrated partly analytically, partly nu-
merically. First it is shown mathematically that in stationary state there exists an
aggregate version of the model. In this aggregate model it is possible to derive an
aggregate supply curve. As no non-produced good exists, there is no nominal anchor
and therefore no aggregate demand curve in the standard definition. However, we
derive the aggregate demand as a function of the supply in the economy by ignoring
the market clearing condition in the goods market. Using the "pseudo demand rela-
tionship” and the aggregate supply curve we demonstrate numerically that there is a

unique stationary equilibrium of the current calibration.

6.1 The supply side of the economy

A stationary state equilibrium is defined as a temporary equilibrium, where the eco-
nomic variables are constant through time. To analyze the stationary state we repeat

the first order conditions from the general case ignoring the time index.

The first part of the analysis concerns the aggregate supply schedule. The definition
of the aggregate supply is: The supply of goods from the firms as a function of the

price of the domestic product given that the labor market is in equilibrium and that
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the firms are not rationed in their demands for imported inputs.

The procedure to derive the aggregate supply is: First, observe that the system of first
order conditions defines the demand for a specific input as a function of the two re-
maining inputs plus nominal wage and the output price. Second, use the homogeneity
of degree 0 of the marginal products to determine inputs relative to the labor input.
The system of first order conditions now determines the input of material and capital
relative to the input of labor and determines a relationship between the nominal wage
and the output price which has to be fulfilled in optimum. The final step is insert
the equilibrium in the labor market, which implies that demand for labor is equal to
supply of labor, where the latter is determined by the relation between the nominal
wage and the output price which was a result of the system of first order condition
of the firm.

In the following we perform these 3 steps to derive the aggregate supply curve:

6.1.1 Step 1: The system of first order conditions of the firm

The first order conditions of the firms are given in the equations (2.17) - (2.21) at
page 26. In the stationary state they become

oF W
— (M, K,L) = (1+t*) — 1
o (MK L) = (1419~ (6.1)
aF p]VI
a—M(M,K,L)_? (6.2)
1—¢d o 0D A
— (1—g+(1—t)W(J,K))_F+A2 (6.3)
f’—FMKL—a—@IK:L 1—t¢ ) Py e 5ﬁ 6.4
BK( s L3 ) BK(’ ) 1 — tc [( )T+ ]gp_*—lftd(l—tg?ﬂ_‘_ )p ()
(1=t %
A2 = (1—t9) =0, 4 5 (6.5)

(=)

The interpretation of the equations (6.1) and (6.2) is similar to the one given in
chapter 2. Relation (6.5) is a special case of relation (2.25) from page 28, where we

have used the fact that the tax rate and the rate of interest is constant through time
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in the stationary state. Therefore )5 is the tax-adjusted discounted stream of the
depreciation allowance in the entire time horizon. The discounting contain both the

depreciationg in the book value of the firm and the tax-adjusted interest rate.

The first order conditions concerning the capital stock reduces even further compared
to chapter 2. This follows from the fact that in the stationary state, the stock of capital
is constant. Therefore net-investments are 0, and gross investments are equal to the
depreciation of existing capital. Thus the equation for the accumulation of capital,

(2.6) at page 22, becomes
I =0K (6.6)

Substituting (6.5) and (6.6) into (6.3) and using that %—? is homogenous of degree 0,
yields

N1t R (1—19) 16
== 1—g+(1—1t)—=(6,1) — - 6.7
p! l—t-g( g+ )31( ) (1—t)r+(1—t9)6 (6.7)

In the stationary state the shadow price of capital divided by the replacement cost
A1
pI ’
installation of capital and the degree of debt financing in the firm.

of capital, is given by the values of the capital income tax rates, the costs of

Tobin’s marginal q is defined as the ratio of the shadow price of capital to the re-
placement cost of capital (see Hayashi (1982)). In standard textbook macroeconomic
models (without capital income taxation) this ratio is equal to 1 in the stationary
state. Due to the fact that the cost of installation of capital is defined as a function of
gross investment (as opposed to net-investments), this is not the case in the present
model. The inclusion of the debt ratio of the firm in the expression above is due to
the definition of A\; as the shadow price of capital to the owners of the stock of shares
in the firm and not to the firm as such. As is clear from the expression (6.7) above
the introduction of tax deductable depreciation rates implies that Tobin’s q deviates

from 1.

Substituting Tobin’s q into (6.4) and using that g—}{; is homogenous of degree 0 implies
that also the marginal product of capital in the stationary state is given as a function

of the producer price, p and exogenous variables

o (MK, 1) = 5% (3 (©5)
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where
I N
58 D (pu ]-) (1 tr) (1ftT)rtc(676)
/8 (p) - p |: (g+ (1 )(1 tc) (1 _g)) +6+ (l—tc)[(l—ﬂ)r—‘,—(l—tg)g] +
0P 1—t p’ (p,1) 0P
(6,1 + (1_%gr+6) (X (6.9)

In standard textbook models of a small, open economy the marginal product of capital
in the stationary state is given by the sum of the world interest rate and the rate
of depreciation of capital. Ignoring taxes and the fact that the cost of installation
of capital is a function of gross investment, we see that this is also the case in the

present model.

Defining the cost of capital, ¢, as the required return to a marginal unit of capital net
of physical depreciation measured in units of output prices in the stationary state,

we have that the marginal condition may be written as

OF p'(p,1)
i (MK L) — 65

Using the conditions (6.8) and (6.9) yields the following expression for the cost of

= (6.10)

capital
_ p'(p,1) ( I (1- )) " (117 )rte(6-8) n
S = D r{g (1—-t9)(1—t°) g (1—tc)((1—tT)T+(l—t9)3)
0P 1—tr p' (p,1) 0P
0,1 o) ———= 0,1 A1
8K( )+ (1_tgr+ ) D 81( ) (6.11)

Observe that the cost of capital fals into three parts: cost of financing, ¢", cost of

depreciation, ¢, and cost of installation of capital, ¢®. The cost of financing is defined

CszI(p’l)r<g+( (1=1t) (1—9)) (6.12)

p =) (1)

as

If the tax system does not affect then the financing cost reduces to - (p r. Observe
that this is the case if either (1 —¢") = (1 —t9) (1 — ¢°) such that the taxation of
detained dividends is identical to the taxation of interest income or if the firm i 100%
debt financed (g = 1). Observe also that the dividend tax rate, t?, does not affect
the financing costs. This is due to the assumption that the fraction (1 — g) of the

investment i financed completely be detained earnings.

The cost of depreciation is defined as
s pl(p1) (I—t")rt (5—5)

- 6.13
S p (1_tc)((1_tr)7"+(1—t9)8) (6.13)
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These costs are zero, if the rate of depreciation allowed by the tax system is identical
to the rate of physical depreciation. In the Danish economy (and in the current
calibration) the depreciation allowed by the tax system is higher than the physical

depreciation, such that these costs are in fact negative.

The final part of the cost of capital is the cost of installation given as

= (&) + (%T + 6> % (1+42)(6)" (6.14)

where we have inserted the value of the partial derivatives of the ®—function in the

stationary state

After these manipulations the system of first order conditions is reduced to (6.1),
(6.2), and (6.8).

6.1.2 Step 2: Determining relative inputs and relative prices

In this section we define the capital-labor- and materials-labor-ratios k, and m re-

spectively

(6.15)

=~ ==

m (6.16)

As F(M, K, L) is homogeneous of degree 1, the partial derivatives of this function
are homogeneous of degree 0, which implies that the reduced system of first order

conditions in the stationary state (6.1), (6.2), and (6.8) may be written as

OF %

or (k)= (1469 (6.17)
OF _p(p,1)

oaf (M 1) = — (6.18)
o k1) = 57 () (6.19)

This has a non-analytical solution for a given price p

m=m(p), m,>0
k=k(p), Kk >0 (6.20)
W=W(p), W >0
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The signs of the first derivatives are derived in Appendix C. Observe that, m, k and

W all increasing in the level of output price. As shown in Appendix C, this is also

true for the product real wage, @.

6.1.3 Step 3: The equilibrium in the labor market

In the stationary state the supply of labor determined from (4.26) is given as

W—Tv (W) - [b—T" ()]’
(] (W)~ b~ T ()] 621
TP
and the aggregate supply of labor thereby
L=/(NY (6.22)

Using the fact that the level of benefits is indexed by the wage rate as given by the
indexation rule, (4.5) at page 60, we find that the numerator of (6.21) is an increasing
function of the nominal wage. From the definition of the price index, P, given in
equation (?7) at page 7?7, we have that the price index is an increasing function of
the domestic output price. Finally inserting the relation between the nominal wage
and the output price which is given by the reduced system of first order conditions
in step 2 (see equation (6.20)) into the labor supply condition, implies that we may
write this as

s
_pw _ |t _ 4L\ _7b b _ 4L
=iy = (el O P g ez

1
113 AV AT (1=p) P+ (o) Ppt =2 ) T°F

The aggregate supply of labor is increasing in the domestic output price. This is shown
in Appendix C. The fact that labor supply (and thus employment) is increasing in the
domestic output price implies that inputs of all factors are increasing in the domestic

output price level. This follows from the fact that
M = M(p)=m(p)-L(p) (6.24)
K = K(p)=k(p) - L(p) (6.25)
Finally the aggregate supply function is deduced from (2.8) - see page 23 - and (6.6)
Y=Y"(p)=F[M(p), K(p). L(p)] - (8 1) K (p) (6.26)
This is the aggregate supply function. Obviously

Y >0

p

The aggregate supply curve based on the numerical solution is shown in figure 14
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Figure 14 Aggregate Supply

6.2 The demand side of the economy

The demand-side is more complicated than the supply-side. There is two reasons
for this. First, as typically in neo-classical models (with no non-produced good) the
demand-side can only be analyzed given the supply-side. Observe, that the entire
analysis in the last section could be done without any mention of the demand-side.
For given domestic price, the supply-side comes recursively before the demand-side.
Secondly, the behavior of the households, which is the most complicated part of the

model, is to be found at the demand-side.

While the aggregate supply curve could be derived by solving a limited number of the
models stationary state equations, the aggregate demand curve is found by solving
the entire stationary state model (except the equilibrium constraint on the domestic
good marked) for given domestic price. The entire model is therefore ”behind” the

aggregate demand curve.

The overall plan is as follows: first an aggregate consumption function is derived
using the Keynes-Ramsey rule. This yields a linear relationship between aggregate
consumption net of disutility of work and total wealth (non-human wealth plus human
capital). Secondly, it is demonstrated that in stationary state human capital is a linear
function of various sorts of labor income, inheritance and lump-sum transfers from
the government. Finally the wealth accumulation equations are aggregated, and it is

shown that in stationary state aggregate consumption net of disutility of work has
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to be equal to aggregate after-tax interest income plus non-interest income net of

inheritance, such that there are no net savings.

For given domestic price the supply-side of the economy can be solved as shown above.
Taking the supply determined variables as given and adding the tax equations, the
3 new aggregated equations can be used to calculate aggregate consumption, wealth
and human capital for given domestic price such that aggregated demand for the
domestic good can be calculated. In this way we have established a functional re-
lationship between the domestic price and the aggregated demand for the domestic

good. This is what we call the aggregated demand curve.

6.2.1 The aggregate consumption function

In this section we demonstrate the key result in this chapter that all though con-
sumption can not be aggregated outside stationary state, this is in fact the case in
stationary state. In stationary state consumption net of disutility of work can be
aggregated to a standard linear consumption function a la Blanchard. The aggrega-
tion procedure involves 3 steps. First it is proven using the Keynes-Ramsey rule that
in stationary state the consumption net of disutility of work for each generation is
proportional with aggregate consumption. This property allows us to split aggregate
consumption into the consumptions of the generations. Secondly, we use that for each
generation there is a simple linear stationary state-relationship between consumption
and wealth. We therefore has a linear relationship between aggregate consumption
and the wealth of each generation. Finally we aggregate to get the linear relationship

between aggregate consumption and aggregate wealth.

To deduce the aggregate behavior of the households we start from the individuals
optimal choices. Using the Keynes-Ramsey rule, (4.37) p. 70, we can prove that in

stationary state

Qv = @ (6.27)

where

77 o S(b-18)\ 1
L+7(l—1t")
_ EF EF
g = (ng +Y N (—1 ; ) ) (6.28)

b=19
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and
S(b—18)

119 for 18 < b < 78

s (1+r(1—ﬂ)
Qp = o\ S-60
ang (1“(14 )) for b =178

(6.29)

1+6

The proof is given in appendix C. (6.27) gives a full expression of household con-
sumption in terms of aggregate consumption net of disutility of work. Note that for
given stationary state-population, after-tax interest rate and rate of discount, the
distribution of consumption net of disutility of work among households is given and

independent of the rest of the parameters and variables of the model.

1

78 < R 1_g] 18
M1 = [Z (Ub—l,z' : NZEF) (PRb—l,i) ] (6-30)

i=b

From (4.35) and (6.30) evaluated in the stationary state we have that for 18 < b < 78

1 1—tr ¥ ap_y + Hy_
Qy = gf( + 7 ( t)nblNIFpl’) ap—1 + Hp—1

1+0 P N1
1+7(1—t) 8 §_1 Ap1 + Hy_
@ (M) @i e
where
78 <. s s
My 1 = P Z (Ub—l,i . NZEF> (Rb—l,i) ] = PAb_l (632)
i=b
Combining this with (6.27) leads to
14+r(1—¢ o Ay + Hy
& <#N§M{> (A1) % = Q) (6.33)
such that
_ 146 5 g
H,=¢7° A P 34
w i =% (T ) G0 aare (630

This implies that aggregate non-human wealth now can be written in terms of () and

aggregate human capital, H

77 77
A+H=)Y NMa,+> NPFH,=p'PQ (6.35)
=18 =18

where

77 s 146 s s -1
7= [ZN" & (i) ) “] (6:39)

b=18
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[ is exogenous because it consists only of exogenous variables. By manipulating the
expression of A in (6.35) we get a macro consumption function net of disutility from

work

A+H

Q=5

(6.37)

This is a standard consumption function a la Blanchard. The structure of the model
implies that the constant, (3, is a quite complicated function of the discount rate, the

interest rate and the structure of population.

To calculate the "pure” macro consumption, C'

77
C=> NP, (6.38)

b=18

we use equation (4.10) p. 63, the optimal labor supply given by (4.25) p. 67 and the
expressions for Z, and @ - (4.11) p. 63 and (6.37) respectively. This yields

7 T 7
C = Y NTQ+Y NTZ=Q+> NTf(0)

b=18 b=18 b=18

- RN (6.39)

where N}V denotes the number of working individuals belonging to household gen-

eration b, and N" is the total number of workers in the economy as defined below

77 60
NW=> "N and N =N+ N w,y, (6.40)
b=18 a=18

6.2.2 Aggregate human capital
We still need to determine the values of aggregate human capital, H. H is defined as
77 77 77 )
H=Y N"Hy=> N> G, (6.41)
b=18 b=18 i=b+1

where ; is the income per adult in the household of age i net of disutility of work.

In stationary state, the income per adult in the household of age b can from (4.3) p.
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59 be written as (see Appendix C)

Y = NAF ([W Tw(W)—b+Tb(b)]€+[b—Tb(b)}Z)

NAF NM F

) (642

a=29

+ N (N{ o £y TN wap b;nM) arsgNz: " PQ + Gy +7+71"

where 7, is the exogenously given generation specific transfers from the government

—— sz F A M M
I = i —L_TR} NAF ESN - wap - TR (6.43)
and
inkF inM
bz’nF B 'm]\[ = Ba (644)
0478N7 PQ 0478N7E;FPQ

defines the shares of the total inheritance (which is PNEF Qs = ag NEF PQ) that a
female of age b and a man of age a receive. These shares can be considered constants
for a stationary state population. The income adjusted for the disutility of work, gy,

given by (4.17) from page 65, can then be calculated given the income terms above

~ NAF NAF NWF
Up = NEF —PZy =y Nb - P NbEF ) (6.45)
b b

We are now able to deduce an expression for the aggregate human capital. Tedious

calculations (see appendix) implies that
H = A{[W-T"W)=b+T" )]+ [b-T"b)]{—Pf()} NV (6.46)
+L[fF =T (f7)] (N* = NY) + fiasNZ"PQ + (fo (t+7") + h) N4

where the help—variables fl, fo, f3, f1 and h are defined below

NEF NWE -
ho= Z N fs (6.47)
b=18 i=bt1 " °
[ 77
NIFF NAF NWF
. b=18 NA =N ibz+1 NEF " (6.48)
77 T NFW )
f3 = ZNbEF Z (]\;EF ;nF ~EF Z NM ) b;nM) Rb,i (6.49)
b=18 i=b+1 N a=29
77 77
NEFE NAF
fa = Z 7 B 1 (6.50)
b—18 i=b+1 "t

B NEF T NF
h = Z ey ~er R+

b=18 i=b+1 e Nj a=18

M. wai - TRM | Ry; (6.51)
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Equation (6.46) gives the stock variable, H (aggregate human capital), in terms of
various flow variables. The translation from flow to stock is given by fi, fo, f3, and
fawhich are discounting factors dependent on the interest rate and the structure of
population. H is given by the sum of 4 terms. The first term is proportional with
labor income and unemployment benefits net of disutility of work. The second term
is proportional with pensions. The third term is proportional with the value of total
consumption net of disutility of work. This term measures the implication of inheri-
tance. The fourth term is proportional with various sorts of transfers from the public

sector

6.2.3 Aggregate savings

What remains to have a full characterization of the households aggregate behavior,
is to aggregate equation (4.12) p. 65, which defines the accumulation of wealth. In

stationary state

EF NAF
ay=(1+r(1—1"))an 1NEF +bebEF — PG,
or
bEF
(1+T(1_t ))ab INIFF - PQy (652)
Therefore
Z(LbNEF 1—|—7" 1—tr Z(Lb 1Nb 1+ZbeEF PZQ},NEF
b=18 b=18 b=18 b=18
or
A=1+r(1—-t") (A= anNi") + 75— PQ (6.53)
where
77
g= aN" (6.54)
b=18

From (6.52), and using the facts that azs = 0, N& = N2 and 75 =0
0= (1+T(1—tT))CL77—PQ78
Substituting this into (6.53), and using that Q7 = a7s@ according to (6.27)

A=(14r1—-t"))A+§—P(Q+ aN:'Q)
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such that
r(l1—t)A+j=(1+asNy")PQ (6.55)

Using (6.42), aggregate non-interest income net of disutility from work, 7, can be

calculated to

g = (W=T"W)=b+T"@®)]l+[b—T" ()] {—Pf(£)) N"
+[fF=T" (f°)] (N* = N") + amwNEPQ + 5+ (1+7") N* (6.56)

where
77
7= mN (6.57)
b=18
Substituting (6.56) into (6.55) yields

PQ=r1r(1—t")A+g\mh (6.58)

where
7V = § — s N PQ (6.59)

According to (6.58) aggregate consumption in stationary state should be equal to
interest income, r (1 — ¢") A, plus non-interest income net of inheritance, §\™", such
that there are no net savings. Inheritance is not included as this is an inter-household

transfer.

6.2.4 Aggregate demand

We can now use the 3 aggregated equations derived in the last 3 sections to calculate
the aggregated demand. Adding the tax equations, and using (6.37), (6.46), (6.56)
and (6.58) we have

TNA = 1B —g(pY* — M*) —G5—b({{ — ) NV — P (NA = NV) — FO + tax
(6.60)

tax = T*(W*)CNY + T°(@O)((—)NY + TP(f7)(N*=N")
+OWHNY 4+ AT (O +pC?) + T (A-VY) (6.61)
D 4 g (pY* — (L + ) WHNY — M* — 6K* — rng*)
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A+H
P

Q=7 (6.62)

H = [{[W=T"W) =0+ T )]+ [p-T"(O)] L~ P} N (6.63)
+a [ =T ()] (N* = NY) + foamsNE"PQ+ (fa (r+7") + ) N

g o= (W =T W) —b+T ()] £+ [b—T®)] L~ Pf(£*)) NV (6.64)
—l—[fP—TP (fP)} (NA—NW)+ Oz78N7E7FPQ +g+(T+TW)NA

PQ=r(1—t)A+gj\"h (6.65)
§"" = — asNEFPQ (6.66)
o= W (11t (6.67)
b = oW (1-t") (6.68)
B (1 i tVAT) P B o
ct = (—Acuc 5 i (6.69)
B (1 n tVAT) —F C
= (Ac i-mP) A (6.70)
pP— 1 (14 £V47) ((1 — )+ (MC)E#E)ﬁ 6.71)
Q=C—NYf(r) (6.72)

where subscript * indicates that the variable is determined at the supply side of the
economy. (6.60) and (6.61) defines the tax system. (6.62) is the aggregate consump-
tion function. (6.63) defines aggregate human capital. (6.64)-(6.66) defines aggregate
savings. (6.67) and (6.68) defines indexation of pensions and unemployment benefits.
(6.69) and (6.70) translates aggregate consumption into consumption of domestic and
foreign goods. (6.71) defines the price index, P, and (6.72) defines consumption net
of disutility of work.
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For given domestic price we have 13 variables (Q, A, H, P, §, 7\ ™, 7, tazx, f7, b,
C? C7, C) and 13 equations. For the current calibration one can verify numerically

that the system has a unique solution for any positive value of the domestic price p.

Let C%(p) denote the solution value of private consumption of the domestic good C¢

for given domestic price. We can now define the aggregate demand

N ngS (p) — M (p) FO

+ X (p) + pat (6.73)

Y (p) = C%(p) + 6K (p)

where K (p), Y° (p) and M (p) are given from the supply-side ((6.25), (6.24) and
(6.26)), FO is exogenous and exports X (p) is given by

X(p)=xp"* (6.74)
Solving the demand system for various values of p, and given the supply-side of the

economy, results in figure 15
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Figure 15 Agg. demand components

For the current calibration, the aggregate demand curve is first decreasing and then
increasing. The reason for this is the interaction between the components of aggre-
gate supply. For low domestic price the export is relatively high while the rest of the
components is relatively low. For high domestic price the situation is the opposite:
the export is low and the rest of the components are relatively high. The fact that
public consumption and investment is increasing in the domestic price is explained

from the supply-side. A high price implies a high level of activity and therefore high
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investments. The same explanation can be given concerning public consumption, as
this is defined by ¢ (YS — M/ p) + FO/p. Aggregate private consumption is increasing
in p because both real wealth A/P and real aggregate human capital H/P is increas-

ing in p.

6.2.5 Stationary state equilibrium
We can now demonstrate the uniqueness of the stationary state for the current cali-
bration. The equilibrium is shown in figure 16
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Figure 16 Aggregate supply and demand

While the supply curve looks very familiar, the demand curve is more interesting with
its ”forward-bending” character. As explained in the last section, the form is due to
the interaction of exports and the other components of final demand. Observe that
the demand curve is almost horizontal close to equilibrium. The equilibrium price is

very close to the price that minimize demand.

6.3 Life cycle behavior in stationary state

In this section we describe the consumption and saving behavior of a household over
its entire lifetime in a stationary state. The analysis is based on the numeric simula-

tions.
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6.3.1 Household size

Before we turn to the economic behavior of the households it is helpful to bear in
mind the pattern of the household size in the planning period (as presented in chapter
3).
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Figure 17 Household size

In figure 17 the total number of adult-equivalents in the household is shown. Further-

more it is split into its three components - namely: children, workers and pensioners.

As described earlier the number of mothers giving birth is maximized at the age
of 28-29 and the distribution is almost symmetric around this point (cf. figure 5 at
page 46). Nevertheless we observe that the number of children in the household first
reaches its top level when the mothers are in their late-thirties. This is due to the
fact that many women have more than one child. Later on as the children reach the
age of 18 they leave home and the number of children start to decline as we see for
the age group of 43-47 years and further on. At the age of 58-62 years practically all
children have left the household since only a very small part of the women is above

40 years or above when giving birth.

The number of workers on the other hand is fairly constant for the first 35 years,
then starts to decrease, and at the age of 63-67 is very close to zero. At this time all
the women in the household have retired from the labor market, but since they are

married to a distribution of men - who on average are three years older though - a
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small part of these men will be below the pension age of 61 years (and thereby still
working). For the following 5-year groups it becomes more and more unlikely for a
woman to be married to a working man and the number of workers in the household

then approximates zero.

The pattern for the pensioners is just the opposite one. However we observe that
pensioners begin to be present in the household already at the age of 48-52, and then
the number rises as the workers start to retire. This goes on up to the age of 63-67
where the intake from this source ceases. Then a gradual decline takes over - simply

as a result of bereavement.

The characteristics presented above are very important in the understanding of the

household behavior, and will be referred to from time to time in the following.

6.3.2 Total household income and its composition

Also a description of the income and its composition, which is closely related to
the demographics stated above, is needed before turning to describe the life cycle
behavior. In figure 18 total disposable income of a household is split into capital

(interest) income and non-interest income
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Figure 18 Total household income

Roughly speaking the total disposable income has increased linearly for the first 7



Life cycle behavior in stationary state 107

periods, i.e. from the age of 18 to the age of 52, and is thus altogether risen more
than 30 percent. The main contributor to this pattern arises from an increase in the
interest income as savings are being accumulated (this picture is confirmed later on).
Also the non-interest income as a whole is growing during the first periods though.

This is due to a rise in the amount of inheritance, as will be described more thoroughly

later.

The total household income net of taxes is at its maximum at the age of 48-52. In
the next 25 years the income falls dramatically to one third of the top level. This is
caused by an almost identical reduction in the non-interest income which accounts
for most of the income. Further this reduction is brought about from mainly two
sources: first a gradual shift from a high share of labor participators to a high share
of pensioners (who earns less) in the household and secondly from a reduction in the

number of adults, caused by death.

The relative composition of the total income is shown in figure 19
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Figure 19 Relative composition of total household income

During the first 15 years of the household’s existence more than 90 percent of the
total income is non-interest income. As the stock of wealth gradually rise (due to
persistent net savings) and thereby also the interest yields grow, the share of income
that stems from interests becomes larger and larger. After 35 years the share is close

to 20 percent and then as non-interest income subsequently commences the steep fall,
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the interest’s share of income increases rapidly until a level of 32 percent is reached

at the age of 63-67.

During the last 10 years the interest share out of total income is reduced slightly to
29 percent in spite of the continued drop in non-interest income. The reason is that
interest income falls at an even greater pace because of the phasing out of the stock

of wealth during the old age.
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Figure 20  Non-interest household income

Figure 20 presents a closer look at the non-interest income, which is the sum of labor
income (including unemployment benefit), inheritance, lump-sum transfers, exoge-
nous age specific transfers and public pensions'. The division into these five categories

is what we see in the figure. Note that all the taxable terms is net of taxes.

First of all we notice that labor income is sovereignly the biggest contributor to non-
interest income until the age of 63-67, where the number of pensioners begins to
dominate and the income arising from pensions becomes the single most important

of the non-interest income categories.

We also note that the household is already receiving public pension at the age of 50,

which of course is due to the fact that women are married to a distribution of men,

!Since the labor supply of a worker is constant during the working period - see (6.21) at page 94
- and thereby also the degree of unemployment, the fluctuations in the unemployment benefit will
exactly match the ones of the labor income. Therefore these two income terms are pooled in the
following analysis.
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and at this stage the difference in age is "small” enough for some of the women to
be married to men retired from the labor market. On the other hand the amount of
labor income at the age of 63-67 is close to zero even though the average age is only 4
years above the pension age. At this level of course all the labor income has to come
from younger men since the women are all retired, but because of the pattern for
women to marry men, who on average are 3 years older, only a very small part of the
women in the respective age group is matched with working men. This corresponds

exactly to what we observed from figure 17.

The small fluctuations in the labor income during the first 20-30 years are (according
to figure 10 at page 52) caused by the difference in the number of men per woman
assigned to the household at different age levels. For instance the tiny rise in labor
income at the ages of 28-37 is due to the fact that the household actually consists of
more (working) people (men) as we saw in figure 17. The fall in the public pensions
along the last two 5-year periods is solely a result of death among the members of
the household.

Another point of the figure is the bell-shape of the inheritance that reaches its max-
imum at the age of 48-52. This is very reasonable since the most frequent ages for
a mother to give birth are 28 and 29 years (according to figure 5 at page 46). This
again means that her children will be 49-50 years old when she becomes 78 years
old and the bequest is being paid out. Furthermore the distribution of mothers’ age
when giving birth has a similar bell-shape, which obviously is what is reflected in the
pattern of the inheritance. However note how the average difference in age of about
3 years for a couple shows as a little left skewness in the curve for inheritance. When
the men reach the most frequent age of receiving inheritance, namely 49-50 years as
explained above, they will on average be married to women at the age of 46-47 years

and this gives rise to the moderately different shape of the curve.

The last two components of the non-interest income are transfers. First, look at the
lump-sum transfers, which are slightly decreasing in absolute value. This is simply
because of the reduction in the household size since the lump-sum transfer per adult is
not age dependent and remains constant in stationary state. Therefore the reduction
speeds up in the last periods, where death intensity increases. Second, consider age
specific transfers. Contrary to labor income, lump sum transfers and public pensions,
these develops positively in the first 2 periods and are even doubled during this

time. The rise is of course related to further educations and expenses associated with
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newborns, such as the costs of maternity leave, day care etc. Subsequently the age
specific transfers gradually fall to a very low level at the retirement age. Note that
these transfers are exogenous and rely on the data from the joint work of the Danish

Ministry of Finance and EPRU - see Jacobsen et al. (1997).

In the next graph the percentage that each of the non-interest income terms con-

tributes to the total non-interest income is shown, so that the five terms sum up to

100 percent.
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Figure 21 Relative composition of non-interest income

Again we see that labor income is the main income source during most of the house-
hold’s time horizon and until the age of 53-57 accounts for between 70 and 89 percent
of the non-interest income alone. Perhaps a bit surprising, the labor income still ac-
counts for 53 percent at the age of 58-62 compared to a share of 31 percent arising
from public pensions, in spite of the fact that the household at this stage to a larger
extent consists of pensioners than of workers (remember that even though close to
60 percent of the women in this category will be workers, only about 35 percent of
the men are working since they on average are 3 years older than their partner). The
explanation is simply that the public pension net of taxes (per pensioner) is only
59 percent of the disposable wage and thereby also significantly lower than the un-

employment benefit, which net of taxes corresponds to 77 percent of the disposable

wage.
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In period 9 and 10 (ages between 58 and 67) the labor income share falls drastically
while the opposite picture holds for the public pensions. Thus, the last 15 years of the
household’s existence, pensions contribute by close to 80 percent of the non-interest

mcome.

Now turning to lump sum transfers, we see that the share of non-interest income -
arising from these - is constantly around 7-8 percent for the first 40 years. Then a
strong increase sets in, and at the age of 63-67 lump sum transfers are doubled in
relative size. This is not a token for a rise in the amount of lump-sum transfers (they
are actually falling as mentioned earlier), but just a result of the huge drop in non-
interest income in this age interval. The new level of 14 percent remains unchanged

for the last three periods.

The age specific transfers are at their maximum level at ages between 23 and 42 and
are in this period responsible for 5 to 7 percent of the non-interest income. Then it
drops gradually to a level of only 2 percent when the household is in it’s fifties. In
the end there is a new increase however, and the transfers’s share reach 6 percent in

the last period - again the rise is due to the general fall in non-interest income.

Finally, when looking at the share of income that stems from inheritance we see a
pattern similar to the analysis in absolute terms. The contribution of inheritance is
first and foremost important at ages between 38 to 57 and reaches its top level of one
fifth at the age 48-52. This is a quite considerable share and shows the importance of

inheritance in the income formation.

This ends the description of the total household income and we now turn to measure

the different income terms relative to the number of adults belonging to the household.

6.3.3 Income per adult

In this subsection we eliminate the effect on income owing to bereavement by looking

directly on income per adult. This is pictured in figure 22

First of all we see a pattern very similar to the corresponding figure for the household
as a whole (figure 18). The biggest difference is in the (relative) size of the fluctuations,
which here are somewhat bigger in the rising phase till the age of 48-52, and much
smaller henceforth, where the income is reduced. The fall in the total income is thus

only 40 percent here, compared to the drop of two thirds, when the total household
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Figure 22 Total income per adult

income was considered.

We also note that the non-interest income is at the same level for the last three 5-
year periods contrary to the continued decrease at the household level at this stage.
Finally the interest income doesn’t fall at the age of 63-67, even though savings are
negative in the preceding 5-year period (as we shall see later on). This is off course
because the smaller asset holdings are spread out on a lower number of adults such

that assets per adult and thereby interests per adult are unchanged.

To get a more nuanced picture of the income formation, the non-interest income is

split up into its main components as it was done earlier too

Figure 23 shows that labor income per adult is constant for the first 30 years. The
reason is simply that all workers are paid the same - since there is no seniority fee and
all supply the same amount of work - and the share of men who are pensioners up till
this point is approximately zero (also remember that all the women are working). The
following years labor income starts to decrease. Slowly at first and then very quickly
as a larger and larger part of the adults becomes pensioners. This on the other hand
gives rise to the observed increase in the average pension income per adult. Here
we see a stabilization for the last 15 years, where the share of workers is the one to
approximate zero. Also note, that the level for the pension is much lower than for

the labor income as described earlier. Actually it constitutes only 55 percent of the
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Figure 23  Non-interest income per adult

amount of labor income (including unemployment benefit).

The lump-sum transfers are constant for the whole life cycle since they are imposed
directly on each adult and do not differ among individuals. Both the patterns for
transfers and inheritance respectively follow the picture drawn earlier, and will not

be stated again.

6.3.4 Household consumption and saving

We now look directly on the life cycle behavior for the household as illustrated by
figure 24

The income curve is already explained and therefore we go on to describe the house-
hold consumption. For the first 20 years consumption increases steadily (along with
the household size) and doubles in value during this period. In the next period, con-
sumption manages to keep its level in spite of the considerable drop in the household
size. The rest of the planning horizon is characterized by a moderate and almost lin-
ear reduction in consumption except for the last period , where the particularly big

drop in household size takes place.

Note that savings, by definition, are determined as the difference between income

and consumption. The savings are accumulated and are the cause for the constantly
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Figure 24  Life cycle household behavior (total)

growing amount of asset holdings up till the age of 53-57. At this point they have
reached a level of 6-7 times the maximum yearly income level, but then a drastic fall

follows.

The fall occurs because consumption starts to exceed the income and has to be
financed by a cut in the asset holdings, which also appears in the figure as the negative
savings in these periods. At the end of the last period the asset holdings are reduced
by two thirds in comparison to its maximum level. The remaining assets at the age

of 77 is the amount of bequest allocated to the heirs of the household.

When taking a closer look at the savings profile we observe that the household saves
a lot during the first two periods (around 40 percent of their income), and then over
the next 15 years savings drops to only 6 percent of the income (or 18 percent of
the initial savings). This is of course associated with the costs of child rearing. At
first the household is saving to meet the foreseen extra costs of having children and
when the number of children later on are at its height savings are reduced, but even
during this period, net savings are still positive. This however, is due to the big inter-
est income stemming from the accummulated assets holdings, since the non-interest
income alone at this point is not enough to finance the consumption. As the number
of children begin to fall savings are increasing again for a while, and actually rise 10

percentage-points up till the age of 48-52.
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6.3.5 Consumption and saving per adult-equivalent

Since the household seeks to maximize consumption per adult-equivalent it is natural
to look at the life cycle behavior in terms of per adult-equivalent as illustrated in
figure 25
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Figure 25 Life cycle behavior (per adult-equivalent)

The income curve has two tops now - in the first two periods and in period 7 and
8. Because only adults receive income the children only contributes to reduce the
income per adult-equivalent. The effect from this is of course most evident when the
household is in its thirties (where the number of children is highest). For the last
15-20 years the curve is practically identical to the one drawn per adult (see figure

22), since the number of children in this end of the scale is negligible.

The consumption pattern is also quite different from the pattern for the household
as a whole. Consumption per adult-equivalent follows an approximately constant
growth rate all the way through and at the end reaches a level 2.8 times the initial
level (just above 200,000 Dkr.). This is the Keynes Ramsey rule in effect (cf. equation
(4.37) at page 70 - in a stationary state version). It says in the stationary state that
consumption corrected for disutility of work will grow at a constant rate provided

that the interest rate after tax exceeds the pure rate of time preference and fall if
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the opposite is the case. In this calibration the former situation is the relevant one.
Since the real value of the disutility from work is extremely low relative to that of
consumption (due to a low elasticity of labor supply with respect to real reward, )2,

the growth rates of C' and ) from generation to generation is almost identical.

With respect to savings the pattern with the two humps - as we saw in figure 24 in
the last sub section - is still present although the relative fluctuation has increased.
The reasoning of the saving decision is as before mentioned, that the household takes
into account the number of children they are going to have, and save a lot during the
first years to be able to cover the foreseen expenses. When the children eventually
leave home, additional room for savings is made, and the savings increase until the
income begins to drop dramatically as the household retires from the labor market.

From age 58-62 and onwards savings per adult-equivalent have become negative.

When comparing the curve for the asset holdings with the corresponding one for the
household as a whole we note some differences in the shape. First, the maximum level
is dislocated to the following period (58-62) and the subsequent fall is not nearly as
powerful as the first case indicates. The dislocation occurs since the fall in the total
savings is surpassed by the reduction in the number of adult-equivalents. This makes
it possible for the remaining individuals to have negative net savings per individual
and still end up with bigger asset holdings (because of the take over from the people
leaving the household). The less steep fall in the end is very much on the same
grounds. Because of the reduction in number of adult-equivalents the total household
asset holdings are spread out over fewer individuals and asset holdings measured per
adult-equivalent wont have to decline as much. Second, the curve is much flatter when

the household is in its thirties. This is due to the rise in the number of children.

This concludes the description of life cycle behavior in the stationary state.

2The disutility of work is equal for all workers in the stationary state (since they all sup-

ply the same amount of labor) and is - from (4.22) and (4.26) at page 67 - given by f({) =
_pw _[p_7? ’7+1

ﬂ_l 1 Ww-r (V:)l]P o) . Now letting v go to zero, the limit of f(¢) is seen to be zero

and the disutility will vanish from the expression. But even for small values of v, v+ 1 can be

_mw _[p_7?b
approximated by 1 and f(¢) reduces to W[W T (Wil [p-T (b)}, which will be quite small for a low

value of vy (compared to the real value of consumption).




Chapter 7
CALIBRATION

Calibration is the process where numerical values are assigned to the parameters of
the model.

Single country static CGE-models are calibrated to a data set for a specific country
in a specific year. This is typically done by constructing a Social Accounting Matrix,
which matches the markets and the budget constraints of the agents in the theoreti-
cal model. The well-known problem that data for investments, savings, and interest
payments have to be fitted into a theoretical model, where such variables are not
defined, has to be dealt with by manipulating either the data set or the behavioral
relations of the model. One way of dealing with the problem, is to assume that the
static equilibrium is in fact a stationary (or a steady) state of an underlying dynamic

model.!

The major difference between dynamic models such as the present and static models
is that in the dynamic model it is not possible to abstract from the accumulation
process of physical capital and the intertemporal budget constraints of households.
The analogy that comes closest to calibration of a static model is calibration of the
stationary state of the dynamic model. However, the demands from the increased
consistency requirements of the stationary state of a dynamic model lead to the
problem that no base year satisfies all (if any) of the formal conditions for being a

stationary state.

The solution applied to this problem is simple: Manipulate the actual data for the
base year (the base year data set) so that the result (which we name the benchmark
data set) satisfies the formal conditions for a stationary state and then calibrate
the parameters on this benchmark data set by the usual procedure of inverting the

relevant model equations. The benchmark data set might heroically be interpreted as

IPetersen (1997) gives an introduction to the calibration of static CGE models.
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depicting the stationary state which would have prevailed in the base year, ”if the

base year were a steady state”.

For the present dynamic theoretical model a unique non-trivial stationary state ex-
ists, if the population is stationary, as shown in chapter 6. Accordingly, one of the
necessary manipulations consists of assuming a stationary population. The remaining
manipulations are about resetting a flow variable (e.g. net investments) such that the
corresponding stock variable (e.g. the capital stock) does not change. Finally, figures
have to be imputed for some variables for which actual data do not exist or deviate

too much from the theoretical concept.

Section 7.1 gives a short overview of all the steps involved in the entire calibration
procedure. Section 7.2 briefly describes the base year data set utilized. The quantita-
tive outcome of the calibration is listed in section 7.3. The remaining sections explain

how this outcome is achieved.

As stated in section 7.1, there are several steps involved in the entire calibration pro-
cedure. To clarify the methodology, section 7.4 first goes through the details of the
simplest part of the calibration procedure, namely the calibration of the parameters
of the simple static equations relying on the base year data, by examining an illus-
trative example: The calibration of the export demand functions. The methodology

is analogous to the calibration of static models.

Section 7.5 documents how (some of) the data are manipulated such that the resulting
data set - which is named the benchmark data set - formally satisfies the requirement
of a data set depicting a stationary state economy. Section 7.6 deals with the cali-
bration of the remaining parameters on the benchmark data set. Finally, section 7.8

briefly outlines how the computer version of the model is solved.

7.1 A brief overview of the entire calibration procedure

The calibration procedure involves the following 4 steps:

1. Choosing a base year and collecting the base data set.

1995 is chosen as a base year. The core of the base data set is an input output table

for the base year, but other statistics are utilized as well.

3. Constructing the benchmark data set from the base data set.
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Inspecting the base year data reveals that there are several formal obstacles to re-
garding the base data set as generated by a stationary state economy. The base year
data set is therefore manipulated so that the resulting data set - which is called the
benchmark data set - satisfy the formal conditions for representing a stationary state
solution to the model.2 Most of these data manipulations are about altering the size of
a flow variable (e.g. net investments by manipulating the physical depreciation rate)
such that the corresponding stock variable (e.g. the capital stock) does not change
during the benchmark year as required in stationary state, but also a synthetic sta-
tionary state population is compiled. Finally, data for some model variables - which
either can not be observed or only can be measured with too little reliability - are

imputed on model consistent assumptions.

3. Calculate the models parameters so that model’s stationary state solution reproduces

the benchmark data set exvactly.

The parameters are calculated by inverting the models equations, i.e. by fixing the
variables at their benchmark values and then solve the equations for the unknown pa-
rameters. With some exceptions (the intertemporal parameters in the utility function
of households) this is done for one equation at the time. The procedure leaves some
degrees of freedom as the model contains more parameters than non-identity equa-
tions. This leaves room for fixing in advance parameters on which there exists good
prior information as for example behavioral/technical parameters such as elasticities
of substitution, while more trivial parameters such as CES distribution parameters
are calculated by solving the inverted equations. However the destinction between

these two categories of parameters is not perfectly clear cut.

4. If desirable: Constructing the benchmark data set II from the benchmark data set.

This is done by reversing some of the former data manipulations if possible and
desirable, using the model to calculate the new data set. For example the physical
rate of depreciation in the model can be shocked back to its unmanipulated level and

the resulting model solution can be regarded as the final benchmark data set II.

The calibrated model should be thought of as a parametrized theoretical model and

the simulations as a way of exploring the model properties in a situation where the

2As point 4 below reveals, this benchmark data set should properly be named the benchmark
data set 1. For convenience it is however just referred to as the benchmark data set.



120 CALIBRATION

proportions of the model resembles those of the Danish economy. However, the present
calibrated version should not be regarded as an empirical model of the actual Danish
economy. For example, the population is assumed to be stationary. Comparing the

figures 7?7 and 77 (page 77) reveals that this is "rather far” from being the case.

7.2 The base year data set

In this version, 1995 is chosen as the base year. The actual base year data set is
documented in details in appendix E. In this section a brief overview suffices. The

actual data utilized are mainly national accounts data:®

1. Input output data.

A standard input output table in current prices is compiled for the base year.

2. Data for the capital stock.

The capital stock is defined as the so-called net capital stock of the national accounts.
The net capital stock is the physical capital stock valued in depreciated replacement
prices which take account of the remaining lifetime of each capital good. The private
sector capital stock includes the capital stock of the whole private sector inclusive

dwellings.

3. Data for the public sector budget and net debt.

The public sector is defined as the state (including the Social Pension Fund and
the Central Bank) and local governments i.e. excluding the public funds (consisting
mainly of ATP, AUD, LD and LG) which primarily administrate forced private pen-
sion schemes. These funds are classified as part of the public sector in the national
accounts because their revenue is generated from tax-like arrangements. In the model,
they are categorized as part of the private sector because the assumptions of perfect
foresight and perfect capital markets make the forced private pension-savings of these

funds easy to compensate for by voluntary savings/loans of the private agents.

4. Data for the current account and the net foreign assets.

3They are based on the old version of the national account. In October 1997, Statistics Denmark
published a new national account based on the ENS95 standard. This will of course be utilized in
the future calibration of DREAM. At present the new version of the national account is not yet
complete and therefore the old version is utilized instead.
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The current account and the net foreign assets are defined for the whole Kingdom
of Denmark including the Faroe Islands and Greenland as opposed to the national

account concepts.

All amounts are measured in billions of Dkr. The population is measured in thou-
sands, i.e. per capita figures are measured in millions of Dkr. We apply the Harberger
convention of measuring quantities such that the net prices of all goods are equal to
one in the base year data set.* The import price including custom and import duties
measured in Dkr., which is the standard numeraire of the model, is accordingly put
equal to one. Also the wage costs inclusive the payroll tax, Wy, (1 +t{ ), is put equal

to one.

7.3 Results

The model is solved for 5 year periods to reduce the computational burden. This
implies that flows are 5 time larger than for an annual frequency, while stocks are
unchanged. Moving from an annual to a 5 year frequency, we however adopt the
convention of keeping flows unchanged, and correspondingly dividing stocks by 5 to
keep the relation between stocks and flows correct. Also, interest rates, discount rates
etc. should be modified when moving from an annual to a 5 year frequency. This is
done by multiplying by 5. This practice implicitly assumes that for example interests

are only calculated once during the period, namely ultimo the period.

As it will be demonstrated in the next sections, the model contains enough parameters
to leave room for fixing some of them freely in advance. They are displayed in table
7.1.° Tt is attempted to fix those parameters a priori which are especially important
for the marginal properties of the model and for which some empirical knowledge
exists. The table indicates whether and how a parameter should be modified when

the frequency changes.

4The net price of a good is defined as the market price minus excise taxes and plus subsidies.
>The table excludes data for the population documented in details in chapter 3 and data for age
dependent transfers distributed at age and gender documented in appendix E.



122 CALIBRATION

Parameter Sector Description Vaue
PHIB Unemployment benefits indexation 0.680
TWS Average wage tax rate paid by the households 0.427
TLS Labor market contribution tax rate 0.060
TUBS Average tax rate on unemployment benefits 0.306
TTRANSPS Tax rate on pensions 0.231
TDS Tax rate on dividend income 0.349
TRS Tax rate on interest income 0.477
TGS Tax rate on capital gains 0.241
TCS Corporate tax rate 0.340
TWAS Wage tax rate paid by the employer 0.000
DTS Tax rate on dividend income 0.719

2. Behavioral and technical parameters

Parameter Sector Description Value
N Rate of growth 0.000
IRS Interest rate 0.250
THETA Time preference 0.013
ALASTSHARE Last period assets (bequest) as a share of all assets 0.040
GAMMA Elasticity of labour supply 0.100
SIGMA_C Elasticity of substitution (P-G) in consumer CES alocation 1.100
SIGMA_CP Elasticity of substitution (PD-PF)in consumer CES allocation 1.500
SIGMA_Y PRI-P Elasticity of substitution (M(K-L)) 0.250
SIGMA_Y GOvV-P Elasticity of substitution (M(K-L)) 0.250
SIGMA_YH PRI-P Elasticity of substitution (K-L) 0.600
SIGMA_YH GOV-P Elasticity of substitution (K-L) 0.600
SIGMA_YM PRI-P Elasticity of substitution (MP-MG) 0.100
SIGMA_YM GOV-P Elasticity of substitution (MP-MG) 0.100
SIGMA_YMP PRI-P Elasticity of substitution (MPD-MPF) 1.200
SIGMA_YMP GOV-P Elasticity of substitution (MPD-MPF) 1.100
SIGMA_| PRI-P Elasticity of substitution (I1D-IFO) 1.500
SIGMA_I GOvV-P Elasticity of substitution (ID-1FO) 1.300
EPSILON PRI-P Export demand elasticity -1.400
EPSILON GOV-P Export demand elasticity -1.400
D PRI-P Physical rate of depreciation of K 0.290
D GOvV-P Physical rate of depreciation of K 0.187
DsSK PRI-P Corporate debt share of the repl.value of K 0.600
PSI Convexity of adjustment costsin prod. func. 2.000

Table 7.1. Parameters calculated a priori

The elasticities of substitution in the production function are taken from the Dan-
ish static CGE-model GESMEC, where the choice is based on a survey of Danish
and international empirical studies, cf. Frandsen, Hansen & Trier (1995) with the
exception of the elasticity of substitution between privately and governmentally pro-
duced materials, on which there exists scarce evidence. It is assumed to take the very
moderate value of 0.1. The foreign trade elasticities are taken from the empirical esti-
mates of the Danish macroeconometric models ADAM, cf. Dam (1995), and SMEC,
cf. Det gkonomiske Rads Sekretariat (1994), converting the import price elasticities
of SMEC to the relevant elasticities of substitution of DREAM (9.33), cf. appendix

E. The implicit aggregate own price elasticity of imports is equal to -1.0.

The labor supply elasticity is taken from the estimate of Smith (1995). The instal-

lation costs parameter, ¢, is set equal to one which is convenient, because then the
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derivative of the installations costs with respect to either investments or the capital
stock then only depend on the investment-capital ratio, cf. (2.22) and (2.23). The rate
of time preference is fixed such that the asset profile of generations roughly mirrors

micro evidence.

The listed tax rates are not defined as macro tax rates (aggregate revenue divided
by aggregate base). Instead we aim at measuring their incentive impacts relevant in
the optimization problems of the households and firms. Applying these parameter
values may therefore deliver tax revenues deviating from the base year revenues.
This has implications for the lump sum transfers which are calculated residually to
balance the public budget, cf. section 7.5.1. The calculation of the tax rates and the

unemployment indexation parameter is documented in details in appendix E.

The remaining parameters are listed in table 7.2. They are calculated residually un-
der the restriction that the relevant equations apply, i.e. that they reproduce the

benchmark data set. The next sections describe the procedure.
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1. Policy parameters

Parameter Sector Description Value
IOTA1 Public consumption relative to nominal GDP at factor costs 0.294
KAPPA Public investments relative to nominal GDP at factor costs 0.024
TRANSPS_0 Average pension for each pensioner inclusive very olds persons 0.089
TVATS Value added tax rate 0.164
TCPS Excise quantity tax rate on consumption of the private good 0.071
TCGS Excise quantity tax rate on consumption of the governmental good 0.071
TIS PRI-P Tax rate on investment goods 0.071
TIS GOV-P Tax rate on investment goods 0.259
T™MS PRI-P Tax rate on material goods 0.013
T™MS GOV-P Tax rate on material goods 0.242
TXS PRI-P Tax (subsidy) rate on export goods -0.014
TXS GOV-P Tax (subsidy) rate on export goods -0.014
TARIFFS Tariff rate on foreign goods 0.007

2. Behavioral and technical parameters

Parameter Sector Description Value
NY Intertemporal elasticity of substitution 0.942
Xl Preference for leaving bequest 0.600
GAMMA1 Level of disutility of labour supply 1935430
LBAR Maximum labor supply from a generation 0.209
PHIP Public pensionsindexation 0.095
MY_CP Distribution factor in CES-aggregateof C ~ (Private) 0.959
MY_CG Distribution factor in CES-aggregate of C ~ (Governmental) 0.060
MY_CPD Distribution factor in CES-aggregate of CP (Domestic) 0.851
MY_CPF Distribution factor in CES-aggregate of CP (Foreign) 0.358
MY_YM PRI-P Distribution factor in (MH) CES prod.func.  (Materias) 0.045
MY_YM GOV-P Distribution factor in (MH) CES prod.func.  (Materias) 0.007
MY_YH PRI-P Distribution factor in (MH) CES prod.func.  (H-aggregate) 0.081
MY_YH GOV-P Distribution factor in (MH) CES prod.func.  (H-aggregate) 0.195
MY_YHK PRI-P Distribution factor in (KL) CES prod.func.  (Capital) 0.389
MY_YHK GOV-P Distribution factor in (KL) CES prod.func.  (Capital) 0.032
MY_YHL PRI-P Distribution factor in (KL) CES prod.func.  (Labor) 0.315
MY_YHL GOV-P Distribution factor in (KL) CES prod.func.  (Labor) 0.911
MY_YMP PRI-P Distribution factor in CES-aggregate of M (Private) 0.877
MY_YMP GOV-P Distribution factor in CES-aggregate of M (Private) 0.445
MY_YMG PRI-P Distribution factor in CES-aggregate of M (Governmental) 0.000
MY_YMG GOV-P Distribution factor in CES-aggregate of M (Governmental) 0.000
MY_YMPD PRI-P Distribution factor in CES-aggregate of MP  (Domestic) 0.790
MY_YMPD GOvV-P Distribution factor in CES-aggregate of MP  (Domestic) 0.883
MY_YMPF PRI-P Distribution factor in CES-aggregate of MP  (Foreign) 0.311
MY_YMPF GOV-P Distribution factor in CES-aggregate of MP  (Foreign) 0.154
MY_ID PRI-P Distribution factor in CES-aggregate of | (Domestic) 0.853
MY_ID GOV-P Distribution factor in CES-aggregate of | (Domestic) 0.927
MY_IF PRI-P Distribution factor in CES-aggregate of | (Foreign) 0.356
MY_IF GOV-P Distribution factor in CES-aggregate of | (Foreign) 0.162
CHI PRI-P Export demand level 305.003
CHI GOV-P Export demand level 0.212
PHI PRI-P Controls size of adjustment costsin prod. func. 1.138
PHI GOV-P Controls size of adjustment costsin prod. func. 0.000

Table 7.2. Parameters calculated residually

7.4 An example of the calibration method: calibration of the export de-

mand functions

In this section the method of calibration of the parameters on the base year data set
is illuminated by a thorough discussion of an example: the calibration of the export

demand functions. The calibration is performed under the requirement that the base
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year values of the endogenous variables of the model are exactly reproduced by the

calibrated equations.

The export demand functions (77?) are restated below as
X, =x'(1+6)p,) " i=PG (7.1)

where subindex t, denotes the benchmark year (t = t3).° The calibration of this
function is about assigning numbers to the variables (export demands, XZO, and export
prices, pio) and the parameters (the indirect export tax rates, tij( , the numerical price

elasticities, £, and the scale parameters, x*).

First, it should be noted that the indirect tax parameters also occurs in (5.35) which
for t =ty says
XT = )t v, Xiy (72)
i=P,G
where XT}, is the benchmark revenue of export taxes net of subsidies. Accordingly,

calibration of (7.1) presupposes that (7.2) has been calibrated beforehand.

Therefore the calibration of (7.2) will be discussed first. The values of the variables
in question in the base year data set can be read directly from the base year input
output table.” First, according to the Harberger convention the units of measurement
are defined such that all net prices (market prices net of excise taxes and subsidies) are
equal to one in the base year data set, i.e. péo =1, ¢ = P,G. This is very convenient,
because it implies that exports at net prices in value terms are equal to exports in
quantity terms. Therefore the quantity of exports in the base year data set can be
read directly from the input output table as the deliveries from domestic production
to exports, i.e. th; = 311.187 billion Dkr. and th = (0.216 billion Dkr. measured in
base year net prices. The revenue of excise taxes minus subsidies concerning exports
can also be read directly from the export column as the delivery from net commodity
taxes to exports, i.e. XT3, = —4.433 billion Dkr. The negative sign shows that it is a
subsidy in net terms. For simplicity it is assumed that the export tax rates are equal

for both exports items, i.e. L% = t&¥.

The requirement that the calibrated version of (7.2) should exactly reproduce the base

year export tax revenue imposes one restriction (namely the equation (7.2) itself) on

6In this section, the benchmark data coincides with the base year data.
"The standard input output table is displayed as table 1 of appendix E. An expanded version
including installations costs - which do not affect the export column - is shown as table 7.5 below.
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the calibrated parameters of the equation. Since there is virtually only one parameter,

PX _ 4GX
thX =1

&, it is therefore determined by this restriction as

= = — = = —0.014236
Zi:RGpiOXZO Zz’:P,G X;, 311.187+0.216

(PX _4GX _ XT, XT,, —4.433
to  — Utg

as can also be seen in table 7.2. In this instance, there are no degrees of freedom in

the calibration of the parameter.

We now turn back to (7.1). Consider the equation for private sector exports (i = P).
The requirement that the calibrated version of (7.1) for ¢ = P should exactly repro-
duce the level of private exports in the base year data set, imposes one restriction on
the calibrated parameters (namely the equation (7.1) for ¢ = P itself). Two parame-
ters, e” and x*', remains to be calibrated, but there is only one restriction (7.1) for
1 = P, i.e. there is one degree of freedom. In this instance it is obvious that the degree
of freedom should be utilized to fix the numerical export price elasticity, ¥, since it
is a parameter of great importance to the marginal properties of the model and it
is also empirically well investigated. In contrast, the scale parameter, x*, is a much
more "trivial” parameter whose function is to make things fit together (i.e. hit the
actual level of exports) and having smaller consequences for the marginal properties
of the model. We choose to set e’ = 1.4, cf. table 7.1, because this is the long run
estimate for total exports in the two Danish macroeconometric models ADAM, cf.
Dam (1995), and SMEC, cf. Det gkonomiske Rads Sekretariat (1994), although it

seems to be a rather small value for a small open economy.®

Given e’ = 1.4, the scale parameter, x', can be calculated residually by solving (7.1)

for x*
X" = X ((147X) pE)™ = 311187+ ((1 — 0.014236) - 1) = 305.003

cf. table 7.2. Inserting the calibrated variables and parameters at the right hand
side of (7.1) assures that the equation exactly reproduces the calibrated value of the
left hand side variable as required. Of course, the export demand function of the

governmental output is calibrated similarly.

Comparing this calibration procedure with that of the traditions of macroeconometric
models like ADAM and SMEC, two differences show up.

8To be exact, it is equal to -1.5 in SMEC.
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First, the ”free” parameter, e, can be fixed with reference to all kinds of empirical
studies, whereas the traditional approach of macroeconometric modellers is to esti-
mate all the parameters of (7.1) on the historical time series of the variables X} and
pti. The value of the ”free” parameter(s) can for example be chosen from studies using
other data as for instance very disaggregated time series data, cross section data or

panel data.

Second, assuming that the "free” parameter, £, is in fact fixed at the level estimated
on the historical time series of the variables of the equation: The ”trivial” parameter,

xF, is calculated residually such that the base year value of the endogenous variable,

XP

4 1s exactly reproduced. In estimated equations of a macroeconometric model this

will only occur if the stochastic regression residual is equal to zero for that year. The
calibrated model therefore transfers a non-zero base year residual to the ”trivial”

parameter.

However, it should be noted that these differences is only a matter of traditions and
not clear-cut, as macroeconometric modellers might of course also rely on the calibra-
tion procedure of CGE modellers for some equations (and in fact have occasionally
done s0), and CGE modellers might incorporate base year regression residuals as ad-

ditive terms in their estimated equations (as it is in fact done in some CGE-models).

7.5 The benchmark data set

The calibration example of the preceeding section was based directly on the base year
data set. However, as already mentioned, as we calibrate the stationary state solution
of the model it is required that the chosen data set can be interpreted as depicting the
stationary state of a model economy. There are several formal obstacles for regarding
the base year data as mapping a stationary state. In addition, some variables has to

be calculated on model consistent assumptions.

Table 7.3 and 7.4 lists all the variables of the model. Table 7.3 displays the variables
which values are known from various sources, whereas table 7.4 displays the variables
which values are calculated given the values of the know variables of table 7.3 and -

if necessary - of the values of other calculated variables of table 7.4.

The sources of the known variables are indicated in the three parts of table 7.3. First,

the values of some variables are measured directly by the external data described in
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appendix E. The amounts are measured in billions of Dkr. in the external data, i.e.
the quantities are obtained by the price normalizations indicated in table 7.3, fixing
some prices to 1 implying that the corresponding amounts in current prices and the
quantities are equal. Finally, for some variables there is only one value consistent with
stationary state. They are therefore fixed at those levels, even though it contradicts

the actual data.

The values of the variables of table 7.4 are calculated on model consistent assumptions
by using the model equations under the condition that a stationary state prevails.
Most of these variables are calculated on a single equation basis. However, the values
of the variables concerning the distribution of households’ assets and consumption
over generations are also the outcome of the calibration of the parameters of the
households’ intertemporal utility function which is done by solving several equations

at the time.

The next four subsections deal with the more difficult parts of the construction of the

benchmark data set. These are

e removing the formal obstacles for regarding the base data set as generated by

a stationary economy

e compiling numbers for unobserved stock variables based on model-consistent

assumptions.

e compiling numbers for unobserved installation costs based on model-consistent

assumptions.

e performing joint calibration of the households’ intertemporal parameters and
calculation of the generational distribution of households’ consumption and

asset holdings.
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1. Variables covered by actual data

C(TA)
CATG(TA)
FA(TA)

GA(TA)

GC(TA)

GDP(TA)
H(ACTP,TA)
I(ACTP,TA)
ID(ACTP,TA)
IFO(ACTP,TA)
LD(ACTP,TA)
MP(ACTP,TA)
MG(ACTP,TA)
MPD(ACTP,TA)
MPF(ACTP,TA)
M(ACTP,TA)
TB(TA)
TRANSF(A,TA)
TRANSFT(A,TA)
TRANSM(AM,TA)
TRANSMT(AM,TA)
TRANSP(TA)
UB(TA)
X(ACTP,TA)
Y(ACTP,TA)

Total private consumption

Net transfers from foreigners to the public sector
Foreign assets

Government debt

Government consumption

Aggregate GDP at factor costs

KL CES aggregate

Gross investment (CES Armington index)
Domestic inputs to gross investments

Foreign inputs to gross investments

Demand for labor

Input of private materials

Input of governmental materials

Input of private domestic materials

Input of private foreign materials

Input of materials (CES Armington index)
Trade balance

Age dependent public transfers to each female
Age dependent public transfers to each female - taxed
Age dependent public transfers to each male
Age dependent public transfers to each male - taxed
Public pensions to each pensioner
Unemployment benefits rate

Exports

Net output (gross output minus installation costs)

T . . . a
2. Normalized price variables

PF(TA)
PH(ACTP,TA)
PY(ACTP,TA)

3. Manivulated variables”
CA(TA)
GB(TA)

Notes:

Foreign price
KL CES priceindex
Net output CES price index

Current account
Government budget balance

a The unit wage costs. (1+za)W. are a'so normalized to 1.

b) Net investments are only implicitly defined in the model. They are
manipulated to their stationary value (zero) via the depreciation rate.
The population figures, which are parameters, are also manipulated
to stationary levels.

Table 7.3. Known variables
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1. Variables calculated on a single equation basis

A(TA)

CAT(TA)
CO(TA)
COG(TA)
COP(TA)
COPD(TA)
COPF(TA)
DIV(ACTPP,TA)
DF(ACTPP,TA)
HLUMP(TA)
HY(ATA)
HYF(A,TA)
HYM(A,TA)
K(ACTPTA)
KB(ACTPP,TA)
LF(A,TA)
LM(AM,TA)
MPK(ACTP,TA)
PC(TA)
PCP(TA)
PI(ACTP,TA)
PM(ACTP,TA)
PMG(ACTP,TA)
PMP(ACTP,TA)
Q(ACTPPTA)
QB(ACTPPTA)
TAX(TA)
V(ACTPPTA)
W(TA)
YTILDE(ACTP,TA)

Total household assets

Net transfers from foreigners to each adult

Private consumption per very old person (CES Armington index)
Consumption of the governmental good per very old person
Consumption of the private good per very old person
Consumption of the dom. supp. private good per very old person
Consumption of the foreign supp. private good per very old person
Dividend from firm

Debt of firm

Lump sum transfer from government to each adult

Household non-interest income per adult

Household non-interest female income per adult

Household non-interest male income per adult

Capital stock®

Book value of capital stock

Supply of female labour

Supply of male labour

Marginal product of capital

Consumer CES price index

Consumer CES price index for private good
Gross investments CES price index
Materials CES price index

Governmental materials CES price index
Private materials CES price index

Shadow price of the marginal unit of capital
Shadow price of the marainal unit of book capital
Tax revenue

Vaue of firm

Wage for one unit of labour

Gross output

2. Variables calculated by the multi-equation intertemporal calibration

ASSET(A,TA)
C(ATA)
CG(A,TA)
CL(ATA)
CP(A,TA)
CPD(A,TA)
CPF(A,TA)

Note:

Households assets per adult-equivalent

Household consumption per adult-equivalent (CES Armington index)

Household consumption of the governmental good per adult-equivalent
Instantaneous utility per adult-equivalent

Household consumption of the private good per adult-equivalent

Household consumption of the dom. supplied private good per adult-equivaent
Household consumption of the foreign supplied private good per adult-equivalent

a Thevalue of the canital stock valuated at replacement prices. »” K’ i=P.G.
is covered by actual data. The physical capital stock K isthen inferred
after the investment price. »” . is calculated.

Table 7.4. Calculated variables

7.5.1  Remouving formal obstacles for calibration of stationary state

Inspecting the base year data set, it is seen that four formal obstacles for regarding

the base year as a stationary state apply. The first concerns the changing population,

while the last three concern a non-zero flow variable causing the corresponding stock

variable to change contradicting the stationarity requirements.

1. The size and composition of the population at age and gender are changing
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The fact that the population is not constant obviously prevents a stationary state
from occuring. The actual base year population figures are therefore replaced with the
stationary state population which emerges from extrapolating the number of births
until the size and composition of the population settles, and the age profile reflects
mortality. The extrapolated number of births is fixed at the level which results in a
stationary state population at the same size as the base year population, but of course
the composition of the population differs. The methodology is described in details in

chapter 3.

2. There are non-zero net investments

The implication of non-zero net investments is that the capital stock changes during
the base year counteracting a stationary state. One way to solve this problem is to
define the physical rate of depreciation such that all base year gross investments con-
sist of reinvestments (depreciations) leaving net investments equal to zero. This track
is followed here, because it results in an estimate of the depreciation rate at 0.058
for the private sector being rather close to actual ratio of national accounts reinvest-
ments to the capital stock at 0.053 in 1995. However, for the governmental sector the
corresponding figures are 0.037 and 0.019 respectively. Of course, the usefulness of

this method depends on actual net investments being small.’

Formally, from the physical capital accumulation identity (2.6) and the stationary
state condition of a constant physical capital stock, K; = K; 1, we obtain the physical

rate of depreciation of the capital stock, 6, as

IGSE
5= 2 (7.3)

where subindex base refers to actual base year figures (¢ = base). This implies that

benchmark gross investments exactly equalize the actual base year figures as intended

‘[to — 6Kt0 - [base (74)

where K;, = Kpase (measured at the end of the base year). As usual, subindex ¢,

9Tf this is not the case, it could alternatively be preferred to change the level of (gross) investments
such that it coincides with the depreciation rate times the capital stock leaving net investments equal
to zero. However changing the level of investments is more complicated as it changes several numbers
of the input output table. In the creating the benchmark data set II, the manipulations of the rate
of depreciations can be redone
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refers to the benchmark figures (¢ = t;) which are now allowed to deviate from the

base year figures if necessary.

3. There is a public sector deficit

The public deficit implies that the size of the net public debt changes during the base
year in conflict with the stationary state requirements. This is dealt with by simply
defining a (negative) net lump sum transfer from the public sector to the households

which balances the public budget.

The benchmark sum of lump sum transfers from the government to the households,
T;,, is therefore defined by directly applying the government budget constraint (5.20).
This assigns that value to T;, which corresponds to the ordinary budget surplus.
Using (5.14) defining the relation between individual and aggregate public lump sum
transfers, the benchmark public lump sum transfer to each adult is simply obtained

as the average amount per adult

T,

7 AF
=18 Nb,to

Tty = (75)
This definition of public lump sum transfers to households has implications for the
benchmark figures for aggregate household income. This is automatically dealt with
because aggregate household income is defined in the benchmark data set by applying
the models definition, cf. table 7.4.

This definition of benchmark lump sum transfers as a balancing item is also utilized
to correct for some entries of the public account not being accurately represented.
This is further described in appendix E which gives a complete representation of the

public account in the model.

4. There is a current account surplus

The current account surplus leads to an increase in the stock of net foreign assets
during the base year contradicting the requirement of stationarity. Again, the remedy

is to define a suitable lump sum transfer which balances the current account.

The net transfer to each household from abroad, ng , is defined such that the current
account surplus is zero. The identity (5.15) gives the relation between the current

account and the accumulation of net foreign assets. Noting that in stationary state
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the foreign debt is unchanged, i.e. F; = F; 1, (5.15) can be solved for the total lump
sum transfers to households from abroad, TW;,, which gives a zero current account

surplus

TWiy = —riF —TWGy, — > pl, (1+65) X}, (7.6)
i=P,G
1 . .
+——— O+ Y (M + 1) (7.7)
1+, i=P,G

The total lump sum transfers to households from abroad, T'W,,, consists of the sum of
the individual transfers, 7;", as defined in (5.13). Inverting this equation, the foreign

lump sum transfers to each adult, ng , 1s obtained as the average amount per adult

v TWi,
to 7 NAF
p=18 1 Vb,tg

Also, this definition of benchmark transfers from abroad has implications for the
benchmark figures for aggregate household income. Again, this is automatically dealt
with because aggregate household income is simply defined in the benchmark data

set by applying the models definition, cf. table 7.4.

This definition of benchmark lump sum transfers as a balancing item is also utilized
to correct for some entries of the current account not being accurately represented.
This is further described in appendix E which gives a complete representation of the

current account in the model.
7.5.2  Compiling numbers for unobserved stock variables

There are three stock variables in the model which are not covered by the base year
data set. They are all observable, but the existing economic statistics only supply par-
tial evidence not covering the model’s theoretical concepts adequately. An important

reason is that not all firms are organized as corporations as assumed in the model.

1. The debt of the representative firm.

The corporate debt rule (2.5) gives the relation between the stock of corporate debt,
By, and the value of the capital stock p{! K}

By, = gy, K, (7.8)
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From this the base year corporate debt can be calculated given an assumption about
the corporate debt share, g. As seen in table 7.1 the share is fixed to 60 per cent, cf.
appendix E.

2. The book value of the capital stock.

The benchmark book value of the capital stock, Kto, can be calculated using the book
capital accumulation identity (2.7) and the stationary state condition of a constant

book value of the capital stock, K, = Kt_l, as

A
K, =t (7.9)
8.,

3. The value of the representative firm.

In principle, the value of the representative firm corresponds to a stock market value
concept. However, far from all firms are organized as corporations making it difficult
to measure their market value directly. Anyway, the stationarity requirement imposes
a link between the flow of dividends and the value of the firms. We therefore start
by measuring benchmark dividends by applying the definition of dividends (2.4) im-
posing the stationary state conditions By = By ; and K, = K,_;. This leads to the

benchmark dividends

Dy = (1=1) (Ysy — iy Myg = (1+45,) Wiy Ly = 7 By,) - (7.10)
—pP Il 18 8, K,
This is inserted in the arbitrage condition (2.1) giving the relation between dividends

and the value of the firm. In addition the stationary state requirement V; = V;_; is

imposed, giving

_ Lt Dy

‘s
1 - tto rto

Vi, (7.11)

This procedure of measuring a stock from the corresponding flow in a given year may
be problematic, because the flows can vary much from year to year. It is however
preferred instead of imputing the value of firms inclusive the large number of non-

corporations from various incompatible sources.
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7.5.8  Compiling numbers for installation costs

Installation costs are not observable. They are therefore imputed by using the model,
l.e. by assuming that installation costs in the benchmark data set amounts to exactly
that value which is compatible with a stationary state. Installation costs are assumed

to be zero for the public sector.

The starting point is that the model gives a relationship between the size of the
capital stock, the gross surplus (the value of gross output minus the value of all
inputs except capital) and the marginal value product of capital. The idea is to
compare the model calculated gross surplus with the gross operating surplus (in
Danish ”bruttorestindkomsten”) as defined in the national accounts. The difference
is defined as the installation costs. From this the parameters in the installation cost

function are inferred.

The gross production function for the private sector Y, = F¥ (MF, K, LF) ex-

hibits constant returns to scale, i.e. Eulers theorem yields

P
FP(MP KE LD = SAZP (MF, K[ LY) ME +
OFF
557
P
gip (MtP7KtP 17LP) LP

Utilizing the first order conditions for the demand for labor (2.17) and the demand for

M K L) K+

materials (2.18) of the representative firm and the expression (6.9) for the marginal

product of capital in stationary state we obtain

VP — (M ME 4 (14 8) W)
ptoﬂ SS( )

for the benchmark values of the variables (indicated by subindex ¢(). The numerator

(7.12)

of (7?) defines what we termed as the gross surplus above. Using (2.8) which defines
the relation between the gross output, the installation costs and the net output, the

gross surplus can be written as
Yy — (o My + (L4 t5) Wey) = 0, + o0 @7 (L0, KG) - (7.13)

where Iy 4 , is equal to the gross operating surplus as defined in the national accounts

and ®F (I}, K[) as usual denotes the real installation costs.
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The stationary state capital stock consistent with the benchmark data is determined
by (7.12). If there were no installation costs, the numerator of (7.12) would be equal
to I Aty- The denominator is equal to the benchmark marginal value of capital.
Then (7.12) determines the benchmark capital stock, K. However, we already have
an observation of K from the national accounts. We then turn (7.12)-(7.13) around
and use the observation of K}, and Iy, and the calibrated value of 3755 (pP) to
determine (I, KY)).

Solving for (I, K}) and utilizing the calibration convention p{ = 1, the bench-
mark installation costs compatible with the benchmark (= base year) capital stock,

KP

#» and the benchmark (= base year) national account gross operating surplus,

I1% 4 4, are found as

or(1f

to?

P
Ki) =0 (") Ky — M ag, (7.14)

Inserting the expression for @7 given by (2.13) and applying the standard value ¢ = 1,

gives

P(It]g)Q Pgs, P\ g-P P
¢ —:ﬁ : (p )Kto _HNA,L‘O (715)

Taking into consideration the benchmark definition of 67, (??), ¢* is obtained as

P
I6; SS(pP)Kt]; - HﬁA,to

P __
O PRRE

The stationary state marginal product of capital, ﬂPS S(p"), is given by (6.9) which
shows that 3 °%(pF) depends on ¢”. Inserting this expression for 3 *%(p) and re-

ducing, we obtain (subindices t, are suppressed)

PP (p" 1) (1-t7) P (1—t")rte (67 —3) e
pP {r (g MDD (1- g)) +oo+ (1) (A—t)r+(1-19)8) | e

o" =
267 (51’ _ (“—”)r + 5P))

(=)

This gives the value of ¢ which - given ¢ = 1 - delivers the level of benchmark

installation costs consistent with the benchmark physical capital stock, the physical
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rate of depreciation (and therefore the benchmark level of (re)investments) and the

benchmark gross operating surplus.

In accouting terms, the installation costs are entered into the input output table as
both an additional primary input and as an intermediate demand, cf. the shaded
cells of table 7.5, which indicates how the base year input output table, cf. table
1 of appendix E, is expanded. This assures that the accounting identities continue
to apply. The private sector gross output at basic values is enhanced by installation
costs amounting to 44.633 billion Dkr. or 3.6 per cent of the original national accounts
level excluding installation costs and 30.7 per cent of total private gross investments.
The reader is recommended to confer appendix E for further comments on the input

output data.

Domestic production Consumption Grossinvestments Exports Inst. Sum
Private Public Private Public Private Public costs

1.a Domestic private production 437793 59986 312254 0 106769 14039 311187 44633 1286661
1.b. Domestic public production 7653 5798 18928 243905 0 0 216 0 276500
2.a. Imports of private production 143293 8804 85205 0 28756 1451 0 0 267509
2.b. Imports of public production 0 0 0 0 0 0 0 0 0
3.a Quantity commodity taxes 0 0 29500 0 0 0 0 0 29500
3.b. Ad valorem commodity taxes, net 7526 18081 73235 0 9630 4011 -4433 0 108050
4. Uses at market prices (1-3 596265 92669 519122 243905 145155 19501 306970 44632.74 1968219.7
5. Compensation of employees 341383 173776
6. Gross operating surplus 304380 10055
7. Ingtallation costs 44633 0
8. Gross output at basic values (4-7 1286661 276500

Table 7.5. The benchmark input output table with installation costs, mill. Dkr.

7.5.4  Joint calibration of the intertemporal utility function and compilation of some

household benchmark data

The intertemporal utility function contains the three parameters the rate of time
preference, 0, the intertemporal elasticity of substitution, S, and the bequest pa-
rameter, £. The calibration of these three parameters are performed under the two
additional restrictions that households in the aggregate display exactly the macro
level of households’ private consumption and possession of assets in the benchmark
data set. These two additional constraints determine two of the three parameters.

The remaining parameter must be fixed in advance.

Formally, the calibration is the solution to the following equations: the budget con-
straint, (4.15), the Keynes Ramsey rule, (4.37), the optimal Keynes Ramsey like

bequest rule, (?7), the definition of instantanous utility, (4.10), and the two already



138 CALIBRATION

mentioned additional constraints. This gives the block of stationary state equations

for the calibration year

Aptg = (1 + fb,to) ay 1ty + Ynto — PtoQbyto , 180 <78 (7'16)
1 - S
QbJrl,to _ + Tv11,10 ’ 18 S b<T77 (717)
Qb,to 1 + 9

Q — 5% ’ Q (7.18)
787t0 1+ 0 77,1‘0 .
Qb,to = Ob,to - Zb,to ) 18 S b S 7 (719)

77
Z Nlﬁbe,to = Cy, — Ntho,to (7.20)
b=18
77
Z le‘tfab,to - Ato (721)
b=18

(7.16)-(7.19) are part of the ordinary stationary state model, while (7.20) and (7.21)
provide the additional restrictions. Cy, is total private consumption in the economy
and Nto(]oi equals total consumption of the very old persons (who have survived
the planning horizon of the ordinary households), i.e. the right hand side of (7.20)
gives the total private consumption available for the ordinary households. (7.21) only
reproduces the definition of total household assets, A;,, cf. (5.9).

17,60, A78.10> Thotos Ybtos Lros bty and Coy, are treated as exogenous to the problem,
because in the entire stationary state model these variables are either exogenous
or determined endogenously in equations other than (7.16)-(7.19). The non-interest
income per adult-equivalent corrected for the disutility value of work, ¥, ,, depends

on inheritage plus other income sources, cf. (4.17), and (4.3) defining the non-interest
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income per adult of a household of age b, y+,. This inheritage is related to the
bequest of the eldest households, which is again related to their asset holdings, a774,,

just before they die. The exogenity of g, therefore demands that a7, is know.'

Ci,, Ay, are also exogenous which is the essence of the procedure. Nﬁf and NP are
a parameters. ayy, (b # 17, b # 78), Qp1y, Chy, are treated as endogenous to the
problem. This leaves 183 equations (61+59+1460-+1+1) to determine 181 variables
(604-614-60). This means that two of the three intertemporal parameters can be
determined from the system (7.16)-(7.21), leaving one degree of freedom to fix one
parameter exogenously. The two parameters are in fact determined by the additional
restrictions (7.20) and (7.21). We choose to fix the rate of time preference, 6, and
calibrate the intertemporal elasticity of substitution, S, and the bequest parameter,
€, from (7.16)-(7.21), but basically it does not matter, because the same calibration
can of course be obtained by alternatively fixing one of the other parameters at the

value obtained in the first calibration.

Although the exogenous C}, and A;, are purely aggregate data, it should be stressed
that the calibration (i.e. the fixing of # and a74,) is performed such that the resulting
model is roughly able to replicate the typical picture of the development of households
assets revealed from the existing micro data: The households’ net wealth grows over
most of the life cycle, but then declines somewhat several years before they die, still
leaving a considerable bequest. Presently, it is assumed that 4 per cent of the total
assets holdnings of all the households are owned by the housholds which are 77 years

old, i.e. the bequest of housholds corresponds to 4 per cent of all their assets.

Table 7.2 shows that the preference for leaving bequest is calibrated to 0.603. The
interpretation is that the household equates the utility of leaving 1 Dkr. of bequest
with 0.603 Dkr. of consumption at the last period of its life, i.e. with roughly three

times last year’s consumption.

7.6 Calibration on the benchmark data set

7.6.1 Net values, excise tax rates and market prices

0The assumed value of az7 4, is exactly reproduced endogenously by the solution to the intertem-
poral calibration problem.
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il

The indirect tax rates applied to materials, ¢}, i = P,G, and investments, t;/,

i = P,G, are calibrated analogous to the calibration of the export tax rate, ;.

The relation between the tax base, the tax rates and the total tax revenue is given
in (5.33) for excise taxes applied to material inputs. Defining the separate revenue
from the private sector, M TtIOD , and from the governmental sector, M th, the total

materials tax revenue can also be written
P G
MT,y = MT, + MT,;
where
MT} =t (pp M{PP + MPF + pi MC) ,  i=PG

Solving these for the excise tax rates give the equations

i

iM MT;,

to — P pfiPD iPF G\ [iG
P My ™ + Mg + piy My

i=DPG (7.22)

where the numerator is the revenue and the denominator is the tax base of the tax
in question. In (7.22) all variables on the right hand sides are obtained directly from
the input output table and the Harberger normalizing convention for the net price,
pio = 1. The market prices are then calculated by simply multiplying the net prices
with one plus the relevant excise tax rate. For example, the market price of privately

domestically produced materials is equal to (1 + i) pf for inputs in sector i.

Similarly, (5.34) gives the relation between the tax base, the tax rates and the total
tax revenue for excise taxes applied to investments. Defining the separate revenue
from private investments, [ TtIOD , and governmental investmnets, th, the excise taxes
on investments for the two materials tax rates are found as

il __ II}ZO

= T 5 Z:P,G
e+ "

where IT} is the revenue from the private sector and IT is the revenue from the

governmental sector.

For simplicity it is assumed that the quantity excise tax rates of private consumption,
t¢F and t¢¢, are equal. Therefore they can be calibrated by solving the revenue

equation (5.28) for this uniform tax rate, giving

oo P+ CE
0 0
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The base year value added tax rate, t”gg’f, is calculated by inverting the revenue equa-

tion (5.27) giving

Y (R ET) CF + (0 +107) Cf
Although the VAT rate in 1995 was 0.25, the calibrated value of ;4" is only 0.164,

cf. table 7.2. The main explanation is that gross rents (consumption of the services

of dwellings) are almost entirely exempted from excise duties.
The toll rate, t; , is calibrated by solving (5.36) for the toll rate, giving

TTB TT

t to to

= 9 TTB, = - -
© T 1-TTB,’ OO Y pe (M + L)

7.6.2  The production function and the atemporal utility function

The production function is specified as a nested CES-function and the atemporal
nests of the utility function are also CES-functions. The calibration of these CES-
functions can be illuminated by considering an example: the private materials nest
in the nested CES function of producers, where the producer in question combines
privately produced materials of domestic and foreign origin to obtain the intermediate
product privately produced materials. This CES-function which is defined for both
the private producers (i = P) and the governmental producers (i = G) writes

%Y MP
ciymp—1 giyMp—1 | ojymp—1

iP_ iP DY AL iPF\ X -
M;"= | iy mpp (Mt ) TYME Ay PR (Mt ) Ty Mp , 1=P,G

cf. (2.12). Appendix B shows that for each set of equations (i = P and i = G

respectively) the two distribution parameters can be calibrated as

Y MP
(1+ £M)pF PP ’
to to to ;
0 P
to
1
Y MP
iM iPF '
1+ f,7) Mi, —P,G 7.24
Ky pipr = pi(])y[ (1_,’_15%'(1)»1);,%AfgéDD+(1+t%gI)Aft¢5F , 1=1I7, ( . )

@ M
pto
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where the CES price index of the aggregate of domestic and imported inputs, pi, is
normalized as

P =1+t i=P,G (7.25)

to
In appendix B (remark 1) it is shown that one is free to normalize the CES output
price index to any convenient positive value. The calibration formula automatically
assures that the CES output quantity index is implicitly rescaled accordingly (via
the calibration of the distribution parameters), such that the value of output is un-
changed. Of course, one is also free to normalize the input prices to any convenient
positive value, as long as input quantities are defined correspondingly such that the

values are unaffected.

As should also be clear from the precceding subsection on the calibration of excise
tax rates, it is simply assumed that for each production sector, the sector’s materials
input excise tax rate, tié”, is applied equally to the domestically produced materials,
M{FP and to the imported materials, M;*. In agreement with this, the net price
of the former is pfz = 1, and the net price of latter is implicitly assumed to be equal
to one (it is the numeraire and therefore it is always assumed to be equal to one).
Accordingly, the corresponding market prices of the two inputs of sector i are both
equal to 1—|—t§f)”. In accordance with the price normalization conventions, the aggregate
CES (market) price index of sector 4, pi’, is also normalized to 1+, cf. (7.25), as
this implies that the net price of the aggregate privately produced materials input is

equal to one.

It is required that the parameters are calibrated such that the actual base year ma-
terial inputs of sector i, M;F? and M;F'¥, are exactly reproduced by the model. For
each sector 4, this implies the two restrictions (7.23) and (7.24) on the value of the
three CES-parameters: The two distribution parameters, jt;y ,pp and fiy a3 pp, and
the elasticity of substitution, o;y5p, - given the base year value of the two inputs,
M{FP and M;P¥, the materials excise tax rate calibrated in (7.22), the price nor-
malizing conventions fixing ptlz (and implicitly also the numeraire import price) at
one and the convention (7.25). With two restrictions and three parameters, there is
one degree of freedom. This is utilized to set opyyp = 1.1, ogyup = 1.2, cf. table
7.1, which for both sectors correspond to the targeted import price elasticity of raw
materials at -0.9, cf. appendix E. The different elasticities of substitution for the two
sectors result imply the same own price elasticity do to differences in the cost shares

of the inputs.
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The calibrated values of the distribution parameters are displayed in table 7.2. All
CES functions are calibrated in the same way. The calibration of the capital labor
nest of the nested CES production function of the firm, requires that the price of
capital is identified. This is done by inferring it from the marginal product of capital
in stationary state. The CES production function of the capital labor nest of the
private sector, (2.10), is repeated here

TPYH
opyH—1

1 o —1

HtP: Hpy K (Ktlil) “rvi + UpyHrL (Lf) TPYH

Appendix B.1 (remark 1) shows that the two distribution parameters can be cali-
brated as

o PSS, o °PYH
u _ P B lo (7.26)
PYHK phiH 878 (pPVKE +(1+t7 )Weo LT,
P
1
. b, °PYH
" _ z (1+ tgo)VVtO LtO (7.27)
PYHL pLH 7SS (pP)KE +(1+t8 )We, L,
pigt

where 355 (p") is the stationary state marginal product of capital (6.9) and p{ 7 is
the CES price index corresponding to the CES capital labor aggregate index, Ht]; .In
stationary state, the price of capital must equal its marginal value product, i.e. it must
be equal to p; ! 358 (p?) = 358 (p"”) given the that p; "' is conveniently normalized to
one.!! ﬁPS S (p?) can be calibrated on the benchmark data and parameters calibrated
elsewhere, cf. (6.9). Given the assumed elasticity of substitution between capital and
labor, o py = 0.6, cf. table 7.1, the two distribution parameters, ppy 5 and ppy g,

are then calibrated to the values in table 7.2 using the above formulas.

The governmental sector is assumed to posses a politically determined capital stock
which is not equal to the cost minimizing capital stock. In the calibration of the
capital labor nest of the governmental sector it is simply assumed that the stationary
state marginal product of capital of this sector, ﬂGS o (p%), is equal to the ratio of

the base year national account gross operating surplus to the capital stock. In the

"UThe calibration formula assures that the CES output price index (piH )

convenient value, cf. appendix B.

can be fixed to any
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governmental sector analogue to (7.14) we set the installation costs to zero giving the

calibrated value

GSS/ G\ _ H%A,to
B o) = —(a (7.28)

Of course, 3755 (p%) deviates from 8~ 55(p). Given this calibrated value of 3755 (p%),
the calibration of the governmental CES-functions proceeds as for the private pro-

ducers.

7.6.3  Labor demand, labor supply, mazximum working time and underemployment

The units of measurements are defined such that base year unit wage costs, (1 +
t3 YW, are normalized to one. This implies that employment is measured in units of
the base year’s unit wage costs. Accordingly, total base year employment, L;, = L ,

is defined as the base year wage sum in billions of Dkr.

The aggregate labor supply, L, is defined as the product of the individual (identical)
labor supplies, /;, and the number of individuals belonging to the labor force, N}V, cf.
(5.6). As labor supply equals demand, individual employment is obtained from this

as the simple average

L;,
£t0 = NtI(/)V (7-29)
Inserting in the labor supply function (4.26), repeated here
Wiy — T2 (Wi)] = [bg — T2 (b)]
4 = ([ o = Ty W)] = [ = T3, ()] ) (7.30
71P150
the scale parameter of this function, v, can be found as
T = ([I/Vto - ng (VI/I‘/O)} - [bl‘o - Ttl; (bto)]) 6;); ngl (731)

cf. table 7.2, for given values of the base year data and the labor supply elasticity,
v = 0.1, cf. table 7.1. The aggregate rate of unemployment is defined as

— =Ly NY
to — z N%V

(7.32)
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from which the maximum working time measured in the base year’s unit wage costs,

¢, is inferred as

(= —2— (7.33)

Tabel 7.2 shows that £ =0.209466 wage costs units of the base year. This is because
Uy, = 0.187472 million Dkr. measured in the wage costs units of the base year (=1)
and U,, =0.105.

7.7 Solution of the computer-version of the model

The computer program of the model is coded in the GAMS language (Brooke, Kendrick
and Meeraus; 1988). GAMS allows the user to call a number of different solution algo-
rithms for the numerical simulation. The present model is solved using the CONOPT?2
solver. See Drud (1985, 1997).

The model is solved in the following way. First, a stationary state version is solved.
The stationary state version is obtained by simply deleting all reference to time in
the dynamic model. Then the dynamic model is solved, using the stationary state
solutions as terminal conditions for the variables a;;, V;, Ai; and \y;. For these vari-
ables the model is solved for ¢t = 0,1,2,...,T, but for the remaining variables the
model is only solved for t = 1,2, ..., T ,where T is a number large enough to allow the
model to reach the new stationary state. If all predetermined variables are assigned
their stationary state values, the dynamic model will be in the stationary state for all
periods. The dynamic model is solved by stacking the equations for all periods, so a
simulation with the dynamic model for T" periods roughly gives T' times the number

of equations as in the stationary state version of the model.

It is an obvious choice to fix the import price in Dkr. inclusive custom and import
duties as exogenously. It is convenient that it also operates as a numeraire. Due to
Walras’ law, it is necessary to fix one absolute price as a numeraire. The choice has

no implications for the solution as the model is only able to determine relative prices.

As mentioned in section 3.1, the programming of the model enables the model-user
to specify the number of generations in the model and thereby the length of periods
in the dynamic model. The cost of specifying a short period, i.e. a high frequency of

t, is that the number of periods before the model converges to the stationary state
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increase accordingly. The computational burden is, as explained above, increasing
proportionally with the number of periods. For convenience the model is therefore
calibrated to ¢t having a frequency of 5 years. It should be remeinded that compared to
t having an annual frequency this changes the relative size of stock and flow variables
as a stock variable still represents an item at a certain point in time (end of the
period), whereas the flow variable now represents a flow being 5 times larger. Also,

interest and discount rates should be inflated accordingly.



Chapter 8
DYNAMIC EFFECTS OF POLICY EXPERIMENTS

In this section we perform X experiments in order to reveal how different parts of
the model react to changes in policy variables. The first Y of the experiments focus
on the impacts of changes in various tax rates influencing the behavior of households
and firms in different ways. Two of the experiments consist of a reduction in the
average pensioner age and a reduction of fertility. Finally, the last two experiments
illustrate the effects of an increase in the public expenditure and of an increase in the

age dependent transfers.

All experiments are conducted as unforeseen changes implemented at the beginning
of period 1 (the end-of-period dating rule is described in section 1.4). For period
t = 0 the variables assume their value in the steady state baseline. Correspondingly
predetermined stock variables for ¢ = 0 (ultimo period 0) are not altered by the
shocks, while forward-looking variables such as firm value can jump at period zero.
It should be stressed that the public sector budget is balanced in each period via the
lump sum transfers to households, so that for example tax rate cuts are counteracted

by increased lump sum taxes (decreased lump sum transfers) of households.

For each experiment a flow chart - that indicates the main channels through which the
policy change in question affects the dynamics of the macroeconomic equilibrium - will
be presented. Further 12 standard figure sets (with a variable number of diagrams
in each set) are produced from the automatic reporting program for each of the
experiments. The 12 standard figure sets consists of diagrams showing variables in

the following categories

1. Output
2. Value-added and factor-intensities

3. Labor input and wage
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4. Capital stock and investments
5. Input of materials
6. Consumption variables
7. Foreign trade variables
8. Savings and assets
9. Decomposition of firm variables

10. Decomposition of real human capital

11. Decomposition of tax revenues

12. Prices

These diagrams show the quantitative effects of the experiments through time. There
are three kinds of diagrams. The first type displays for the variable in question,
the variable’s value in the counterfactual divided by the value in the baseline times
100'. The second type of diagrams decompose this index value showing the main
contributions to the result, and the third outlines the effects on different generations.
When the x-axis measures time, each unit represents 5-year periods as the model
is solved for 5-year periods. Correspondingly, when the x-axis measures age, each
unit represents 5-year age intervals. In the plots where the x-axis measures time, the

) m??

steady state solution is indicated by an

According to relevance only a selection of diagrams (varying across experiments) from
the total figure set will be shown in connection with the analysis of the experiments.
The interpretation of the diagrams will be explained in detail under the discussion of

the first experiment.

8.1 Labor income tax rate reduced by 5 percentage points

The experiment consists of a reduction in the (marginal) tax rate on wage income

by 5 percentage points. The reduction is financed through a decrease in the lump

L An exception is the present value of utility which is a negative number, i.e. a numerical decline
marks an improvement. For utility is therefore shown 100 times the baseline value divided by the
counterfactual value, because changes in this index reflects changes in utility properly.
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sum transfer to households from the government. Wage income is here defined solely
as income from employment. Since pensions and other age-specific taxable transfers
are indexed to the pre-tax wage rate (net of labor market contributions) they do not
benefit from the wage tax cut. Thus the policy implies a shift in the tax burden from
the generations who are active in the labor force - i.e. generations between 18 and 60

years of age - to the pensioners.

There are two main channels through which the reduction in the labor income tax rate
affects the economy. First, the reduction in the marginal tax rate implies a permanent
outward shift in the labor supply curve. This generates an increase in the marginal
product of capital which leads to increased investments and gradually increased cap-
ital stock. Second, the fact that the experiment favors the younger generations who
are in the labor force at the expense of the elder generations, affects the life cycle
behavior of the agents. There are two effects that counteracts one another: Young
agents increase their propensity to save so that they are able to smooth consumption
over the life cycle and second the reduction in the marginal tax rate implies that the
activity in the economy is increased which adds to the value of firms and gradually
also to the level of human capital in the economy. The two latter effects tend to
increase consumption whereas the former tends to reduce consumption. The result
of the simulation reveals that in the first period the net effect on consumption is

practically zero, whereas the expansive effects dominates in all following periods.

It is not too surprising that reducing the distortionary tax on labor supply and replac-
ing it with a non-distortionary lump sum tax leads to an expansion of the economy.
However, the simulation reveals that this does not lead to a Pareto improvement, as
the generations, who are in the last half of their life cycle when the policy shock hits
the economy, will experience a deterioration of their utility. On the other hand young
generations currently alive and all future generations will gain from the reduction in

the marginal tax rate on labor income.
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Initial New
stationary 5 10 25 50 stationary

state years years vears years state

Real private consumption 416 423 428 435 439 439
(15) (2.7) (45) (5.4 (5.5)

Real GDP (at factor prices) 830 834 839 848 852 853
(06) (1.2) (22) (2.7 (2.8)
Employment, index 100.0 103.1 103.2 103.3 103.3 103.3
(31 (320 (33) (3.3 (3.3)

Capital stock 2755 2811 2827 2837 2840 2840
(2.0) (26) (3.00 (3.1) (3.1)

Real value of firms 1380 1420 1422 1423 1423 1423
(290 (30) (31) (3.1) (3.1)

Foreign assets -266 -231  -194 -126  -93 -86

Note: The numbers in parantheses are the percentage change compared to the initial stationary state
Table 8.1. Dynamic adjustment in the labor income tax experiment

Table 1 shows the dynamic evolution of the main macroeconomic variables. The speed

of adjustment differs significantly between production variables and consumption.
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Figure 26 " — 0.05, Gross output in private sector

E. g. 75 percent of the adjustment in private gross production is reached after 5
periods (25 years), (see figure 26) while the same level of adaptation takes 21 periods

(105 years) for the private consumption (see figure 27).
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Thus the very slow transition process is first of all due to the long overlaps of genera-
tions, rather than to the gradual adjustment process of firms. But also the adjustment
of prices through foreign trade and the convex installation costs in the private pro-
duction are important contributors to prolongation of the transition process. This

subject is explored further in sensitivity analyses in section XXX.

The mechanisms that generates both the initial effects and the dynamic transition of
the economy are illustrated in figure 28. As already noted there are two main direct
effects: A supply side effect through the increase in the labor supply and a demand
side effect working through the forward-looking behavior of the agents which implies
that non-predetermined stock variables adjust at the moment when the information
about the shock is revealed to the agents. The relevant forward-looking stock variables

in this case are the value of firms and the stock of human capital.

We describe the effects in detail below.
8.1.1 Supply side effects

In this section we focus upon the right hand side of the flow diagram 28, which
represents the supply side effects of the policy experiment. This is divided into the
initial effect on the labor supply and the subsequent dynamic effect on the capital
stock.

Initial labor supply

A reduction in the marginal wage tax rate increases the marginal wage rate after tax.
At the initial wage rate, this implies that each individual will supply more labor, since
in optimum the marginal disutility of work must be equal to the marginal benefit from

work. Recall that the labor supply is given as

. ([w; — 1 (W) — [be =T} (by) )

B P

The initial effect on the labor supply can be calculated by inserting the actual numbers
in the expression, also using the benefit indexation rule (b; = "W, (1 — tf), see page
60) and fixing the wage rate and the consumer price index at their initial levels.

Normalizing the wage rate to 1, the numerator prior to the tax cut amounts to?

(1—0.427) — 0.680 x (1 —0.06) x (1 — 0.306) ~ 0.1294

2Confer the calibration chapter for an overview of the tax and indexation parameters.
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The tax cut changes the numerator to
(1 —0.377) — 0.680 x (1 —0.06) x (1 —0.306) ~ 0.1794

As the denominator is not directly affected by the wage tax cut, the direct initial

0.1794-0.1204
0.1294 - 39

percent. This directly expands the labor supply by 3.3 percent as the labor supply

effect is therefore an increase in the marginal reward of working by

elasticity, v, is equal to 0.1. In sum, decreasing the marginal wage tax rate in a
standard competitive labor market with an upward sloping labor supply schedule
initially shifts the labor supply curve outwards (to the right). This is the effect which
initiates the right hand side of the flowchart in figure 28.

Capital accumulation

As mentioned the impact effect of the permanent outward shift in the labor supply
schedule is that employment rise and the wage rate is reduced. The resulting increase
in employment increases the marginal product of capital and thereby the shadow
price of capital deflated by the price index for private investments. This stimulates
investments and the capital stock gradually increases. The marginal product of labor
is then raised and the demand for labor likewise. This feeds back on the employment
and also causes the wage rate to increase again. This explains the dynamic adjustment

shown in the right hand side of figure 28. To begin with, we look at the private sector.

To see the relative effects of the different components in the investment decision
consider the first order condition with respect to private investments. For convenience
the equation is repeated below

1—tf pi 02 p p A
1—g+ (11—t (1P K =1
1—t?< g+( t)pfl 8[13( t tfl) p{D[‘*’ 2t

Although the effect here is rather simple we present the figures which decompose the
effect on the investment behavior in the following. The left hand side of the first order

condition for investments (above) is decomposed in figure 29.

The left hand side of the equation measures the marginal costs of investments. These

marginal costs are decomposed into two components that are defined as follows.

1—t
Direct marginal costs of investments : . tf’ (1—g)
4
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Figure 20 ¢ — 0.05, Total marginal costs of investments, decomposed

: : : : 1—1f o PLO®T b op
Marginal installation costs of investments : T ((1 —t7) Wﬁ(ft ,Ktl))
The graph displays the index value of the total costs (100 times experiment /baseline)
and for the two items above their contribution to this index, i.e. the value the index
would have shown if the other items did not change. One observes that the direct
marginal costs of investment does not change in the present experiment and therefore
the entire effect on the marginal cost of investments is due to the effect from the
marginal installation costs, which implies that the curve representing these costs and
the curve representing total costs coincide. Thus the marginal costs of investments
increase at first due to increased investments. As capital is accumulated marginal
installation costs start to diminish, and investments will rise even further - see also

figure 30.

The fact that the private capital stock does not jump to a higher level from the

beginning - like the employment® is due to the presence of convex installation costs,

3 Above 90 percent of the adjustment in the employment takes place in the first period following
the tax cut, whereas the same level of adjustment for the private capital stock is first reached after
12-13 periods. The private investments takes almost 80 percent of the adjustment in the first period,
but this is not even closely sufficient to make the capital stock follow the development in employment,
because of the depreciation of physical capital at the rate of about 29 percent every period.
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Figure 30 t" — 0.05, Private gross investments

which causes firms to smooth the investments over a longer period. Without the
convexity of installation costs (i.e. ¢ = 0), private investments would initially jump to
satisfy the need for capital and then afterwards fall back to a lower level (overshooting)

- however still above baseline to sustain the higher level of capital.

Similarly the right hand side of the first order condition, which measures the marginal
benefits of investment is decomposed into figure 31 and 32. The benefits consists of the
shadow price of capital deflated by the price index for private investments (Tobin’s

q) and in the shadow price of the book value of capital.

Figure 31 shows that there is an instantaneous increase in Tobin’s ¢, whereas figure
32 shows no effect on the shadow price of the book value of capital. The shadow price
of marginal book capital, Ay, depends only on the rate of interest (net of tax) and
tax parameters applied directly to firms, and is therefore unaffected by the wage tax
cut - see (2.25) at page 28. The net effect on the marginal gain from investments
is therefore equal to the positive effect from the increase in Tobin’s q. This positive
effect follows from the initial increase in employment which implies an increase in
the marginal product of capital. From the first order condition (2.20) the change on
impact in the shadow price of capital is seen to be positively correlated to the marginal
product of capital. The first order condition of investments repeated above implies

that investments are stimulated until the marginal installation costs of investments
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are increased accordingly, cf. figure 30, and gradually the capital stock also grows, as

shown in figure 33.
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Figure 33 t" — 0.05, Capital stock in private sector

The combination of figure 29 and figure 32 shows that initially both the marginal
costs and benefits of investments increase, but in the long run they fall back just
below the baseline levels*, as the capital stock has adapted to the new and higher

stationary state level.

In the stationary state the marginal product of capital is only affected by the income
tax changes through the price ratio ;’TZ, see relation (6.9). In the case where there
was no effect on the price ratio the capital stock would increase only as a result of the
effect on the marginal product of capital from the increase in the labor supply. In the
present case where the terms of trade is endogenous there is an additional positive
effect on the capital stock from the reduced relative price of the domestic production,
which again follows from the increased domestic production following the shift in the

labor supply curve.

Now turning to the investments in the public sector, the analysis becomes somewhat

simpler. This is due to the assumption - made in chapter 2 - that the public sector

4The first order condition is satisfied at all times, and therefore the two curves develop in the
same way.
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does not perform any intertemporal optimization, and instead ties public (gross)

investments to a constant share of overall GDP?.

The initial effect on employment from the wage tax cut is simultaneously transmitted
to GDP but since the other input factors adjusts much slower (especially the capi-
tal stock), the public sector investments initially only take on a quarter of the total
adjustment to the stationary state level. Thus the exogenous nature of the govern-
mental investments prolongs the accommodation in comparison to the private sector

adjustment - see figure 34
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Figure 34 t" —0.05, Public gross investments

8.1.2 Demand side effects

The demand side effects are initiated by the shift in the value of firms and in the
value of human capital in the economy. Before concentrating on these effect we discuss
the budgetary effect of the policy, since this reveals the life cycle incentives of the

experiment.

®Recall that there are no installation costs of investments in the governmental production, so
gross and net production is equivalent in this context.
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Budgetary effect of the policy

The reduction in the tax rate implies that the ordinary tax revenue, tax;, to the
public sector is reduced - primarily from two sources. First, the effect through LT;
(the tax-revenue from labor income tax on employed) is negative, directly due to the
cut on the wage tax rate itself, and indirectly due to the lower equilibrium (pre-tax)

wage rate - cf. figure 35.
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Figure 35 t" —0.05, Wage rate

However, there is also an indirect and positive effect working through LT}, which arises
from the positive initial effect on employment that ceteris paribus contributes to an
increased wage sum and thereby higher taxes. The latter effect is distinctly dominated
by the two former, so the total effect is negative. Secondly, the effect through BT;
(the tax-revenue from labor income tax on unemployed) is also negative, since the
initial effect on employment reduces the unemployment and since the lower (pre-tax)
wage rate causes the benefit rate to fall due to the indexation rule (4.5) - see page
60. Both effects tend to lower the sum of benefits paid out, and finally reducing the
collected taxes from this source. The effect through LT; is about 8 times the size of
the effect from BT;.

Government spending reacts to the reduction in the marginal tax rate on wage income

by the mentioned reduction in the spending on unemployment benefits and through
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an increase in the public consumption which follows from the increase in the activity
of the private sector - recall from chapter 5, section 3 that government consumption
is indexed to GDP.

The net effect of the changes in government revenue and spending is a deficit that
causes the lump sum transfer to the households to decrease so that the budget remains
balanced. Recall that the lump sum transfer is identical for all adults. The net initial
effect on current disposable income of the generations alive is that generations who
belong to the labor force experience a positive effect, whereas the current disposable
income of each pensioner declines. The present value of future disposable income
flows therefore initially declines for pensioner generations. It increases initially for
generations who are young enough for their remaining periods in the labor force to
generate additional disposable wage income sufficient to outweigh their discounted
future loss as pensioners. This picture of gains and losses initially stimulates the

savings of the younger generations to smooth consumption over the life cycle.

To determine the effect on the level of consumption of each generation we need to
consider the effect of the policy on the future prices as well as the human and non

human wealth of the consumers. Recall that consumption of a generation is given as

Mo—1,t—1

T4+7r (1 —1£7) Mp—1.0—1
o= 6§ (PR g,

S
) ap_1,¢—1+Hy 111 + Zb,t, 18 S b S 78
where 7,_; ,_; is the index of future consumption prices for generation b and a1,
is the level of non-human wealth, while H;_;,_; is the level of human capital. Z;, is
the disutility of work.

Both the human and the non-human capital are forward-looking (jump) variables.
Non-human capital is forward-looking because it includes the value of domestic firms,

since we assume that there is no foreign ownership of the firms.
The development in the consumer price index is shown in figure 36.

Prices fall by 1.1 percent in the first 5 periods (25 years). This is followed by a gradual
increase of 0.9 percent in the rest of the transition period. The dynamic path of prices
will tend to give a small incentive to increase consumption in the first periods, but
this effect is not very strong. Therefore the crucial effects are those that follow the
evolution of the value of firms and the human capital respectively. In the following

these effects are decomposed.
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Firm value

In this subsection an account of the increase in firm value - displayed in figure 28 - is
given. The total dividend, D;, and the value of firms, V;, are shown in figure 37 and

figure 38, respectively.

The value of the firm is defined as the present discounted value of future dividends
of the firms, cf. chapter 2. The diagrams show that the value of firms increases for all
periods compared to baseline. Even though the dividends temporarily decline in the
first period, the value of firms initially (immediately after the announcement of the
tax cut at the end of period zero) jumps to a higher level. This is explained by the
fact that dividends in all but the first period is markedly above the baseline level. The
positive contributions to the firm value from the discounted value of the dividends of

these periods dominate the initial one-period setback.

The repercussion in the firm value around period 5 resembles the profile of the divi-
dends. Note however that the fluctuations are much smaller and arise a few periods
in advance. Again this is due to the forward-looking nature of the variable and to the

discounting, giving greater weight to dividends in the near future®.

61f the discounting was sufficiently severe, the profile would approximate the profile of dividends.
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To track the effect further we decompose the effect on the stream of dividends.”. For

convenience the expression for the dividends is repeated below

Dy = (1—=t) (Y, —pt MM — (1 + /) Wi L] — rB_))
1P+ 158, K, 1 + (BY — Bfy)

This expression is then split into the following categories

Current gross profits: (1 —t7) (p{Y;" —pi ™ M} — (14 t7) W,.L})

Interest payments: — (1 — ¢) By

Investments: — pf I}

Tax depreciation allowance: tf&f(t,l

Changed debt: By — B;

The evolution over time of the contribution to the stream of dividend of these 5 items

are shown in figure 39.

Initially total dividends decline as mentioned before. This is mainly because of the
massive expansion of investments, which more than outweigh the increase in the gross
production which results from the increase in employment. The gradual increase in the
capital stock proportionally increases the corporate debt (due to the fixed debt ratio)
and thereby the interest payments, which lowers dividends. However, the increase in
corporate debt in itself pulls in the opposite direction. This is also the case for the rise
in the current gross profits (brought about by a rise in gross output and diminished
labor costs), which is the main contributor to the increase in nominal dividends for
the entire period. Gradually the amount of tax depreciation increases. As stationary
state is reached the corporate debt becomes stable and there is no effect from change

of debt (as by definition also was the case in the baseline).

"In the present case this is fairly simple so the following presentation serves primarily as an
introduction to the figures that present the decomposition.
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Figure 39 " — 0.05, Dividend, decomposed

Human capital

The diagram on top of figure 8.1.9 shows the consequences for the present value of

disposable income flows for each generation.

The interpretation of the x-axis is somewhat unusual. Recall that new generations
of households enter the economy at the end of period, so that generation 0 is the
youngest generation (i.e. 18-22 years of age) economically active in period 1, when
the policy change is implemented, and generation -11 is the oldest (i.e. 73-77 years of
age). The first twelve marks on the x-axis thus show the impact effect on the twelve
generations ”alive” in period 1, whereas the following points meassure the group of
18-22-year-olds in all future periods. For instance the effect on generation 19 pictured
in the diagram is the effect on the generation that is 18-22 years old in period 20. The
retirement age is 61 years which in period 1 belongs to the age interval of generation
-8 (58-62 years). Roughly 40 percent of generation -8 is assumed to be retired leaving

60 percent in the labor force.

Recall also that human capital is defined as the present value of the current and
future disposable income from: wage, unemployment benefits, inheritance, age de-
pendent transfers (both taxable and non-taxable), pensions and lump sum transfers

from abroad and from the domestic government - corrected for the disutility value of
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working.

The diagram on top of figure 8.1.9 shows the index for human capital and the con-
tribution to this from each of these seven items®. For the generations living at period
1 (who first appeared at the labor market at period -10 to 1), total human capital
declines for pensioners and for generations with few periods left in the labor force
(generations from -11 to -6), while the rest of the population experiences an improve-
ment - the younger the higher. For yet unborn generations (i.e. generations > 0), the
benefit from the future increases of employment and disposable wage (deflated by the

consumer price index) is even bigger.

These generation-specific human capital effects can be given the following interpre-
tation: The fact that older persons experience a lower and even negative effect on
their human capital from the increase in the present value of their disposable wage
earning is due to the following three facts: First, there is the contractional effect on
income from the reduced lump sum transfers from the government. Second, for those
currently alive there is an effect from the fact that the older the generation the less
the wage earnings contribute to the human capital (cf. figure 21 at page 110), and
third there is a macroeconomic effect from the fact that employment grows gradually
as the labor demand schedule is shifted outwards with the increased capital stock.
The gradual outward shift of the labor demand implies that both the real wage and
employment is increased and thus the wage sum of the generations who are active
on the labor market is gradually increased. The later (in time) the generation enters
the labor market the higher the effect on wage sum for the years in workforce, and

therefore the higher is the effect on human capital

It can be seen from figure 8.1.9 that also retired generations (generations -9 and -10)
observe (tiny) increases in the present value of their current and future wage earnings.
This is due to the wage and benefit income of (the few) men in the labor supplying
age (18-60 years) who are married to women of pensioner age (61-77 years) as the age
of the women defines the age of the households. For all generations the present value
of unemployment benefit earnings decline because unemployment falls - initially by

one quarter. Naturally, this contributes negatively to the human capital.

The effect on the pension after tax is negative since pensioners - by the definition

of the experiment - do not experience a tax-cut. Pensions before tax are regulated

8Since lump sum transfers from abroad are exogenous this item is simply put together with the
domestic lump sum transfers for reason of clarity.
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according to the developments in the pre-tax wage. Since this wage initially falls as
a consequence of the wage tax cut, so does the pension income. From figure 8.1.9
one observes that the effect from pensions on human capital is larger the older the
generation. This is composed of two effects. First, the older the generation the larger
the share of pension in total human capital of the given generation. Second, the
younger the generation the smaller is the discount factor attached to the reduction
in pensions after tax and the higher is the wage - and thereby the pension - at the

time when they reach retirement age.

Age dependent transfers - both taxable and non-taxable - are fixed to the wage
rate before tax, which initially falls by close to 4 percent (see figure 35) and then
gradually recovers. Therefore their present value will be most negatively affected by
the oldest generation, who only has one period left as economically active. When
future generations will be born the age dependent transfers has almost returned to
their baseline level (0.5 percent below) and the present value of these will therefore
only be short of the baseline level by a little amount. The described fluctuations
are however not very visible in the decomposition of real human capital, since the

contribution from age dependent transfers is so relatively small.
Turning to inheritance one should first look at the

Adding up these generational human capital effects to find the effect on aggregate
present value of disposable income (not shown in the decomposition) would reveal an
initial reduction followed by a gradual increase over time - to a level markedly above

baseline.

The aggregate consumption and utility

In the preceding 2 subsections the contribution to the wealth of the agents from the
forward-looking stock variables was accounted for. As the consumption demand is
determined by the wealth and the evolution in prices over time we may now turn to

a discussion of the generation specific consumption and the aggregate consumption.

First, the increase in the value of firms implies an unforeseen capital gain of those
generations alive at the implementation of the policy. The distribution of gains across
generations follows the distribution of the stock of non-human capital across genera-
tions. Thus it is implicitly assumed that the composition of wealth is identical across

generations. Second, the effect on the present value of disposable income is negative
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for elder generations alive and positive for the youngest generations alive. These facts
(along with the very small effect from price changes) lead to the conclusion that on
impact demand for consumption is reduced for the oldest half of the population and
increased for the youngest half. Aggregate consumption is practically unchanged on

impact.
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Figure 40 Consumption for generations

The evolution of the counterfactual generation-specific life cycle consumption path
relative to the baseline life cycle consumption path is shown in figure 40, where it is
shown that generation -10 experience a reduction in consumption in the remaining
lifetime after the policy experiment. The opposite is true for generation -5 and later
generations”. The later the generation enters the economy the higher the increase in
the life cycle consumption path. Aggregate (private) consumption is shown in figure
27.

Finally consider the welfare effect of the different generations. The pensioners do not
work therefore the welfare effect of these generations is similar to the effects on their
life cycle consumption path. Therefore their welfare deteriorate. The same is true

for the oldest generation in the labor force, since their consumption is also reduced

9Generation -6 (not shown in the diagram) experiences a higher consumption in the first 3 periods
following the tax cut, but then a tiny reduction sets in for the last 3 periods of life (i.e. age 63-77)
in comparison to baseline. Consumption levels for generations from -11 to -7 all deteriorate for the
rest of their economically active lives.



168 DYNAMIC EFFECTS OF POLICY EXPERIMENTS

and in addition to this they have increased labor supply which increases disutility of
work. The latter effect is small compared to the consumption effect in the current
calibration of the model. Therefore younger generations experience an increase in
utility along with their increased life cycle consumption. The diagram at the bottom

of figure 8.1.9 shows the welfare changes across generations.



Chapter 9
APPENDIX

9.1 Appendix A - notation of population variables

This appendix is meant to give an understanding of the notational structure of the
population variables. The form can be summarized into the following five rules of
thumb:

1. All population variables are denoted by a capital letter V.

2. The last subscript is always referring to the time (except in stationary state where

time can be ignored).

3. Superscript letters is referring to the gender

F  ~ {females
M ~ males

or to the type

A~ adults

C ~ children

E ~ (adult)equivalents
H ~ Theirs

W ~ workers

4. When the first (gender)superscript is followed by a W we are referring to the part
of the gender who is working, and when it is followed by an H to the part who is heirs
at the given time. Both the first and second superscript can be followed by an F. In
that case we are referring to the part of the men or the type or both in combination

assigned to a specific household /age of the female.

5. When there is an arrow above the variable (]\7 ) then it is a vector otherwise just a

number.

The definitions of all the population variables are listed explicitly below



CF
Ny

CF
c,b,t
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total population
population of age 1
- Zf;fo N, it
total number of men at time ¢
number of men aged a at time ¢
number of men assigned to household b at time ¢
number of men of age a assigned to household b at time ¢

M _ A M
Nt _Za ISN

MF M

Na b,t N a b
MF A MF

Nb,t = Za:lS Na,b,t

total number of females at time ¢
number of females aged b at time ¢
N, tF = b 18 N, IFt

total number of children converted into adult-equivalents
measured at time ¢
number of children aged ¢ converted into adult-equivalents
measured at time ¢
number of children (converted into adult-equivalents)
assigned to household b at time ¢
number of children (converted into adult-equivalents)
aged c assigned to household b at time ¢
N, tC = Ziio N, gf
Ngbljf = Ncc;f ) ¢c,b
ngtF = Zcio Ngbljf
total number of adults at time ¢
number of adults assigned to household b at time ¢
NA = NM + NF
NAF = N;‘,{ "+ N
total number of adult-equivalents at time ¢
number of adult-equivalents assigned to household b at time ¢
NEF = NA+ N¢
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w
NtZVI w
N, t

NP

2 22

2

2

total number of workers at time ¢

total number of working men at time ¢

number of working men aged a at time ¢

number of working men assigned to household b at time ¢
number of working females aged b at time ¢

number of workers assigned to household b at time ¢

N} for18 <a <61

MW _
at 0 for a>61

Noi™t =315 Nagh

NFW _ th for18 < b <61
bt 0 forb>61

NZE{F — le;tw + N%WF
C NE A NME for 18 <b < 61
B Zéo NME fora>61

a=18 Vabt

total number of heirs at time ¢
number of heirs aged h at time ¢
number of male heirs aged a at time ¢
number of male heirs assigned to household b at time ¢
number of male heirs aged a assigned to household b at time ¢
number of female heirs aged b at time ¢

N, tH = }610=29 N, i{{t

NI = NP + N

MHF _ nfMH M
Na,b,t - Nat : wa,b

0 ,,
Nopi™ =3 ama9 Nawi "
total number of very old persons at time ¢

_ . A
O _ \B F A M [ M
Ny = Zb:m Nb,t + Za:78 Na,t — 2p=18 278 Na,t *Wab
a—=



row vector

a = 18,19,
row vector
b=18,19,
row vector
b=18,19,
row vector

row vector
b=18,19,
row vector
b=18,19,
row vector
b=18,19,
row vector

1 = 29, 30,

(1 X ([1 — 18)) consisting of the elements

, A at time t

(1 x 60) consisting of the elements
, 77 at time t

(1 x 60) consisting of the elements N, ,
, 77 at time t

(1 x 18) consisting of the elements
, 17 at time t
(1% 60) consisting of the elements N/,
, 77 at time t

(1 x 60) consisting of the elements N/,
, 77 at time t

(1 x 60) consisting of the elements N/,
, 77 at time t

(1 x 32) consisting of the elements N;,,
,60 at time t

NAT = T N
NtEF — NtAF + NtCF

NJM

APPENDIX

a,t
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9.2 Appendix B - CES functions

In this appendix we will analyze the CES-function

_E_
E—1

n B .
F(xy,...,zy,) = Zﬂjij , B;>0,7=1,...,n (9.1)
j=1

In what follows, we will make extensive use of the price index

i1 PiTj
P=-——=— - 9.2
F(xq1,...,2,) (9:2)
9.2.1 Cost minimization
We are considering the following problem
(1, ey ) Min C = Z;-Zzl DiT;
Bo11 5 (9.3)

s.t. [Z?Zl B, " =V

In our context this problem has two interpretations: if the agent is a producer, V is

the level of production, and if the agent is a consumer, then V is the level of utility.

Theorem 1 The solution to problem (9.3) is

N-F _
x; = (Y (%) V', where (9.4)

P [
j=1

_1_
1-E

Proof. The following Lagrange-function represents the problem

n n BE—1 5
j=1 j=1

Differentiation yields

oL E—-1 Bl g
3@-
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such that

piT; = A——F—p;1,;" (9.6)

Summation implies

” E—-1¢ 51 E—1_pa
;WFAT;ME =V

Solving for A, substituting this into (9.6) and rearranging implies

(B p\ T

For F (z1,...,7,) = V, substitution of the index defined by (9.2) gives ().

To find the specific form of the price index, rearrange (x)

such that

which yields (xx). O
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9.2.2  Utility mazimization

We are considering the following problem

n E-11E—1
(1, ey tp) Maz U = {ijl Bx;* (9.8)
st Y pir;=R
Theorem 2 The solution to the problem (9.8) is
N\ -E R
r; = ﬂf (%) %, where (9.9)

1
1-E

(9.10)

P
j=1

Proof. Obviously, utility maximization implies cost minimization given the optimal

utility level. Let U* be this optimal utility level. Then, according to the theorem on

cost minimization

N\ —F
v = pF (%) U*, where (9.11)

P [
j=1

Multiplying with p,; on both sides of (9.11), summarizing and using (9.12), implies

_1_
1-E

(9.12)

_ " s N1-FE
R=Y pu;=PUy 5" (%) — PU*
j=1

j=1
which proves (A) and (AA). O
9.2.3  Profit mazimization

Let p be the output price, Y the production, (p1, ..., p,) the input prices and (x1, ..., z,,)
the input quantities. We are considering the following problem
(1, ey Tp)Max 11 = pY — ZE‘?ZI DT

E-11 57 9.13
s.t. Y:[Z?ﬂ ;7 "’ (5:13)
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Theorem 3 There is only a well defined solution to the problem (9.13) if

n 1-E
p = P= Zﬁfp;E] . In this case (9.14)
=1
B (i " , iy
r; = f3; (f) Y , whereY is any positive number (9.15)

Proof. Obviously profit maximization implies cost minimization for a given produc-
tion level. This gives (44) directly, according to the theorem on cost minimization.
From (9.2) we have that >, p;z; = PY', such that

I =pY—PY =(p—P)Y

If p#£ P then Y = +00 or Y = —oc0 is optimal. Therefore a necessary condition for
a well defined solution is (¢). O

9.2.4 Calibration

Define a consistent data set by d = (P°,Y° p? ... p2 29 ... 2%) where

PY? =" plaf (9.16)
j=1

A vector of coefficints (34, ..., 3,,) is said to calibrate a CES-function for given elasticity
of substitution £ and consistent data set d if :

o\ —E
20 = ff (%) Y°, where (9.17)

1
1-E

P o= [angf (pg)lE] (0.18)

Theorem:

(B, -, B,,) is calibrating a CES-function for the elasticity of substitution F and the

consistent data set d = (P°, Y9 p? ....p2 29, ..., 20) if:

0 O\ &
D -
8= o (Y_ﬂo> (9.19)



177

Appendix B - CES functions
Proof: Rearranging (9.19) implies (9.17). Substituting (9.19) into (9.18) implies:

P =

1

n 1-E
- ) )
j=1

As the data set d is consistent we have that:

PO (P) TR (V)T (P <

UJ
Remark 1: The calibrations in DREAM are done by combining (9.16) with (9.19):

1
ot (L)
P\ Pl
Data is often give as a set of national account revenues (R, ..., R,;) . In this situation,
prices (including the price index PY) can be choosen freely. If (p, ..., p2, PY) has been

choosen, the x?’ s are calculated by :

R

j
07
p;

0
Zj

such that:
E—1

B. = p_? ? i *

! Po Z:'L:l i

p? = PY = 1. In this case:

It is often assumed that p{ = ...

ST

R;
ﬁj - (Z?l Ri)
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9.3 Appendix C - calculations and derivations

Chapter 6

Signs of the derivatives Fquation (6.20)

From the first order conditions (6.1), (6.2) and (6.8) we have

dm dk dw
Fioen (i + Pl ) = 1)

dm dk\  dpM
Fy +p<F]I¢[Md +FMde> W

dm dk dp!
Fie+p (FI/éM p +FI/éKd ) = d—i)ﬁss

The price-indexes are in the stationary state defined as

pM = (1 + tM) ((1 - MM)UM + (MM)UM (p)ligM)ﬁ

1
= (1+8) (1= )"+ ()" () 771)
Rewriting (9.22) yields

n_ L (W E )

dp ~ Fl,\dp p p dp

Inserting this exression into (9.21) and reducing, yields

I
dk ( dp — Fy - FJ'V'IM (%5% - Ff{)) Fien
dp p ((FJIL/IK) - FI”(KF]/éIJM)

APPENDIX

(9.20)

(9.21)

(9.22)

(9.23)

(9.24)

(9.25)

To determine the sign of ‘é—’; in (9.25) consider first the numerator: Insering the first

order conditions (6.8) and (6.2) yields

dp _p_M_ Fiu d_pI_P_I g5 B
dp p Fly,\dp p KM
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From the definition (9.23) it is by simple computation possible to establish that

and similarly for p’.

By the assumptions concerning the derivatives of 2. order to the production function:
Fy, <0, Fy, > 0forz # yand z,y € {K,L, M}, we have that the numerator is

negative.

The sign of the denominator of the expression for ‘;—’; in (9.25) is determined by the

following agument!: The gross-production function is homogenous of degree one:
F(K,L,M)=KFj; + LF] + MFy,
This implies that

Fie=Fp + KFpepe + LF] o + MFypp

FJIM:KFII(M+LF£M+FJ/M+MFJ,¢1K

such that
0= KFIIQM +LF£]VI +MF;L}NI
therefore
F// F// _ _LFZK - MFZ@IK _KFJ/\{[K _LFZM _
K vm K Vi
1 1! 1 1 2 1! 1! 1! 2 1 1! 1
ML LrFux + mL Fi iy + (Fyg)™ + EFMKL LM

The denominator, p ((Fy, x):— FiL Fr, ) of ‘fi—[; in expression (9.25) is therefore given

as

1 1 1
P ((Flix)* = FexcFiong ) = —p (MLFKFK + = L Py + ngIKLFzM)

By assumption the cross marginalproducts are positive, which implies that the de-

nominator is negative, such that

"We thank Michael Andersen for providing this argument.
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Condition (9.21) implies

dm 1 1 (dp™ dk
— - _ Fl o F/l
dp Fiin (p ( dp M) ME dp)

Inserting the first order condtion (6.2) yields

d_m:LG(dp_M_p_M)_Fn %) N
dp  Fry,\p\dp p ME dp

dm

— >0
dp -
Condition (9.20) implies
aw 1 1 Cdm ., dk
_ - ol =
dp (et (1+ta)p< LM gy TR g

Inserting the first order condition (9.22) yields

aw W 1 dm dk
—— - = 7)1? (FfMd—p + Fde—p) =

dp p  (1+te

aw

— >0
dp>

Since the real wage response to a price change is defined as

it follows that
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Individual consumption net of disutility from work FEquations (6.27)—(6.29)

From the Keynes-Ramsey rule (4.37) we have

Qi1 (1+r(1—1") s B 147 (1—t) S(b—18)
Qb B 1+9 :>Qb_Q18 1+9 ,18<b<78
(9.26)

Using this together with (?7) leads to an expression for the stationary state bequest

_ )\ O e\ 560
an=¢ (FH) an—aue (FHH) (9.27)

Now defining the aggregate consumption net of disutility from work, (), and inserting

(9.26) into this expression yields

77 77 147 (1—7) S(b—18)
Q = Z NEFQb = N{ZFle + Z NEFle <—)

b=18 b=19 1+6
7 N S(b—18)
1L+7(1l—1t")
Q18< 18 ‘f‘l;) b —1+0
(s = as@ (9.28)
where
1
Q18 = 77 S(b—18)
N@F + 3 NIFF (Hrﬁgt ))
b=19
Inserting (9.28) into (9.26) yields
Qp =@, 18<b< T8 (9.29)
where
<1+r(1tT))S(b_18)
ap = 0 18 < b <78

77 S(b—18) ’
1+r(1—t"
Nl%F + b;g NfF (—+ 1(+9t ))
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Inserting (9.28) into (9.27) yields

Qs = arz@

where

1+r(1—t7) 560
1+6

77 S(b—18)
1+r(1—t"
NEF+ 3 NEF ()

Qg = 55
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Income per adult FEquation (6.42)

The income per adult in the stationary state in the household of age b can from (4.3)

be written as

W = NAF {NSV (W =T (W) L+ [b—T"(b)] (€ —¢) + B"")

(N = NEWY [F7 =77 (7)) 4 NE TR+ [0 =T (W)] S N2 -

a=18
60 A
+[b=T" )] Y NM-wap- (€—€)+ > NM-way-TRY
a=18 a=18
60 A
+ Z NCJLVI Wap - B(ilnlw + [fP _ TP (fp)} Z Né” Wap +W 4
a=29 a=61
_ {NV (W =T (W) =b+T" )] L+ [b—T"(b)] €+ B;*")

NAF
+ (NS = NI [P =18 (fF)] + NI TR

+[W =T (W) =b+ T ()] L) NM-w

a=18
+[b-T"( £ZNM wab—i—ZNM b TRM
a=18 a=18

A
—i—ZNé”.w%b-BfL”M—}-[fP—TP (/)] ZNéVI-w&b +7V 47

a=29 a=61
_ ]]gﬁ (W =T"(W)—b+T"B)] €+ [b—T" (1)] 7) +% =T ()]
; b

60
1 | .
TN (Nf Vo Y N wap binﬂf> ansNE'PQ + g+ 7+ 7"
b

a=29

where the part ¥, is exogenous

NE

_ 1Y Fo M M
o = NAFTR NAF ZN - Wap - TR
a=18
and
B inM BirM

prt = b =%
Oé78N7E7FPQ ’ e &78N£FPQ
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Aggregate human capital FEquation (6.46)

The income adjusted for the disutility of work, g, given by (4.17), can then be calcu-

lated from the income terms above

_ NAF NAF NWF
Yo = beEF_PZ beEF_P]\;;EFf(g)
NJVF . .
T e 0]+ T )T T 0)
NMF - NYVE P (P 1 FW inF = M inM EF
‘*’—pr =T ()] +NbEF Ny b +ZNa “Wap " by agNz PQ
a=29
NAF
+NEF (B +7+7")

We are now able to deduce an expression for the aggregate human capital

H = ZNEFHZ, ZNEF Z ¥i Ry

b=18 b=18 i=b+1

77 NWF -
= Y NIAW =T (W) = b+ T ()] £+ [b—T" (b)] £ - Pf (¢ }Z Ry,

b=18 i—=b+1 Z

- b L4 NAF _ NWF _
+[f7 =1 ()] Y — B

i=b+1 i

60
1 ) coar ) =
+a78N7 PQ Z ( EF b:nF + N— Né\[ Wa,i bZnM> Rb,i
i=b+1 Z 2 a=29
77 NAF W -
+ Z ﬁ (§¢+T+T )Rb,i
i=b+1 " *
77

NEF NW B
= W—-T"W)=b+T°W) L+ [b-T )¢ - P NW —_ Ry,
dl (W) =b+T° ()] £+ [6—T° ()] £ = Pf (¢ Z w 2 ek
77 77
+ [fP_TP (fp)] (NA_ NW) NAjNW Z NE sz
b=18 i=b+1 ?

7 T NEW | 8 )
+argNE PQ Z NEF Z (NEF bt NEF Z NM . w, - bZ”M> Ry

b=18 i=b+1 ¢ a=29

NEF NAF NEF NAF
N NZEFyZRbZ T+T N NZEFRI”
b=18 i=b+1 b=18 i=b+1

= f1{[W—T“’(W)—b+Tb(b)]£+ [b—Tb(b)]Z—Pf(ﬁ)}NW
+fo [fF =T (f5)] (N* = NY) + f2PQ + (fo (t+7) + 1) N*
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where the help-variables fi, f2, f3, f1 and h used in the last step are defined below

77 NEF 77 NWF
— b i D,
fl = E NW 5 NEF Rb,’i )

b=18 i=bt1 ¢
7 EF [ AF WF
f, = N 3 N = N7 s
2 - NA . NW NEF b,’L bl
b=18 i=b+1 @
77 77 NEW 1 60
_ EF 2 : EF 2 : i inF 2 : M inM \ 7
f3 = a78N77 Nb Wbl + W Na *Wayi ba Rb,i )
b=18 i=b+1 i i =29

7 NEF 77 NAF
b

f4 = Z NA Z NZEF Rbﬂ' )
b=18 i—bil i
7 77 A
7, NbEF NZF r 1 M M -
h = Z NA NEFTR% + NEF E Na *Wayi TRa Rbﬂ'
b—18 i=b+1 7 2 a=18

9.4 Appendix D - population prediction

This appendix describes how the population is forecasted and constructed. This pro-
cess can be divided into 2 steps:

1: Forecast the population for n number of years

2: Construct households, i.e. assign men and children to women
9.4.1 Forecasting the population

Forecasting the population is a recursive process that depends on the initial popula-
tion as well as assumptions about in- and outflow from the population. First recall
that NJ{ and N7, are the number of men and women (respectively) aged a years
at time ¢. It will be useful to create the set S that consist of the two genders, thus
S={M, F'} (do not confuse the set S with the elasticity of substitution used in the

consumer’s utility function).

Mortality

We need to define age and gender specific mortality rates. Let (1 — QTM,S) be the

survival frequency for individuals aged a® years and of gender S at time t. Thus,

2Note that a is an element of the set A, that is the set of ages admissible, i.e. a € A=
{0,1,2,...99}. Tt is thus assumed that persons do not life more than 100 years. The set A C A,
is a proper subset containing the ages when women are fertile.
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(1 - @Lt S) is the fraction of a year old (of gender S) that live to experience their
a + 1 years birthday at time t+1. If this number is one for a given age a then all
individuals survive to turn a + 1 years. If the number is zero then everyone dies.
It is assumed nobody experience their 100 years birthday, and thus 659@ ¢ = 1 for
S={M, F'}.

Fertility

We also need to define age-specific fertility rates for women in the fertile ages. Let
©F, be defined at the number of children that an a years old woman gives birth to
at time t. Note that this number is assumed to be independent of the number of men
in the population. We will also define an age independent fertility, which we will call
F;. The final parameter we need to define is the fraction of newborns that are of the

two genders. We will call this fraction ¢ g; it follows that ¢; p+¢,r = 1 at all times.

Migration

Finally we need to define net-migration at time t for individuals of age a and gender

S as NM,; s. This number may be positive or negative, and is considered exogenous.

The population forecast model

To get started forecasting population, we need initial values, i.e. the population in
1995. The equations below describe the population forecast model. The first equation

takes hand of mortality and migration:

Norrisns = (1= 0Lus) - Naws + NMays (Ya € A\{99) A £21995)  (9.30)

The second equation takes hand of fertility, and determines the number of newborn

by sex:

Nogs =Gus | Fo+ ) NogOD, | (VE21996 A S = {M,F}) (9.31)

acA
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Together these two equations describe the complete system of motion for the popu-
lation, and for given initial values (NN, 1995 .5) it is easy to calculate the population at

any given time recursively.

The population forecast used in the model is particularly simple, since it is assumed
that

e the mortality is constant through time, i.e. O , g reduces to ol g

e there is no migration, i.e. NMy,s =0

With these simplifications equation (9.30) reduces to

Notrosrs = (1 _ @Ls) Nyus (Va e A\{99} A ¢ > 1995)

Furthermore we assume that

o fertility is not age dependent: ©F, = 0
o fertility is constant and time independent (i.e. F} g = Fg).

e The ratio between boys and girls among the newborns is constant, i.e. ¢; g =¢g.

Thus (9.31) reduces to

Noﬂgﬂg = Cg - FS (\V/t z 1996)

9.4.2 Constructing households

The method outlined above forecasts the population - the next step is to construct
the households that constitute the economic decision making unit. The idea behind
this is that each woman is assigned to a distribution of men and a distribution of

children. This procedure was explained in section @.Q.

In chapter @.@ it was explained how men and women were matched using the couple

matrix 21995. However, there is a problem with truncation in the data; the number of
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couples where either the man or the woman are below 18 are reported as zero. Thus
the distribution is truncated from below®. For women aged e.g. 55 this problem is not
large, since their number of male partners below 18 years is small - but for women

aged 18 the problem is obvious.

The solution adopted is to assume that the relative partner age-pattern for women
aged 18, is the same as for the woman aged 28. In other words we assume, that the
fraction of m year old men joined with 28 years old women, are the same as the
fraction of m-10 year old men that are joined with 28-10=18 years old women. This
generalization is made for women between 18 and 27 years. In practice this alleviates

the truncation problem?*.

Let us now turn towards the men. Consider the group of men that are 18 years old.
Clearly some of the women with whom they are associated, are below 18 years. In
this case we have, that even though they (the men) are over 18 years and thus adults,
the woman (=household) to which they belong is below 18 years - and thus still living

at home.

The same holds for older men. Some of the women with whom they are associated, are
above 77 years, and have retired - this means that they belong to a retired household
and thus themselves become retired. These two groups should be subtracted from the

number of men ”available” to women between 18 and 77 years (NJ7).

The number of men in this situation (i.e. where their partner is either a minor or is

retired) is illustrated as the difference between the two curves in the figure below

The two effects mentioned above are present in the figure, and cause the dotted line
to lie below the solid line. First, there is the number of men joined with women that
are minor; this accounts for the effect in the left part of the figure. Secondly, there
are a number of men associated with a retired woman; this accounts for the effect in
the right-hand side of the figure. The numbers behind this figure can be seen from
table 1 below. It shows for each generation the total number of men and the number

of men that are available to women between 18 and 77 years - the remaining have

31n principle the distribution is also truncated from above, since couples where the man is older
than 99 years are ignored. This problem, however, is manageable since we only are interested in
women below 78 years. It is not ureasonable to assume, that the number of couples where the
woman is 77 years and the man older than 100 is very small.

4In principle, of cause, the truncation problem is still present - we have just pushed it 10 years.
However, the magnitude of the problem is reduced, since there only is a small number of couples
where the age difference is larger than 10 years (less than 1 per cent of 50 years old women are
"married” with men below 40 years).
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— Population of men
------- Norttruncated men

O \HHHHHHH\HHHHHHHHHHHHHHHH\HHHHHHHH\.V\\\\\_\_\HHHHH

18 23 28 33 38 43 48 53 58 63 68 73 78 83 88 93 98

Figure 37 Male population in steady state (thousands)

been subtracted.
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Population "Available" Availablein Population "Available" Availablein
percent percent

18 34.973 9.549 27% 58 30.661 30.657 100%
19 34.947 14.211 41% 59 30.262 30.254 100%
20 34.916 18.861 54% 60 29.833 29.825 100%
21 34.884 23.206 67% 61 29.357 29.351 100%
22 34.856 26.788 77% 62 28.821 28.809 100%
23 34.828 31.390 90% 63 28.250 28.228 100%
24 34.796 31.649 91% 64 27.657 27.618 100%
25 34.765 33.513 96% 65 27.033 26.986 100%
26 34.732 33.806 97% 66 26.348 26.284 100%
27 34.697 33.702 97% 67 25.584 25.512 100%
28 34.662 33.600 97% 68 24.779 24.564 99%
29 34.625 33.843 98% 69 23.933 23.648 99%
30 34.587 33.913 98% 70 23.036 22.657 98%
31 34.546 34.194 99% 71 22.119 21.632 98%
32 34.500 34.500 100% 72 21.145 20.509 97%
33 34.447 34.371 100% 73 20.114 19.293 96%
34 34.391 34.315 100% 74 19.036 17.962 94%
35 34.332 34.254 100% 75 17.933 16.517 92%
36 34.269 34.269 100% 76 16.802 14.911 89%
37 34.200 34.200 100% 77 15.639 13.036 83%
38 34.125 34.125 100% 78 14.481 10.866 75%
39 34.042 33.967 100% 79 13.316 8.583 64%
40 33.949 33.873 100% 80 12.164 6.397 53%
41 33.845 33.845 100% 81 11.032 4.541 41%
42 33.739 33.739 100% 82 9.873 3.084 31%
43 33.642 33.642 100% 83 8.746 2.024 23%
44 33.538 33.538 100% 84 7.668 1.304 17%
45 33.426 33.426 100% 85 6.653 820 12%
46 33.306 33.237 100% 86 5.692 514 9%
47 33.179 33.179 100% 87 4.809 319 7%
48 33.039 33.039 100% 88 4.013 200 5%
49 32.875 32.874 100% 89 3.298 123 4%
50 32.690 32.690 100% 90 2.652 75 3%
51 32.501 32.501 100% 91 2.094 45 2%
52 32.303 32.302 100% 92 1.639 27 2%
53 32.093 32.093 100% 93 1.251 16 1%
54 31.859 31.858 100% 94 932 10 1%
55 31.592 31.591 100% 95 662 6 1%
56 31.306 31.306 100% 96 452 3 1%
57 31.004 30.999 100% 97+ 648 3 0%)

Total 1.951.418 1.773.166 91%

Table 1: Men in population and men ”available” to women between 18 and 77 years

What implication does this have for the analysis presented in this paper? It is im-
portant to realize, that whenever the number of men N% are referred to, we refer
to the dotted line since it reflects the number of men ”available” to women between
18 and 77 years. An implication of this, is that some men ”disappear” in the sense,
that they are either matched with a minor or with a retired woman. One might ask
why N, (% is constructed in this way, instead of just adding two columns to the couple

matrix reflecting the truncated area (i.e. a category with women below 18 years, and
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a category with women over 78 years). The answer is, that for a number of purposes
in the computer program and in the calculations, it is convenient that each row in the

normalized couple-matrix (Qt) sums to unity for women between 18 and 77 years.

More formally define the extended couple matrix ; by

r arcouple \rcouple \rcouple \rcouple Ncouple .
0,0,t to 0,18,t 0,19,t T 0,77,t T 0,B,t
\rcouple couple couple couple \rcouple
Q . NlS,O,t T N18,18,t N18,19,t T N18,77,t e NlS,B,t 9.32
t — \rcouple (rcouple (rcouple (rcouple \rcouple ) ( : )
19,0,¢ o 19,18.t 19,19t 7 19,776 | "7 19.B,t
\eouple Ncouple \yeouple Ncouple . \rcouple
L “"A,0 A18t A19.¢ AT ABt

Comparing this matrix to 3.1 it is seen that the matrix is merely extended - the
original couple matrix €, is contained in the box (note the that the entries are now
called N ). The new matrix takes account for all possible age-combinations, some of

which clearly are absurd.

To formalize how the number of non-available men are calculated, consider one row

in the matrix. Now define the ratio N4 as

17 Arcouple B \rcouple
b=0 N, + Zb:?S N,

a,b,t a,b,t

B \rcouple
> o IV,

a,b,t

\rodd __
Na,t -

In other words Ngffd, is the number of couples where the man is a years old and the
age of the woman lies outside the interval [18, 77]. This is the fraction of men we label

as "unavailable” (to the 18-77 years old women). The value of 1 — N;‘é‘ﬁwdyf State>
i.e. the available men in steady state, was shown in table 1 above. Thus the number

of men we distribute to women by matrix multiplication is (1 — ]\Af(‘l’id) N and not

Constructing the households in the model using the principles mentioned above’, the

final composition of the households are shown in table 2 below.

®Children are distributed according to the age of their mother, as described in section @.Q,
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| Women Men Children | | Women Men Children |

18 33.359 35.555 181 48 32.361 31.875 11.653
19 33.350 36.133 591 49 32.254 32.476 9.141
20 33.336 35.566 1.196 50 32.138 32.983 7.040
21 33.323 35.188 1.989 51 32.008 33.441 5.321
22 33.314 35.051 3.054 52 31.868 33.586 3.872
H1 166.683 177.493 7.011 H7 160.629 164.362 37.026
23 33.305 34.471 4.475 53 31721 33.480 2.762
24 33.294 34.009 6.223 54 31.557 33.207 1.935
25 33.284 33.356 8.320 55 31.379 32.699 1.260
26 33.273 32.917 10.738 56 31.187 32.129 801
27 33.258 32.788 13.553 57 30.966 31.276 467
H2 166.413 167.541 43.308 HS8 156.811 162.789 7.224
28 33.245 32.944 16.663 58 30.728 30.480 257
29 33.231 33.434 19.772 59 30.478 29.425 133
30 33.215 33.927 22.559 60 30.195 28.599 59
31 33.199 34.432 25.074 61 29.877 27.510 27
32 33.181 34.786 27.182 62 29.540 26.256 13
H3 166.070 169.522 111.251 H9 150.818 142.269 489
33 33.161 35.025 28.911 63 29.183 25.699 6
34 33.141 35.047 30.378 64 28.795 24.579 1
35 33.117 35.017 31.505 65 28.369 23.943

36 33.089 34.906 32.164 66 27.903 23.388

37 33.055 34.711 32.439 67 27.410 22.469

H4 165.562 174.706 155.398 H10 141.661 120.079 7
38 33.016 34.468 32.297 68 26.884 21.762

39 32.977 34.265 31.841 69 26.325 20.725

40 32.934 33.972 30.986 70 25.745 19.711

41 32.881 33.628 29.678 71 25.142 18.511

42 32.823 33.210 27.990 72 24.475 17.346

HS 164.630 169.543 152.792 H11 128.571 98.057 -
43 32.763 32.742 25.912 73 23.751 16.006

44 32.697 32.236 23.493 74 23.014 14.692

45 32.629 31.797 20.674 75 22.245 13.432

46 32.549 31.531 17.559 76 21.412 12.085

47 32.459 31.528 14.443 77 20.516 10.757

H6 163.097 159.833 102.081 H12 110.939 66.973 -

Table 2: Composition of households in steady state

Having ”"removed” a large number of younger men (i.e. most prominently men younger
than 23 years), it is not immediately obvious why the number of men in the young
households seem to be unaffected. But remember that men on average are some years
older than their female counterpart - and the men we removed are associated with

women younger than 18.
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The couplematrix over time

Distributing men over time

[HER MANGLER NOGET OM PARMATRICEN OVER TID)|

9.5 Appendix E - data

This appendix documents the data for the year of 1995. The main source is the
national account figures from the old version, but various other sources are utilized
as well. In October 1997, Statistics Denmark published a new national account based
on the ENS95 standard. This will of course be utilized in the future versions of
DREAM. At present the new version of the national account is not yet complete and

therefore the old version is utilized instead.

9.5.1 Input output data

Table 1 shows the basic input output table for 1995. The latest published input output
table of the old version from Statistics Denmark covers 1992. However, all figures of
the non-shaded areas of table 1 are obtained from the preliminary old version national
account figures for 1995 in the database of ADAM (Statistic Denmark’s macroecono-
metric model, cf. Dam (1996)). The figures of the shaded areas are imputed by the
so-called RAS-procedure. First, initial guesses of the shaded cells are calculated by
applying the corresponding columnwise coefficients of the 1992 input output table to
the known (non-shaded) marginals of the 1995 table. Then the shaded cells of the
1995 table are found by minimizing the sum of squared relative deviations to these

initial guesses under the restrictions that the marginal figures are not affected.’

Finally, re-exports amounting to 32.067 billion Dkr. are consolidated out to avoid the
need for modelling re-exports in the model. The omission of re-exports has no impacts
on the aggregate activity as it diminishes both imports and exports by the same
amount leaving net exports and GDP unaffected. The amounts of imports include
toll. The total toll revenue was 1.936 bill. Dkr. in 1995.7

6 ADAM'’s database contains a preliminary input output table for 1995 in 1980-prices. However,
it does not contain a balanced input output table in current prices, which we need here.

Strictly speaking, ” commodity taxes” of the column for domestic production include some minor
duties not linked to commodity inputs.
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Domestic production Consumption Gross investments Exports Sum
Private Public Private Public Private Public

1.a. Domedtic private production 437793 59986 312254 0 106769 14039 311187 1242028
1.b. Domestic public production 7653 5798 18928 243905 0 0 216 276500
2.a Imports of private production 143293 8804 85205 0 28756 1451 0 267509
2.b. Imports of public production 0 0 0 0 0 0 0 0
3.a Quantity commodity taxes 0 0 29500 0 0 0 0 29500
3.b. Ad valorem commodity taxes, net 7526 18081 73235 0 9630 4011 -4433 108050
4. Uses at market prices (1-3 596265 92669 519122 243905 145155 19501 306970 1923587
5. Compensation of employees 341383 173776
6. Gross operating surplus 304380 10055
7. Gross output at basic values (4-6) 1242028 276500

Note: Reexports consolidated out.
Source: ADAM's databank .

Table 1. The base year input output table, mill. Dkr.

9.5.2  Capital stock and depreciation rates

The national account provides two alternative measures of the capital stock: The
gross capital stock and the net capital stock. The gross capital stock is defined as the
value of all capital goods evaluated at replacement prices (prices on new investment
goods). The net capital stock is the value of all capital goods evaluated at depreci-
ated replacement prices, thereby taking their remaining lifetimes into account. If two
capital goods posses the same quality but have different remaining lifetimes, they
will have the same value in gross terms, but in net terms the good with the largest

remaining lifetime will have the largest value.

The gross concept only corrects for the physical decay of past investments. It is a
measure of production capacity and therefore relevant in production functions. The
net concept further corrects for the economic decay and is therefore a measure of
wealth. It can be shown that in case of a constant physical rate of depreciation, the
two measures are identical because in this instance the physical and economic decay
coincide. DREAM assumes a constant physical rate of depreciation and there is only
one concept of capital in the model. However this does not exempt one for choosing
one of the capital concepts for calibration. For the entire capital stock, the gross
measure exceeds the net measure by more than 70 per cent. Obviously, the national

account is far from assuming a constant physical rate of depreciation.

We prefer the net capital stock for calibration purposes for two reasons. First, in an
OLG model measuring the wealth of households accurately must have top priority.
Second, the consequences of measuring the capital stock in the production function
inadequately are minor. Ideally, the production function should be specified with the

services of the capital stock as input. In lack of data for these services, the capital
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stock is instead inserted as an input, assuming that the services are proportional
to the stock. At a given point in time, measuring the stock inaccurately amounts
to redefining the factor of proportionality. Of course, this line of argument does not
alleviate the basic problem that the model for pure convenience simply assumes a
constant physical decay, while the national account based on careful examination of
reality assumes a rather different pattern. This implies that even if the capital stock is
properly measured in the base year data set, the physical depreciations and therefore

the capital stock will develop inaccurately over time in model simulations.

Table 2 display some capital stock figures. The ”5 year value” is the ordinary 71
year value” divided by 5, which is utilized when the model is specified with a 5 year
frequency to keep the relation between stocks and flows unchanged, when we adopt
the convention of keeping the size of flows equal in 1 year and 5 year frequencies as

explained in chapter 7.

1 year value 5 year value

Private sector exclusive dwellings, net 1113.822 223
Dwellings, net 1393.044 279
Total private sector, net 2506.866 501
Public sector, net 522.33 104
Memo

Total capital stock, net 3029.196 606
Total capital stock, gross 5271.443 1054
Sources. ADAM's database .

Table 2. The value of the capital stock, bill. Dkr.

The national account estimates the physical depreciations in 1995 to 133.676 billion
Dkr. for the private producers and 10.055 mill. Dkr. for the governmental producers.

The base year rates of depreciations for the two sectors are therefore

» 133.676

) = " .
base 2506.866 0-0533
10.055

G p— —_—
68 . = 53330 0.0193

9.5.83 Tax rate of depreciation

The tax rate of depreciation is 0.3 per cent for machinery and transport equipment.
The tax depreciation formula for buildings and construction is not a constant rate, but
for the calibration of the Danish OLG-model EPRU it is estimated that the tax rules
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can be translated into an estimated constant tax rate of depreciation for buildings at
0.112.8 The share of machinery and transport equipment of the total private capital
stock (including dwellings) is 0.1696, giving the weighted average estimate of the

aggregate tax rate of depreciation for the private producers

~

81 = 0.1696 - 0.30 + (1 — 0.1696) - 0.112 = 0.1439

9.5.4 Public finances

Table 3 gives an overview of the public accounts comparing the benchmark data
set and the base year data set. The public (or governmental) sector in DREAM is
defined as the state and local governments including The Social Pension Fund and
The Central Bank. In 1995 there was a public budget deficit of 23.911 bill. Dkr. as
kan be seen from the base year data. In spite of this it is necessary to introduce lump
sum transfers at 30.403 bill. Dkr. from the public sector to the households in order
to balance the public budget in the benchmark data set. There are 5 major reasons

for this as table 4 reveals

8The calculation is documented in an unpublished internal paper by Schultz Mgller (1993).
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Benchmark data set Base year data set
Revenue
Gross operating surplus 10.055 10.055
Wage tax 219.973
Benefits tax 11.821
Age dependent transfers tax 14.007
Pensions tax 23.432
Payroll tax 0.000
Interest tax 43.106
Dividends tax 19.353
Corporate tax 28.566
Capital gainstax 0.000
Total direct taxes etc. 360.260 322.241
Quantity tax private consumption 29.500 29.500
Ad valorem tax private consumption 73.235 73.235
Materials excise tax 25.607 25.607
Investments excise tax 13.641 13.641
Exports excise tax -4.433 -4.433
Tariff 1.936 1.936
Total indirect taxes 139.486 139.486
Total revenue 509.801 471.782
Expenditures
Public consumption 243.905 243.905
Public investments 19.501 19.501
Public net interests expenditures 28.464 41.224
Public net payments abroad 9.030 9.030
Public pensions 101.439 79.831
Public unemployment benefits 38.632 46.048
Public age dependent transfers 38.427 82.641
Public ordinary expenditures tota 479.397 522.180
Other expenditures, net 0.000 -26.487
Public total lump sum transfers to households 30.403 0.000
Total expenditures 509.801 495.693
Budget surplus 0.000 -23.911

Sources: ADAM's databank. Statistic Denmark, Nationalregnskab. offentlige finanser
og betalingsbalance . 1997:11, and own calculations.

Tabel 3. The public budget, bill. Dkr.

1. Other expenditures, net -26.487
2. Total direct taxes 38.019
3. Net interest expenditures 12.760
4. Ordinary transfersto households 30.022
5. Budget surplus -23.911
Sum = lump sum transfers to households 30.403

Table 4. Decomposition of the public lump sum transfers to households, bill. Dkr.

First, considering the model’s level of abstraction, we do not find it worthwhile to

take account of various smaller items of the public accounts. They are summed up in
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”other expenditures, net” which amount to a net revenue of 26.487 bill. Dkr.

Second, the revenue of total direct taxes are over-estimated by the model by 38.019
bill. Dkr. or 11.8 per cent of the base year revenue of 322.241 bill. Dkr. There is
esveral reasons for this. Some of the direct tax rates are calculated such that they
measure the average incentive impact on the agents and not such that they result in
the actual revenue. Also, the model calculated tax bases might deviate from the actual
tax bases for most direct taxes for various reasons, including that the composition
of the benchmark population deviates from the actual population, the unrealistic
assumption that all individuals who are between 18 and 60 years old belong to the
labor force and the fact that all firms are assumed to be organized as corporations.
Contrary to this, the indirect tax rates are calibrated as the correct revenue divided
by the tax base, resulting in correct revenues for each of these taxes, cf. also chapter
7. The calculation of the direct tax rates for the base year is documented in Knudsen,
Pedersen, Petersen, Stephensen & Trier (1997). The quantitative outcome is listed in
table 7.1 of chapter 7.

Third, net interest expenditures are underestimated by 12.760 bill. Dkr. The implicit
interest rate on the public debt is significantly larger than the interest rate of 5 per
cent assumed in the model. This is because inflation compensations and risk premiums
of the real world are not incorporated in the model. For simulations with the model
a (real) rate of interest of 5 per cent should still be considered relevant for marginal
experiments, while the difference in levels at the base year are compensated for by

lump sum transfers.

Fourth, ordinary transfers to households are underestimated by 30.022 bill. Dkr. The
main reason for this is that age dependent transfers has been underestimated by
44.214 bill. Dkr. because it has not been possible to to distribute all relevant transfers
at age and gender and because the benchmark population deviates from the base year

population. There are three main categories of transfers to households in the model.

e Pensions are defined as the sum of the general retirement pension inclusive
supplements, civil servants’ pensions, personal supplemnets, special pensions
and early retirement pensions (”efterlgn”) which in 1995 amounted to 79.831
bill. Dkr. In the benchmark data set we further include health related early
retirement pensions (”fortidspension”) of 8.081 bill. Dkr. given to individuals

above the model defined retirement age of 61. The average retirement age was
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61 in the base year, but in the model it is simply assumed that all individuals
above the age of 61 are pensioners and therefore they can not recieve health
related early retirement pensions. The amount of retirement pensions is then
79.831 + 8.081 = 87.912 bill. Dkr. There were 987,617 inhabitants at least 61
years old, giving an average pension of 87.912/987.617 = 0.089014 million Dkr.
The number of stationary state pensioners in the benchmark dataset is however
1139,488, giving total benchmark pension expenditures of 101.439 bill. Dkr.

e Base year unemployment benefits are defined as the sum of ordinary unem-
ployment insurance payments and all social security benefits ("kontanthjeelp”)
although the latter are not alloted to unemployed only. Therefore it is not wor-
rying that the benchmark amount of 38.632 bill. Dkr. undershoots the base
year amount 7.416 bill. Dkr. The benchmark amount hinges on the assumed re-
placement ratio, by, of 68 per cent which is documented in Knudsen, Pedersen,
Petersen, Stephensen & Trier (1997).

e Age dependent transfers are defined as the remaining transfers which it is pos-
sible to distribute over sex and gender by means of the Danish generational
accounting of Jacobsen et al. (1997). They consist of health related early re-
tirement to individuals of age 18-60 years, and allowances to children, housing,
education and sickness and childbirth leave. The undistributed remaining trans-
fers are in effect assumed to be uniformly distributed on all adults of age 18-60

via the lump sum transfers.

Finally table 4 shows that the budget surplus of course contributes to the lump sum

transfer.

Table 5 shows the net public debt.

1 vear value 5 year value

1. Central government net debt 578.300 115.660
2. Centra bank own capital 36.227 7.245
3. Local government net debt 27.200 5.440
4. Total net public debt (1-2+3) 569.273 113.855

Note: Central government net debt includes assets at The Central Bank
and The Socia Pension Fund.
Sources: Statens lantagning og geeld , Nationalbanken 1996, p. 56.
Beretning og Regnskab , Nationalbanken 1996, p. 109.
Kvartalsoversigt ., Nationalbanken 1997 / mai, table p. 15.

Table 5. The net public debt, bill. Dkr.
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9.5.5 Current account

Table 6 shows the current account figures for 1995. Net exports, net interest reciepts
and net public transfers from abroad are compiled according to national account def-
initions, cf. also table 1 and table 3, which deviates from balance of payments statis-
tics.” The current account is defined according to the balance of payments statistics.
In the base year data set, the difference between these two sources ends up in net
transfers to households from abroad which are calculated residually. In the benchmark
data set the current account surplus is assumed to be zero by further manipulating

the net transfers to households from abroad.

Benchmark Baseyear

Exports 306970 306970
Imports 265573 265573
Balance on goods and services 41397 41397
Net interest reciepts -13300 -26531
Net public transfers from abroad -9030 -9030
Net transfers to households from abroad -19067 4973
Current account 0 10809

Table 6. The current account, mill Dkr.

The net interest reciepts from abroad in the benchmark data deviates from the base
year figure. This is analogous to the public sector net interest expenditures deviation

discussed above.
9.5.6 Corporate debt share”

Jessen and Frederiksen (1991) estimated that for qouted Danish corporations, the
share of own financing in the total balance was around 35 per cent in 1989. However,
this figure represents a probably cautious and conservative accounting estimate where
assets are valuated at replacement prices. In DREAM, corporate own capital should
be assessed by its market value based on the expected future earnings, which is
propably larger than the cautious accounting estimate. Therefore the own financing
share is probably somewhat higher than the estimate of Jessen and Frederiksen. We
assume that it is equal to 40 per cent giving a debt financing share at 60 per cent.
OCED (1991) found that the debt financing of real investments is 65 per cent in

Denmark.

9Total imports of table 1 include a tariff revenue of 1.936 bill. Dkr. which is subtracted from the
import expenditures of table 6.
10T his subsection reproduces the work of Schultz Mgller (1993).
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9.5.7 The wealth of households

Table 6 shows the benchmark calculation of households’ total assets. The benchmark

value of the firm is calulated from the benchmark dividend as described in chapter 7.

1 vear value 5 vear value

1. (Net) Capital stock 2506.866 501.373
l.a. - of which foreign capital (60 %) 1504.120 300.824
2. Value of firm 1380.483 276.097
3. Public debt 569.273 113.855
4. Net foreign assets -266.000 -53.200
5. Total household net wealth (1.a-4) 3187.876 637.575

Table 6. The benchmark wealth of households, bill Dkr.

9.5.8 Elasticities of substitution

The econometrically estimated (compensated) import price elasticities of the Danish
macroeconometric model SMEC are converted to elasticities of substitution using the
ordinary relation between the elasticity of substitution and the compensated own

price elasticity
opr = —€e%./Sp (9.33)

where opp is the elasticity of substitution between the domestic and the foreign
input, ¥, is the compensated own price elasticity of imports and Sp designates the
domestic share of overall input costs (domestic plus imported). Table 7 illustrates
how (9.33) is utilized to calculate the elasticities of substition for imports based on
the import price elasticities of SMEC. The domestic market shares are calculated
from the input output table, cf. table 1, as the share of the delivery from domestic
production in the total delivery (domestic plus imports) to the demand category in
question. It should be noted that the disaggregation of imports in SMEC is only
compatible with that of DREAM as a rough approximation.

Private sector Public sector
D @) 3=(V/(2 4) (®)=(1)/(4)
Import price Domestic  Elagticity of Domestic  Elagticity of
dadticity market share subgtitution market share substitution

Materials inputs -0.9 0.75 12 0.87 1.0
Private consumption -1.2 0.79 15
Investments -1.2 0.79 15 0.91 13

Source: The irport price elasticities are based on SMEE Det gkonomiske R&1.994).

Table 7. Calculation of the import elasticities of substitution
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In ADAM the long run uncompensated own price elasticity of services in private con-
sumption is estimated to -1.06, cf. Dam (1996). Most of the governmetally produced
good in private consumption consists of services. We therefore assume that the own
price elasticity of the governmentally produced good in private consumption is -1.06.
The elasticity of substitution between the private and the governmentally produced
good in private consumption, ogp, is calculated using the ordinary formula

caaq — SG _ —1.06 — 0.045 —-11
Sg—1 0.045 -1 '

ogp

where eg¢ is the uncompensated own price elasticity of the governmentally produced

good and S¢ is the cost share of that good which is calculated from table 1.
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