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Foreword

MAKRO is a large, empirically based macroeconomic model of the Danish economy. The
purpose of the model is to serve as a tool for medium and long-term projections, short and
long-run policy impact assessment, and long-run fiscal policy sustainability measurement. In
addition, the model can incorporate short-term economic forecasts into its projections.

The model is developed by the MAKRO model group at DREAM (Danish Research Institute
for Economic Analysis and Modelling) for use by the Danish Ministry of Finance. The model
code is made freely available, however, and may be used by anyone.

The model parameters, equations, and data as a whole have been selected such that the short
and long-run properties are as empirically and theoretically well-founded as possible. MAKRO
incorporates four types of economic agents: households, firms, the government, and foreign
agents demanding Danish exports. The model is micro-founded and forward-looking, with
the behavior of households and firms supported by a detailed specification of their objective
functions, preferences, technology, and budget sets. The government’s behavior follows a set of
exogenous rules as is standard, and the demand for exports is determined by a demand function
that incorporates aspects of different trade models.

MAKRO is a New-Keynesian model, but differs from so-called DSGE models in a few ways.
DSGE models solve for optimal decisions, which are functions of state variables and contain
information pertaining to the model’s stochastic nature. These optimal decision functions are
defined in a neighborhood of the model’s steady state. MAKRO is instead a computational
general equilibrium model that solves for a single path for all its variables. This solution relies
on initial and terminal conditions and reflects all policy changes and variations in exogenous
factors one wishes to study.

MAKRO also differs from other models of its type due to its size. The household side of the
model solves a model of overlapping generations, each with a life cycle of 100 years. The firm
side of the model currently solves for nine different sectors of the economy. It is a nonlinear
model with a large number of endogenous variables, and as a professional planning and budgeting
tool, the model’s variables must correspond precisely to their counterparts in the data. One
of the primary purposes of MAKRO is to characterize the government budget balance and
how it responds to shocks and policy changes. This requires a considerable disaggregation of
the fiscal part of the model as it must be able to evaluate a large number of tax and transfer
interventions as well as specific government consumption changes.
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Introduction

1 Introduction

The documentation contained in the subsequent chapters is a description of the model version
2023-March. Although it is written mainly for model users to understand the background of the
computational code, each chapter contains a description of the relevant theoretical part that
a wider audience can understand. The following paragraphs summarize the content of each
chapter.

Households. This chapter lays out the household problem. There are two types of households
in the model. Optimizing households and Hand-To-Mouth (HTM) households.

Optimizing households solve a dynamic life cycle problem within an overlapping generations
model. They maximize utility by choosing optimal non-durable consumption and savings into
liquid assets, optimal housing, optimal job search effort, and hours worked. Within non-durable
consumption, they also decide on the optimal composition of a consumption bundle. The
consumption/savings decision is dynamic and forward-looking. Households choose the total
amount of liquid non-housing net financial assets. We allocate the total volume of wealth
to different assets in a portfolio composition estimated from the data. The optimal housing
decision is also dynamic and forward-looking and reflects costs of mortgage financing, housing
depreciation and maintenance, and capital gains from house prices. The optimal choice of the
non-durable consumption bundle is a static decision organized in a sequence of cost-minimization
problems. The optimal job search decision is also a dynamic, forward-looking decision.

Hand-to-mouth agents have zero financial assets and allocate their income between non-durable
consumption and housing every period. This is a proxy for an explicit model of financial
constraints. The presence of HTM households helps aggregate consumption track income over
the life cycle, and increases the aggregate marginal propensity to consume out of transitory
income shocks, as changes in income are fully transmitted to expenditure for these agents. The
proportion of HTM agents in the model is estimated to match these targets in the data.

Household members die in our model, leaving bequests associated with warm glow utility when
they die. Bequests received are taken as given by the optimizing agent. The mapping between
bequests given and received at different ages is an allocation matrix estimated from the data
and which enters the model exogenously.

Firms. This chapter details production. Domestic output is produced by private firms and
by the government. The economy has eight private production sectors corresponding to eight
broad classes of goods and services. Firms use capital, labor, and intermediate inputs in each
sector to produce output. Quantities of inputs are combined in a production function to produce
units of output. Capital is subject to a time-to-build constraint of one period which makes
investment decisions forward-looking, and to investment adjustment costs which makes the
optimal decision dynamic. Capital goods can be purchased from multiple supplying sectors and
both domestic and foreign sources. Employment adjustment is also forward-looking and subject
to frictions. Firms incur costs from posting vacancies that are filled with a probability that is
outside the firm’s control. The optimal use of intermediate inputs is a static decision, and,
like capital goods, these can also be purchased from multiple supplying sectors and domestic
and foreign sources. Firms are price takers in input markets. Public production differs from its
private counterpart and is detailed in the chapter on public production.

Price setting This chapter explains how prices are determined in the economy. The problem
faced by firms is twofold: cost optimization and setting the optimal output price. The previous
chapter deals with cost optimization, while this chapter focuses on setting the optimal output
price. In a perfect competition setting, the optimal output price would equal the unit costs.
However, observed prices are more sluggish than the ones generated by the perfect competition
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solution, which leads to the addition of an intermediate layer of price-setting behavior between
the producing firm and the agents demanding the output.

This intermediate layer is modeled as a monopolistic competition problem, which generates
price rigidity. In this setup, all firms within each sector face the same demand elasticity, and the
aggregate price over all firms in a given sector is a CES price index. Price stickiness originates
from quadratic adjustment costs.

Input/output structure. The input/output chapter details the collection of market clearing
conditions, where the demand for intermediate inputs, private consumption, government
consumption, investment, and exports is met by supply from domestic and foreign producers.
The supply side of the IO structure consists of nine domestic and four import sectors. The
demand side ultimately disaggregates to the same nine-sector, however, demanded goods have
heterogeneous degrees of intermediate aggregation. Intermediate inputs into production have
different compositions for each of the nine production sectors. Consumption is split between 5
private consumption groups and a single type of government consumption. Investments are in
structures, equipment, or inventories, and finally, demand for exports distinguishes between five
different export groups (including tourism exports which are included in the private consumption
groups).

These mappings, for example, between the definition of the five consumption goods demanded
by households and the nine different production sectors, can, on the one hand, be viewed as
demand coming directly from households and into the various production sectors through layers
of nested sub-utility functions. But, on the other hand, they can also be viewed as layers of
zero-profit markets/firms that transform the basic goods into the upper-level goods the agents
demand. This transformation occurs via constant returns to scale “technology”, which generates
the necessary prices.

Finally, at the very bottom of the demand side construction is the decomposition between
domestic production and imports by a constant elasticity of substitution aggregator. At this
level, there is substitutability between domestic and foreign supply in response to price changes.

Exports. Exports are modeled using a reduced form incorporating insights from various trade
models and mirror the determinants of imports generated by MAKRO. The Export demand
equation includes the following:

• A measure of the size of the export market.

• A price ratio measure of our competitiveness in this market.

• A measure of domestic output.

• Lagged exports.

The price elasticities of export demand in the different exported goods are fundamental param-
eters in MAKRO, as in any small open economy model. They are a key source of concavity
in an otherwise largely linear model and allow the model to have a finite solution. Therefore,
significant effort and care have been taken in the econometric estimation of these parameters.
Details of the econometric work are available in additional documentation.

Labor Market. The labor market includes heterogeneous households and firms. Households
make decisions about their labor market participation and working hours, while firms post
job vacancies, and a matching function brings workers and vacancies together. The model
includes bargaining between agents representing workers and firms to set the market wage. The
household side is age-specific, and the firm side is sector-specific. Both types of households:
constrained/impatient and unconstrained/patient, make the same labor market decisions.

DREAM · MAKRO 8
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Structural Levels. This chapter discusses how we calculate structural employment and output,
which are essential for calculating the structural budget balance.

Structural employment is based on a modified labor market framework where we remove nominal
frictions and rigidity stemming from matching frictions. Structural employment is thereby
determined by the structural labor force and the institutional structures of the labor market.
The model can, in general, provide conditional forecasts of the effects of shocks or policy
interventions. However, MAKRO does not unconditionally forecast the structural labor force or
hours worked. Instead, these variables are treated as exogenous inputs based on demographic
projections.

From structural employment, we calculate structural output through a production function that
uses the actual stock of capital but with neutral utilization rates.

Public production. This chapter describes how public sector output, comprised of goods and
services, is provided by the state and consumed domestically. Public production is produced
just as private sector goods in the sense that it uses labor, capital equipment and structures,
and intermediate inputs. The default setting in MAKRO is that all factors of public production
(labor, capital equipment and structures, and intermediate inputs) are exogenous. The quantity
of output produced is endogenous, but only reacts to shocks to the production factors. Most
public services are not traded on any market, and therefore no market prices exist in the data.
The accounting price of public production is instead the average cost of production. Rather
than the production function approach used for private sector production, we use an input
method, where chain indices are used to distinguish between changes in public sector prices and
quantities.

Government. One essential purpose of MAKRO is to determine the government budget
balance and how it responds to shocks and policy changes. The government chapter provides a
breakdown of government revenues and expenditures and how each revenue or expenditure item
is modeled. The fiscal sustainability indicator (HBI) summarizes the overall long-run state of
public finances, and we show how it is calculated.

Calibration and Estimation. The document "The empirical basis for MAKRO" describes our
overall empirical strategy. In addition, we publish working papers on the DREAM with detailed
descriptions of different econometric procedures and empirical results.

Most parameters are calibrated using available data (over 1,500 in the latest version) such
that the model is consistent with the national accounts. Most of these are "level parameters,"
such as the scale parameters in CES functions, which ensure that MAKRO hits the right levels
for the data-covered endogenous variables. Most calibrated parameters are determined using
a single static relation/equation. Solving these parameters using data comprises our "static
calibration" procedure, yielding time series of these parameters for the available historical data
period. Other parameters are determined using dynamic relationships such as forward-looking
first-order conditions. These parameters are calibrated in our "dynamic calibration" procedure.
Before performing dynamic calibration, we need to forecast some parameters obtained in static
calibration.

The static calibration process generates historical time series for the different parameters.
These time series can display structural trends, such as a growing service sector, and capture
short-run fluctuations and structural breaks. This information is treated econometrically with
ARIMA models to generate forecasts of parameter values. With these in hand, we can solve
the forward-looking equations to recover the associated parameters.

Finally, some parameters are closely related to short-run fluctuation behavior. These parameters
are estimated by shocking the model and comparing the resulting impulse responses in artificial
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data with those obtained from SVAR models and other empirical approaches. This is a standard
methodology in the DSGE literature, which we bring into our CGE framework.

1.1 Computational MAKRO

MAKRO is coded in GAMS which is an efficient software for solving large scale systems of
nonlinear equations.

1.1.1 Code organization

The code is organized in modules reflecting the theoretical chapters in this documentation.
Each module can be solved separately but requires inputs from and provides outputs to other
modules.

The code modules are: Consumers and Household Income, Finance and Private production,
Pricing, Input/Output, Exports, Labor market, Structural levels, Public production, Government,
Government expenses and Government revenues, Taxes, and Aggregates.

1.1.2 Notation

One problem that arose was that of having a system to name the large number of variables
and parameters in the model. Notation in the documentation is consistent with the code but
not identical. Nearly all objects in the code have long descriptive names that allow for their
identification in a dense computational environment. The code names are mainly in Danish
because the users of this code will be Danish, while in the documentation, the working language
is English, as the model is meant to be understood by a universal audience.

Some simple organizational choices are made for names in the code: quantities have prefix q,
prices have prefix p and nominal values have prefix v. Many variables are recognizable in the
code using common sense: K is associated with capital, L with labor, C with consumption, Y
with output, etc.

In the documentation, most object names are much shorter to ease notation, while Greek
letters are used for parameters following the standard practices of the academic literature. As
an example, a depreciation rate will be labeled \delta in the documentation while having a long
name in the code. One Greek letter pervasive in the documentation is µ. This character typically
denotes share parameters which are a part of the widely used CES tree approach in production
and consumption, and in the code the letter u replace it. While in the documentation, µ will be
used identically in different chapters without risk of confusion, in the code, u will have additional
characters and indices added to provide identification.

Another aspect of variable name organization is naming the same object at different levels
of aggregation. This can be done by extending the variable name, for example, to aggregate
or consider an age-specific quantity or by using the same name with additional indexing. For
example, a superset s* can contain not just the nine items pertaining to the nine different
production sectors in s, but also different subsets of the elements in the set s, allowing for
various degrees of aggregation without changing the name of a variable.

A critical aspect of the code, and one crucial capability of GAMS is organizing the data using
indices and sets. As the model has many demand and supply side items, identifying such items
occurs through appropriate set description and indexing. For example, an object such as q[d,s,t]
will denote the quantity q demanded by sector d and supplied by sector s at time t.

The most important sets are time (t), which runs from 1965 to 2099; age (a), which runs from
0 to 100, and the non-numerical set, s, which currently has nine values identifying eight private
sectors and one public sector. Additional sets are used to index capital goods, consumption
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goods, export goods, and intermediate inputs. Of these, the last three sets (consumption
(c), exports (x), intermediate inputs (r)) are demand-side reorganizations of the nine sector
production set s. The index for capital goods covers equipment, structures, and inventories and
is independent.
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2 Households

The problem of the household is to choose optimal amounts of savings and expenditure, and
within the expenditure, choose the different types of goods they consume. A particularly
important good is housing as the model must replicate several important features of the data.
These features include moments at aggregate level and life cycle profiles of housing ownership,
mortgage debt, non-housing wealth, non-housing consumption, and the intertemporal marginal
propensity to consume out of different shocks.

The household problem contains several building blocks and we start by presenting the baseline
case first. Afterwards, we outline in detail how household income is defined, how the financial
portfolio is constructed, how the optimal decomposition of non-housing consumption occurs,
and of how bequests are allocated.

2.1 Basic definitions

The model is a discrete-time, perfect foresight, overlapping generations model of the life cycle.
The size of the cohort aged a in period t is Na,t and is exogenous. There are two types of
households, unconstrained and “Hand-to-Mouth” [HtM]. Unconstrained agents consume and
save into housing and into a variety of liquid assets. HtM agents spend all their disposable
income each period1.

The household problem for each type is to choose an optimal consumption path over the
life cycle given its income path. The income path is endogenous as the household decides
also on its participation in the labor market. However, as labor disutility is separable from
other utility, we can treat this choice in isolation and it is thus discussed in the labor market
chapter. Furthermore, consumption of different non-housing goods is the result of a CES nest
optimization sequence which relates to the input/output structure of the data, detailed in 2.14.

Henceforth we use the following symbols with the associated purposes: η will denote an elasticity,
δ a destruction or depreciation rate, τ will denote a tax rate, and βj will be the household’s
preference discount factor. Household types make up fractions Υj ≥ 0 of population, with∑

j Υj = 1.

2.2 The household problem

Households of age a in period t make consumption and savings decisions to solve the following
Bellman equation2

Vj,a,t
(
Bj,a−1,t−1, Dj,a−1,t−1) = max

Cj,a,t ,Dj,a,t
U
(
Cj,a,t , Dj,a,t

)
+ βjVWealth

j,a,t
(
Bj,a,t , Dj,a,t

)
+ βjWj,a+1,t+1 (Bj,a,t , Dj,a,t

) (2.1)

s.t.

Bj,a,t = (1 + rj,a,t
)
Bj,a−1,t−1 + yj,a,t − pctCj,a,t − f

(
Dj,a,t , Dj,a−1,t−1)

where j indexes household heterogeneity, a = 0, 1, 2, ..., A indexes age with the index value
a = 0 belonging to the first age of life when children are born and until they become one year
old. The letter t indexes time.

1We later introduce an ad-hoc rigidity allowing for persistence in consumption changes from transitory income
shocks.

2For a ≧ 18. Consumption for children under the age of 18 is assumed to be part of their parents’ consumption.
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In the budget constraint yj,a,t denotes income excluding returns on liquid assets, Bj,a,t is the net
stock of liquid assets, pct is the price of non-housing consumption Cj,a,t , and f (·) is a function
capturing all elements of the budget constraint related to owned housing, (described in detail in
section 2.7). Non-housing consumption, Cj,a,t , is split into several different consumption goods
according to a CES tree structure, see Section 2.14.

In the objective function U(·) is instantaneous utility over non-housing consumption, Cj,a,t , and
housing Dj,a,t, both of which have a habit component. This habit is external in the case of
non-housing consumption, and internalized in the case of housing. The object VWealth

j,a,t (·) is
the function capturing direct utility of wealth, and Wj,a+1,t+1(·) is the continuation-value of the
problem. This continuation value contains a probabilistic element in the form of the age-specific
survival probabilities, sa, such that Wj,a+1,t+1(·) is given by

Wj,a+1,t+1 (Bj,a,t , Dj,a,t
) = saVj,a+1,t+1 (Bj,a,t , Dj,a,t

)
+ (1 − sa)V Beq

j,a+1,t+1 (Bj,a,t , Dj,a,t
)

(2.2)

where V Beq(·) is utility of leaving bequests in the case of not surviving till the next age of life.

Finally, the Bellman problem has household-specific state variables which are the beginning of
period stock of liquid wealth, Bj,a−1,t−1, the stock of housing, Dj,a−1.t−1, and the household
age, a. The household type j and its specific parameter values such as the discount rate θj are
not states in terms of the Bellman problem as their values cannot change.

2.3 Optimization

2.3.1 Savings decision

The first-order condition for savings can be obtained by replacing the non-housing consumption
variable with the budget constraint in the Bellman equation, eq. (2.1), and choosing end of
period stock of assets Ba,t . We obtain

Uc
j,a,t

pct
= βj

{
sa,t

(1 + rBt+1) Uc
j,a+1,t+1
pct+1 + sa,t

∂VWealth
j,a,t

∂Bj,a,t
+ (1 − sa,t

) ∂V Beq
j,a,t

∂Bj,a,t

}
(2.3)

where rBt+1 is the marginal rate of return,

rBt+1 = ∂
(
rt+1Bj,a,t)
∂Bj,a,t

Equation (2.3) is a standard Euler equation, wherein the household trades-off current with
future marginal utility of consumption. On the left hand side, the last unit of income used for
current consumption yields 1/pct units of consumption with marginal utility Uc

j,a,t. Optimality
implies this must be identical to what is obtained from alternatively saving this marginal unit of
income, earning a net marginal return rBt+1, and using it next period for consumption, taking
into account that one may die. This is given by(1 + rBt+1) Uc

j,a+1,t+1
pct+1

weighed by the survival rate sa,t and discounted by the factor βj to match the current marginal
utility. In addition, a surviving household will also derive the utility of the ownership of the
extra wealth. On the other hand, in the chance

(1 − sa,t
)

that a household does not survive,
it obtains the marginal change in bequest utility, ∂V Beq

a,t /∂Ba,t, measured in the future and
discounted back for mechanical consistency, as in case of death the agent only dies tomorrow
(and therefore after the current savings decision).
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Terminal savings condition (last period of life) The household lives up to 100 years of age.
The survival rate is thus zero in the last age, sA,t = 0, but bequests still occur. We obtain

Uc
j,A,t

pct
= βj

∂V Beq
j,A,t

∂Bj,A,t
,

which determines assets at the end of life. However, setting the survival rate at zero induces
an abrupt change in behavior at the end of life that distorts the optimal choice due to the
truncation of life. We instead use the following equation where the survival rate is the actual
rate observed at 100 years of age, sA,t ̸= 0, and where we replace the would-be consumption of
101-year-olds with the consumption of next period’s 100-year-olds:

Uc
j,A,t

pct
= βj

{
sA,t

(1 + rBt+1) Uc
j,A,t+1
pct+1 + sA,t

∂VWealth
j,A,t

∂Bj,A,t
+ (1 − sA,t

) ∂V Beq
j,A,t

∂Bj,A,t

}

2.3.2 Housing decision

Housing Da,t is a stock variable. Like the choice of Ba,t, the choice of housing is a dynamic
forward-looking decision with an associated intertemporal first-order condition. The general
expression for this condition is3

Uc
j,a,t

pct

(
∂fj,a,t
∂Dj,a,t

) = Ud
j,a,t + βjsa,t

∂Uj,a+1,t+1
∂Dj,a,t

+ βjsa,t
Uc
j,a+1,t+1
pct+1

(1 + rDt+1 −
∂fj,a+1,t+1
∂Dj,a,t

)

+βjsa,t ∂VWealth
j,a,t

∂Dj,a,t
+ βj

(1 − sa,t
) ∂V Beq

j,a,t

∂Dj,a,t
(2.4)

with

rDt+1 = ∂rt+1Bj,a,t
∂Dj,a,t

and where the presence of ∂Uj,a+1,t+1
∂Dj,a,t reflects the fact that the housing habit is internalized.

This condition reads: when you sacrifice 1/pct units of non-durable consumption today and
use the money to buy extra housing, there is an immediate marginal utility loss from reduced
consumption. This is the left-hand side of the equation. On the right-hand side, you gain the
direct marginal utility of the durable good, Ud

j,a,t, and tomorrow you gain the marginal utility
of non-durable consumption associated with the effect of the additional housing bought today
on tomorrow’s income, conditional on surviving. The direct effect of housing on tomorrow’s
budget is − ∂fj,a+1,t+1

∂Dj,a,t . Housing decisions may also affect tomorrow’s budget through portfolio

choices that change the rate of return on B, which is captured by rDt+1, see section 2.12. In the
case of not surviving, you instead gain bequest utility in period t + 1.

2.3.3 Putting the two together

It is useful to combine the two first-order conditions, (2.3) and (2.4), to get an expression
for the user-cost of housing. . Here we merge them by eliminating the marginal utility of
consumption in period t+1, Uc

j,a+1,t+1. We obtain

3Just as in the savings optimal choice, this equation needs to be adjusted in the final age of life.
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Uc
j,a,t

pct

{
∂fj,a,t
∂Dj,a,t

+ 11 + rBt+1
∂fj,a+1,t+1
∂Dj,a,t

− 1 + rDt+11 + rBt+1
} = Ud

j,a,t + βjsa,t
∂Uj,a+1,t+1
∂Dj,a,t

+βjsa,t
∂VWealth

j,a,t

∂Dj,a,t
−

1 + rDt+1 − ∂fj,a+1,t+1
∂Dj,a,t1 + rBt+1

∂VWealth
j,a,t

∂Bj,a,t


+βj (1 − sa,t

)∂V Beq
j,a,t

∂Dj,a,t
−

1 + rDt+1 − ∂fj,a+1,t+1
∂Dj,a,t1 + rBt+1

∂V Beq
j,a,t

∂Bj,a,t


This yields the user-cost of housing expression measured at time t such that it is comparable to
the current consumption price:

pucDj,a,t = { ∂fj,a,t
∂Dj,a,t

+ 11 + rBt+1
∂fj,a+1,t+1
∂Dj,a,t

− 1 + rDt+11 + rBt+1
}

︸ ︷︷ ︸
User-cost of Dj,a,t measured at time t in nominal units.

This merged equation has an intuitive reading. When the household sacrifices one unit of
current consumption to buy additional housing, it must weigh the direct marginal utility of
housing Ud

j,a,t against the loss of marginal utility of consumption, Uc
j,a,t , net of the gain in the

marginal utility of wealth and bequests.

We can also merge the two first-order conditions by eliminating the current marginal utility of
consumption Uc

j,a,t . This is useful because, given the assumptions we make regarding utility of
wealth and bequests4, we can also eliminate marginal utility of wealth and bequests from the
resulting condition:

Ud
j,a,t + βjsa,t

∂Uj,a+1,t+1
∂Dj,a,t

= βjsa,tpucDj,a,t
1 + rBt+1
pct+1 Uc

j,a+1,t+1
The intuition here is also clear. An additional unit of housing today yields the corresponding
direct marginal utility of housing (adjusted for habit). This must be identical to the marginal
utility of consumption we could obtain tomorrow if instead of spending the money on housing
we took that amount of money, pucDj,a,t , capitalized it 1+rBt+1

pct+1 , and used it to eat in case we survive.

Given the behavioral relations of the households, we proceed to various details around age,
death, type, and the details of the components of consumption and the budget constraint.

2.4 Household Types

Our model consists of two types of households: patient and impatient. We want our “impatient”
household to spend all disposable income every period, as in Campbell and Mankiw (1989) and
Bilbiie (2008). Discounting the future implies the desire to spend more today than tomorrow,
and when faced with a borrowing constraint this results in their consumption tracking income
very closely resulting in a high marginal propensity to consume [MPC] out of changes in income.
(Kaplan and Violante (2014) and Kaplan, Moll, and Violante (2018)). On the other hand,
patient households have less or no desire to borrow and therefore typically have low marginal
propensities to consume out of transitory income shocks, while reacting to permanent income
changes. Thus, having a mix of agents within each cohort allows us to obtain realistic aggregate
MPCs.

4Specifically we use that
∂VBeqj,a,t
∂Dj,a,t = ∂VBeqj,a,t

∂Bj,a,t
∂fj,a,t
∂Dj,a,t and

∂VWealth
j,a,t
∂Dj,a,t = ∂VWealth

j,a,t
∂Bj,a,t

∂fj,a,t
∂Dj,a,t , see section 2.13.
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In addition, Fagereng et al. (2021) find significant consumption effects of transitory income
shocks beyond their impact period.5 This behavior can be generated by models with buffer-stock
behavior arising from income risk, implying that households near their borrowing constraint have
some wealth (their buffer stock) and yet save little from transitory income shocks. A model
with risk aversion and high impatience can generate this behavior. The high impatience means
one wants to consume more today but risk aversion (and the inability to borrow) means you
need to keep a minimum stock of wealth. High risk aversion is generated by high concavity of
utility which implies also that you want to smooth the change in consumption over time.

The current implementation of HtM households in MAKRO is such that we use a reduced form
instead of an exact derivation from the model. In the baseline, HtM households spend all their
income such that

pCt qCa,t + fa,t = ya,t

and

Ba,t = 0
In order to generate a protracted effect of transitory shocks to match empirical facts on MPC’s,
we introduce an ad-hoc backward-looking “stickiness” component in their consumption. We
have then for our HtM households an equation approximating the merged first order conditions
for B and for D (the type index j is omitted)

pCt qCa,t + fa,t = (1 − ψ) ([1 + ra,t ]Ba−1,t−1 + ya,t
)

+ ψ
(
pCt−1qCa−1,t−1 + fa−1,t−1)Γa,t

where ψ is the stickiness parameter and Γa,t is calibrated so that HtM households spend all
their income each period in the absence of any shocks. In case of a shock to their income,
HtM households increase their consumption by only (1 − ψ) of the income change initially and
gradually go back to holding zero assets by spending more in subsequent periods (1 − ψ of any
assets saved).

The equation closing the optimality of HtM households is a static first-order condition maximizing
only current period utility for the choice of housing stock D and which here consists exactly of
the limit of the normal first-order condition as the discount factor tends to zero:

Uc
j,a,t

1
pct

∂fj,a,t
∂Dj,a,t

= Ud
j,a,t

2.5 Children

Our consumer starts life as a teenager. The data reveals income and assets for children below
the optimizing age in the model, which is 18 years.6 Fitting the budget constraint of these
children is important, as it allows us to calibrate initial wealth at 18 years of age correctly and
correct for otherwise excessive consumption of the associated parental household.

Rather than modeling children as optimizing agents, we let their consumption be implicit in the
parent’s problem and create an exogenous income transfer variable from parents to children
that will fit the child’s budget constraint at zero consumption and is just enough to hit the

5Kaplan and Violante (2021) review household finance literature that finds significant MPCs using micro-data.
6Optimal labor search decisions start at age 16, and this is possible because, by eliminating wealth effects

from the labor decision we make the two problems independent of each other.
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asset target at age 18. Children are born with zero assets, and for a few ages, they actually
have recorded disposable income, so their budget constraints are given by

Bj,0<a<18,t = (1 + rj,a,t
)
Bj,a−1,t−1 + yj,a,t + T ransferj,a,t
Bj,0,t = 0

As we calibrate this equation to the data, we obtain the value of initial assets for agents at the
first optimizing age. Note that for the purpose of this document, the transfer from the parent
to the child is hidden inside the disposable income variable of the parent.

2.6 Migration

The population of a given age at a point in time will generally be such that

Na,t = Na−1,t−1sa−1,t−1 + Ia,t − Ea,t

where some agents will have either emigrated, Ea,t, or immigrated, Ia,t, the country at this
point.

We make the necessary assumptions to ensure that those entering the country have the same
consumption, income, housing, and employment as surviving residents; otherwise, the model
would have an intractable amount of heterogeneity. Those leaving take their assets with them.
As for housing, agents leaving sell their housing stock while agents entering come in with zero
housing, such that the total amount of housing in the country is unchanged by immigration
and retains its characteristic of being a good that is not traded across borders.

2.7 Detailing the f housing object

The housing the household buys and sells is an aggregate of "bricks" and land. The "bricks"
part of the house is produced mainly with inputs purchased from the construction sector.
The country’s entire stock of land is held by households embodied in their housing good, and
land available for the construction of new houses is the land released as a result of housing
depreciation.7 An intermediary buys output from the construction sector and other intermediate
inputs, buys land from households released from depreciated housing, packages these together,
and sells the resulting houses back to households. Land is introduced in MAKRO as a rigid
production factor. In reality, land is a somewhat flexible factor, and we allow for exogenous
increases in the aggregate stock.8

We introduce an exogenous supply of rental accommodation, H, including an exogenous rent,
to capture the non-negligible amount of existing public and regulated rental housing. We do not
model the link between the rental market and the owned housing market. Thus, rent expenses
appear only as an exogenous term in the budget constraint of the household.

The costs and returns of housing Owned housing is the overwhelming source of household
debt, and housing finance is a significant fraction of total financial activity. Houses here are
financed with a mortgage with an age-specific fraction of mortgage financing to house value,
µa,t, as a loan-to-value (LTV) term.9 The object µj,a,t is exogenous to the household, but
is modeled so that mortgages only gradually adjust to housing prices. Therefore, the model
generates quantities for mortgage debt that change via the extensive margin (as the stock of

7Only the bricks part of the house dies with depreciation. The corresponding land is sold. The depreciation
rate δ is detailed in the appendix, see Appendix 2.15.3.

8Davis and Heathcote (2006), The Price and Quantity of Residential Land in the United States.
9Endogenous mortgage ratios require the specification of mortgage contracts and a model of credit.
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housing changes) and via movements in prices when the extensive margin is constant. The
detailed modeling of µj,a,t is discussed in Appendix 2.15.4.

Housing enters the budget constraint via the object f . This object is a cost function which
contains financing, taxation, and maintenance, and deducts revenues from downsizing and from
land sales. We detail the elements of f with extended algebra and proofs in Appendix 2.15.4.

f
(
Dj,a,t , Dj,a−1,t−1) = (1 − µj,a,t

)
pDt Dj,a,t

+{(1 + rmortt
)
µj,a−1,t−1 + τWt + xt − pDt

pDt−1
(1 − δdt

)
− αLandt

}
pDt−1Dj,a−1,t−1 (2.5)

Since f is a cost function we have non-mortgage financing
(1 − µj,a,t

)
, property value taxes

τWt and maintenance costs xt, and mortgage interest payments rmortt , all with a positive sign.
Carried over un-depreciated housing, and income earned from selling land, are revenues and
therefore appear with a negative sign. Appendix 2.15.3 details the computation of the factor
αLandt which defines the revenue from land sales. The partial derivatives of expression (2.5),
which enter the user cost expression and the optimality condition, are now trivial to compute
and are all either exogenous to or taken as given by the household.

Hidden user costs. We incorporate an additional component in the user cost of housing to
reflect the fact that houses have historically provided a higher but more volatile return than
relatively risk free bond rates. As we cannot model stochastic returns while keeping the model
tractable we instead add a risk premium directly (just as we do in the required return of equity).
The term may also capture costs related to asymmetric information risk and other transaction
costs. In our implementation, the risk premium raises the average user cost even though we do
not account for them in the budget constraint and help the model fit the data.

pucDj,a,t = { ∂fj,a,t
∂Dj,a,t

+ 11 + rBt+1
∂fj,a+1,t+1
∂Dj,a,t

− 1 + rDt+11 + rBt+1 + ψRiskt+1
}

︸ ︷︷ ︸
User-cost of Dj,a,t measured at time t in nominal units.

2.8 Household Income

Recall from subsection 2.2 that the budget constraint of the household is

Bj,a,t = Bj,a−1,t−1 + ra,tBj,a−1,t−1 + yj,a,t − f
(
Dj,a,t , Dj,a−1,t−1)− pctCj,a,t

Wealth B denotes non-housing net financial assets and excludes pension wealth. It includes
ownership of financial stocks and bonds, as well as bank deposits, and subtracts non-mortgage
bank debt.

The income term yj,a,t in this budget constraint incorporates a large number of taxes and
transfers as well as the exogenous expenditure in rental housing. Before we detail the different
elements inside yj,a,t it is useful to briefly define the rest of the items in the budget constraint.

The object f contains all items of the budget constraint that relate to owned housing and
consists of total net expenditure on owned housing. The term pctCj,a,t denotes all non-housing
consumption expenditure. These consumption prices include taxes. The rate of return on
wealth ra,t is a portfolio rate of return10.

10Note that the return is before taxes and taxes on returns are a part of yj,a,t .
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2.8.1 Income

The income variable yj,a,t contains the following elements: wage income11, yWa,t, net pension
income, yPYj,a,t − yPCj,a,t , expenditure on rental housing, an assortment of income transfers, yGa,t ,
various taxes not related to housing or pensions, T τj,a,t, received bequests, yBeqa,t , net income
flows associated with children, ychildrenj,a,t , and residual items.

yj,a,t = yWa,t + yPYj,a,t − yPCj,a,t − R rent
t Ha,t + yGa,t

−THhj,a,t + yBeqa,t + ychildrenj,a,t + yotherj,a,t

Of all these different items, only labor market income is endogenous to the household as it
depends on search decisions.

The tax object T τj,a,t captures a large number of specific taxes. Income taxes, local taxes,
property taxes, taxes on financial income from stocks, taxes on income from individually held
companies, estate taxes, labor market specific taxes, etc. These taxes are grouped differently
depending on the purpose. For example, property value taxes are removed and included in the
housing term f (·).
2.9 Pensions

Pension income enters the disposable income of households as an exogenous income, and
pension wealth satisfies accumulation consistency requirements which are also exogenous to
the household.

MAKRO uses a simplified version of the detailed pension model in DREAM. The payment data
is taken from the pension model from the Ministry of Finance (which builds on DREAM12)
and aggregates into three pension types: 1) pensions that have already been taxed (primarily
alderspension, index label ’Alder’), 2) capital pension (kapitalpension, index label ’Kap’) taxed
with a flat rate, and 3) the aggregate of other pensions, taxed when received by households
(ratepensioner, livrentepensioner and ATP, with index label ’PensX’).

We omit index j for pensions as all types of households are assumed equal with respect to other
pensions (i = ’Pensx’) and as only patient households have taxed pensions (i = ’Alder’) and
capital pensions (i = ’Kap’).

2.9.1 Pension Contributions

It is assumed that an exogenous part of wages is paid as pension contributions to each type of
pension:

yPCi,a,t = λPCi,a,tyWa,t

where yWa,t is wage income, and the parameter λPCi,a,t is calibrated so the pension contribution
matches the pension data from the Ministry of Finance.13

11Wage income per person is given by wtρa,tha,tqea,t where wt is the wage per productivity unit, ρa,t is
productivity units per hour worked, ha,t is hours worked per full time worker and qea,t are full time workers per
person. All j household types earn the same income given age. More detail can be found in the labor market
chapter.

12In DREAM pensions are gender specific. As each generation in MAKRO is a cohort average, we sum pension
contributions paid by men and women into their pension funds, as well as pensions received by men and women.

13λPCKap,a,t is the average share of wage income paid to capital pensions. This represents patient households
contributing with a share of λPCKap,a,t/ΥPatient .
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2.9.2 Pension wealth

The pension fund is a zero-profit vehicle with no costs. The three different types of pensions,
indexed by i, are modeled as three separate actuarially fair pension schemes. So all contributions
and after tax returns must be paid out to the same cohort (or as inheritance to their relatives).

The law of motion for individual pension wealth BPi,a,t in a given pension scheme i is

BPi,a,t = {(1 + rPt
[1 − τPt

])
BP,ia−1,t−1Na−1,t−1

Na,t

}{1 − αBeqPi,a,t
(1 − sa−1,t−1)}+ yPCi,a,t − yPYi,a,t

The first term,
(1 + rPt

[1 − τPt
])
BP,ia−1,t−1 Na−1,t−1

Na,t
, is simply the stock of wealth after taxed

returns14 scaled with population as only the surviving current population needs to share the
stock of wealth. The second term, 1 − αBeqPi,a,t

(1 − sa−1,t−1), adjusts for bequests. A part of
the the households, 1 − sa−1,t−1, do not survive from last period and a share of their pension
wealth, αBeqPi,a,t , is paid out to relatives as bequests and does not stay in the pension fond.

2.9.3 Pension Income

We assume that an exogenous age specific share of the start-of-period pension wealth, BPi,a−1,t−1,
(plus returns and contributions)15 is paid out and received by households each period as pension
income yPYi,a,t :

yPYi,a,t = λPYi,a,t
[{(1 + rPt

[1 − τPt
])
BPi,a−1,t−1Na−1,t−1

Na,t

}{1 − αBeqPi,a,t
(1 − sa−1,t−1)}+ yPCi,a,t

]
The parameter λPYi,a,t is calibrated to match pension income received by households in data from
the Ministry of Finance.

2.9.4 Composition and returns of pension portfolio

The aggregate pension wealth of pension fund i, BPi,t, is invested in stocks and bonds. We
assume that all pension schemes have the same portfolio and yield the same return.

Assets of a specific type k held by the pension fund, APk,t , are an exogenous fraction of total
pension wealth:16

APk,t = ωPk,t · BPt

The return rPt is a weighted average of the return on the portfolio elements:

rPt = rk,t · ωPk,t

2.10 Bequests

Warm glow utility from bequests allows the model to replicate the large amounts of wealth held
at the late ages of the life cycle.

14Note that all pension types are assumed to have the same portfolio and returns.
15We define the payout share as a share of start-of-period wealth plus any returns and contributions, such

that setting the payout rate to one means ending the period with zero wealth in the particular pension scheme.
16Assets are indexed by k ∈ {bonds, domestic equities, foreign equities} and BPt =∑i BPi,t .
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2.10.1 Death

Death occurs before any decision are taken. One way to think of the timing is as follows. At
the beginning of period t agents wake up or have died. In either case, the agent receives the
financial income associated with their start-of-period net wealth. The assets of dead agents are
distributed amongst their heirs as an exogenous income transfer. Finally, agents that are still
alive receive other income and consume and save in period t, including out of bequests received.

2.10.2 Bequests received, liquidating housing, and bequests in utility

All agents leave and receive bequests. In the event of death houses are sold and mortgages
are liquidated so that bequests received will consist of liquid assets plus the liquid value of the
equity on the house after liquidation. Given the exogenous mortgage ratio relationship the
equity that is transformed into liquid assets next period is(1 − µj,a,t

)
pDt+1Dj,a,t

where µj,a,t is the mortgage ratio taken from the data and detailed below. This is then taxed
and the resulting net value received by the multiple heirs. From an accounting perspective,
bequests given and received must add up to the same amount, before taxes. The mapping from
bequests given to bequests received is done with an allocation age×age matrix Mt estimated
using administrative similarly to Boserup, Kopczuk, and Kreiner (2016) and detailed in Appendix
2.15.1.

Bequests affect not only the budget constraint, but also preferences via V Beq
j,a,t , which will be

further explained in the section detailing all preference features.

2.11 Income differences between types

The income flow of HtM agents differs only slightly from that of patient agents.

Firstly, we remove certain pension schemes (alderspension and kapitalpension) that correspond
closely to regular savings, with fewer restrictions on their payout plan or contributions that
are entirely voluntary. These pensions are regularly payed out in large lump sums, which would
imply unrealistic jumps in consumption for HtM agents. This corresponds to setting the pension
contribution rates λPCHtM,i,a,t to zero for the two pension schemes. Secondly, we add back income
taxes related to financial income as HtM households hold no financial assets. Finally, we remove
an inheritance adjustment term. The inheritance adjustment term is a term to make up for
the fact that when households die in a cohort, the average household leaves behind quite a lot
of wealth, however, it is typically poor households who die at earlier stages of life. Thus, the
inheritance adjustment term re-transfers resources from, e.g., a household that died at age 80
to the rest of the 80-year-old cohort. With fewer net assets, this adjustment is less important
for HtM agents, but would result in implausible jumps in consumption, so we remove this term.
Further details of inheritance allocation are in Appendix 2.15.1.

yHtM,a,t = ypatient,a,t (2.6)

− capital pensions − age pension+ stock return taxes

− inheritance adjustment
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2.12 Household financial portfolio

The budget constraint of a household is

Bj,a,t = (1 + ra,t
)
Bj,a−1,t−1 + yj,a,t − pctCj,a,t − f

(
Dj,a,t , Dj,a−1,t−1)

The model endogenously determines the net financial variable B. In the data this quantity is made
up of the sum of different assets, i ∈ {domestic equities, cash and bank deposits, foreign equities, bonds},
minus the sum of liabilities, l ∈ {BankDebt}, so that B =∑i Ai −

∑
l Ll.

We model this decomposition into assets and liabilities as functions of net non-mortgage financial
assets B and housing D as well as an age-dependent intercept term I:

Aj,i,a,t = Ii,aY Bt + λBi Bj,a,t + λDi p̄Dt Dj,a,t

Lj,l,a,t = Il,aY Bt + λBl Bj,a,t + λDl p̄Dt Dj,a,t

To preserve homogeneity, the intercept term is scaled with a slow-moving measure of average
household income Y Bt . Housing enters with the same gradually adjusting housing price, p̄Dt ,
that is used for the purpose of the mortgage loan-to-value fraction.

The marginal changes in the portfolio from a change in either B or D are independent of age
and household type. All households therefore face the same marginal rates of return on net
savings:

1 + rBt+1 = ∂
∂Bj,a,t

{(1 + rt+1)Bj,a,t}
= 1 +∑

i
ri,t+1λBi −

∑
l
rl,t+1λBl

and additional housing affects the portfolio in the same way:

1 + rDt+1 = ∂
∂Dj,a,t

{(1 + rt+1)Bj,a,t}
= 1 + p̄Dt

(∑
i
ri,t+1λDi −

∑
l
rl,t+1λDl

)
Appendix 2.15.2 covers the estimation of the household portfolio model and goes into more detail
about the motivation behind the modeling decisions. There may be theoretical reasons to think
portfolio composition should vary over the life cycle. If the data contains such heterogeneity,
the estimated parameters will reflect that by having different values for different assets. In
addition, the estimated portfolio is an optimal portfolio given the underlying assumption is that
agents made optimal decisions that resulted in the portfolios we observe in the data.

2.13 Utility

2.13.1 Utility of consumption and housing

The main utility flow U is a CRRA object over a CES consumption composite Ũ, subtracted by
a term Ṽ which captures disutility of house price changes;

U(Cj,a,t , Dj,a,t) = 11 − η

[
Ũj,a,t

]1−η
− Ṽ

(ΠD
t ,ΠD

t−1, Dj,a,t
)
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where gross house price inflation is ΠD
t ≡ PD

t /PD
t−1. The function Ũj,a,t is

Ũj,a,t ≡
[(
υcj,a,t

) 1
E
(
Cj,a,t

) E−1
E + (υdj,a,t) 1

E
(
Dj,a,t

) E−1
E

] E
E−1

where E is the substitution elasticity between housing and non-housing, and υc, υd are utility
weights on the two. The contemporaneous derivatives are

Uc
j,a,t ≡

∂Uj,a,t
∂Cj,a,t

= [Ũj,a,t]−η
·
(
υcj,a,tŨj,a,t
Cj,a,t

) 1
E

and

Ud
j,a,t ≡

∂Uj,a,t
∂Dj,a,t

= [Ũj,a,t]−η
(
υdj,a,tŨj,a,t
Dj,a,t

) 1
E

−
∂Ṽj,a,t
∂Dj,a,t

Finally, non-housing consumption is itself a CES nest over a range of consumption goods, see
subsection 2.14.

Habits and household size We include habits in consumption in order to obtain persistent
consumption responses to shocks, as is standard in New Keynesian models. We then rewrite

Ũj,a,t ≡ Ũ
(
C̃j,a,t , D̃j,a,t

)
where C̃j,a,t denotes consumption net of a reference quantity (habit) with a coefficient χ :

C̃j,a,t = Cj,a,t
ζa,t

− χC
Cj,a−1,t−1
ζj,a−1,t−1

The weight, ζa,t , depends on the number of children in the household

ζa,t = 1 + 12nchildren
a,t

We do the same for housing by considering the following object inside utility

D̃j,a,t = Dj,a,t

ζa,t
− χD

Dj,a−1,t−1
ζa−1,t−1

Note that ζa,t can be eliminated by redefining utility weights υcj,a,t and υdj,a,t to include the
effect of children implicitly (and slightly modifying the coefficients χC and χD). We include the
explicit adjustment for the number of children as this number is also forecast explicitly, whereas
υcj,a,t and υdj,a,t are calibrated to match the level of consumption in the data.

The reference quantity Cj,a−1,t−1 is viewed as the average of the cohort in the previous period,
rather than the individual household’s own previous decisions. In this way it is exogenous to the
household. Housing habits are internal so the household takes them into account in optimization.
See Dennis (2009) for a comparison of internal and external habits.

2.13.2 Utility of Bequests

Bequests do not just enter the budget constraint. They are a key object in preferences. The
bequest utility of the dying agent is

V Beq
j,a,t = ξBeqj,a,t

[
XBeq
j,a,t

]1−η

1 − η (2.7)
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where we define the interior object, XBeq, as

XBeq
j,a,t ≡

(1 − τBeqt+1 ) Bj,a,t + pDt
(1 − µj,a,t

)
Dj,a,t + V PensionB

j,a,t

pct+1 − ξ0

and the utility associated with bequests is scaled with ξBeqj,a,t .17 It is important to note that, as
this is a utility construction, there is a degree of freedom in the definition of the object XBeq.
Here we attach value to the sum of assets, rather than, for example, attaching a separate special
value to the house, although both formulations are feasible.18 Using the sum of assets, and
including some pension entitlements inside XBeq allows for substitutability so that the household
is indifferent regarding which type of asset makes it richer (we use the same approach with
respect to the utility of wealth), or makes those who will inherit these bequests richer. Finally,
note that we value the house inside XBeq at the current price pDt . The derivatives of (2.7) are

∂V Beq
j,a,t

∂Bj,a,t
= ∂V Beq

j,a,t

∂XBeq
j,a,t

∂XBeq
j,a,t

∂Bj,a,t
= ξBeqj,a,t

[
XBeq
j,a,t

]−η

(1 − τBeqt+1 )
pct+1

and
∂V Beq

j,a,t

∂Dj,a,t
= ∂V Beq

j,a,t

∂XBeq
j,a,t

∂XBeq
j,a,t

∂Dj,a,t
= ∂V Beq

j,a,t

∂Bj,a,t
pDt
(1 − µj,a,t

)︸ ︷︷ ︸
∂fj,a,t
∂Dj,a,t

2.13.3 Utility of Wealth

Similarly to the bequest function, the utility of wealth is

VWealth
j,a,t = ξWealth

j,a,t

[
XWealth
j,a,t

]1−η

1 − η (2.8)

where the elasticity η is the same as in the utility and bequest functions. We define the interior
object, XWealth, as

XWealth
j,a,t ≡

Bj,a,t + pDt
(1 − µj,a,t

)
Dj,a,t + V PensionW

j,a,t

pct+1 − ξ0
with the difference relative to bequests being the absence of the inheritance tax and the
composition of the pension entitlement.

Note that we do not account for transaction costs incurred in liquidating or trading houses (or
other assets) in our utility objects, XWealth

j,a,t or XBeq
j,a,t .

The pension entitlements inside bequest utility and wealth utility differ. Regarding bequest
utility, some pension plans cease at death. In contrast, others contain an insurance element
and continue to pay descendants. V PensionB

a,t is the amount from pensions paid to descendants
in case of death. Regarding utility from wealth, once households reach a certain age, they can
freely choose the payout schedule from ’Kapitalpension’ and ’aldersopsparing’. Many choose to
withdraw at the latest possible date, 20 years after retirement, when the whole amount is paid
out at once. Note that we do not pay out the whole amount at once for HtM agents, as that
would imply a jump in consumption not observed in data. Therefore, these pension types are
close to stocks and bonds in terms of liquidity. They are therefore treated the same way in
the utility function, so we do not get an unreasonable jump in utility when the whole amount
is converted to other assets 20 years after retirement. Therefore the object V PensionW

a,t differs
from the bequest utility pension object.

17In these functions we generally allow for an interior parameter ξ0 to avoid negative objects rendering the
model unsolvable. This parameter has a default value of zero.

18Li, Liu, Yang, and Yao (2016) have a CES function of housing and other assets as bequest utility. Kaplan,
Mitman and Violante (2017) do as here.
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2.13.4 Disutility of house price changes.

To better account for house price momentum (positive autocorrelation in price changes), we
introduce a disutility of house price changes that captures various factors affecting buyers’ and
sellers’ decisions. This price momentum can be micro-founded in various ways following the
literature on house price sensitivity. For example, when selling a house, reference price utility,
as described in Barberis and Xiong (2012), leads households to experience disutility from selling
below the purchase price. Sellers may also be loss-averse in reference pricing, incentivizing them
to hold house prices higher for longer than optimal given actual demand, in order to avoid the
marginal loss discontinuity at the reference point. Additionally, demand concavity, as observed
in Guren (2018), means that if prices fall below a certain threshold, demand does not increase
(since households typically only need one house). Finally, downsizing aversion, due to financial
constraints such as the need for a down-payment on a new house, as described in Stein (1995),
may further discourage sellers from lowering their prices. These effects have been shown to be
important in Danish data on the seller side, as documented in Andersen et al. (2022). On the
other hand, for buyers, recent sale prices and expected profits may serve as reference points for
making purchasing decisions. Bao and Saunders (2021) found, based on micro-data from the
UK housing market, that buyers use these reference points to guide their purchase behavior.
We aim to capture these various incentives in the following way;

We let the functional form of this disutility be

Ṽ (ΠD
t ,ΠD

t−1, Dj,a,t) = ΨD
t Dj,a,t = [Ξ (ΠD

t ,ΠD
t−1)− βj2Ξ (ΠD

t+1,ΠD
t
)]
Dj,a,t (2.9)

with Ξ (ΠD
t ,ΠD

t−1) = µpd
([ ΠD

tΠD
t−1 − 1] ΠD

tΠD
t−1
)

(2.10)

where ΠD
t ≡ PD

t /PD
t−1 is gross house price inflation and the parameter µpd is a scaling constant.

The household takes prices as given so that only the additional term ΨD
j,a,t will appear in the

first order condition for optimal housing choice.

2.13.5 Differentiating with respect to housing

In the housing first order condition we have the object

Ud
j,a,t + βjsa,t

∂Uj,a+1,t+1
∂Dj,a,t

and it is useful to make this expression explicit here. The first element is the contemporaneous
derivative

Ud
j,a,t = [Ũj,a,t]−η

·
∂Ũj,a,t
∂Dj,a,t

−
∂Ṽj,a,t
∂Dj,a,t

= [Ũj,a,t] 1
E −η

[
υdj,a,t
Dj,a,t

] 1
E 1
ζa,t

− ΨD
t

while the second is the derivative in the future with respect to the lagged value
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∂Uj,a+1,t+1
∂Dj,a,t

= [Ũj,a+1,t+1]−η
·
∂Ũj,a+1,t+1
∂Dj,a,t

= − χD
ζa,t

[
Ũj,a+1,t+1] 1

E −η
[
υda+1,t+1
Dj,a,t

] 1
E

2.14 Consumption components

At the top of the household utility function we have two components: owned housing and the
non-housing consumption aggregate. Owned housing is a single good with no sub-components
but non-housing consumption aggregates many elements through a CES tree structure. Note,
however, that rental housing is not an element in the CES tree, but instead it is an exogenous
element in the budget constraint of the household.

The optimal choice of total consumption, savings, and housing, is described above in section 2.2.
In this section we detail the determination of the components of total non-housing consumption,
Cj,a,t. The first decomposition of this object contains five different components. Household
demand for these five consumption components is a part of total demand for output from the
nine domestic sectors as well as for imported goods, a process described in the input/output
chapter.

c ∈ {cars, energy, goods, tourism, services}

2.14.1 The nested consumption components

Within the utility function the different non-housing consumption components come together
in the following CES nest structure, where the uppermost aggregate for an agent of type j,
aged a at time t is Cj,a,t . To keep the model tractable and due to data limitations, we assume
that all agents have identical preferences for different types of non-housing consumption. We
can therefore aggregate individual agent non-housing consumption as

CCEGTS
t =∑

j

∑
a
Cj,a,t

before moving on to the CES nest structure:

CCEGTS
t

Ccars,t CEGTS
t

Cenergy,t CGTS
t

Cgoods,t CTS
t

Ctourism,t Cservices,t

(
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Table 2.14.1 shows the estimated elasticities in each of these nests (Kronborg & Kastrup,
2020).

Table 2.14.1: Upper Tree Elasticities (η)

η
C and Housing 0.3

Cars and CEGTS 0.2

Energy and CGTS 0.0

Goods and CTS 0.7

Tourism and services 1.1

2.14.2 CES optimization

The approach of nested CES cost minimization is described in detail in the production chapter.
The problem here is identical, only simpler as there are no extra elements such as technological
progress or variable utilization multiplying consumption quantities. We can summarize the
problem at every level of the consumption tree as follows

Utility ⇒ C ij = [(µi) 1
η
(
C i) η−1

η + (µj) 1
η
(
C j) η−1

η

] η
η−1

Derivative ⇒ ∂C ij

∂C i = (µi C ij

C i

) 1
η

Demand/F.O.C. ⇒ C i = µiC ij
(
P ij

pi

)η
Constraint ⇒ P ijC ij = piC i + pjC j

CES Price ⇒ P ij = [µi (pi)1−η + µj
(
pj
)1−η

] 11−η

Here the µ are scale parameters, and the η are elasticities.

2.14.3 Tourism

There are both imports and exports of tourism. Imports of tourism consist of how much Danish
households consume abroad and are given by the demand component Ctourism,t from the tree
above. This is a regular consumption good and its demand increases with income. Exports of
tourism are determined in the exports chapter and its aggregate is Xtourism,t . The consumption
of foreign tourists in Denmark is also divided into consumption groups in the export chapter
and is given by CTourist

c,t .

Total consumption of goods type c in Denmark is the sum of Danish households’ consumption
and tourists’ consumption in Denmark:

PCDK
c,t CDK

c,t = PC
c,tCc,t + PCTourist

c,t CTourist
c,t
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The input/output system is based on deliveries from the 9 production sectors to demand groups
(see input/ouput chapter). The demand groups for consumption include tourists’ consumption,
CDK
c,t .

Whereas in the model Danes and tourists face the same prices for the same goods, in order to
match the data they cannot face the same price for the same consumption components. We
therefore use an adjustment factor

PCTourist
c,t = λpCTouristc,t PC

c,t

where λpCTouristc,t is a parameter used to fit the data. It is assumed that this price margin remains
constant going forward.

The value of aggregate Danish consumption does not include the consumption of foreign tourists
in Denmark (as these are counted as exports).

2.15 Appendices

In the following appendices the emphasize is on the derivation of parts of the model. To make
for easier reading we generally omit the type index j.

2.15.1 Calculating the bequest allocation matrix

This section follows Boserup, Kopczuk, and Kreiner (2016). Households take bequests received
as exogenous and these enter the budget constraint as an additive term which is “hidden” inside
the income variable. Even if agents receive bequests in the first period of economic life (age
18), we still have the initial condition for assets that B0,t is taken as given by the agent, as we
exogenize transfers associated with children.

An individual of any given age receives bequests from agents deceased also at any given age.
The distribution of bequests is modeled through a time varying matrix Mt(ad, ah) where the
indices refer respectively to the age of the deceased and to the age of the heir. This allocation
matrix is general in that it encompasses all deaths, not just deaths of parents or grandparents,
and all heirs.19 As an example, children also die and leave assets to their parents and siblings.

When an individual dies in the model, he leaves a bequest. Assume that the individual dies
at age ad. The distribution matrix Mt(ad, ah), describes the share of his bequest going to an
average ah year old individual. A given fraction of his wealth which he leaves as bequest is
distributed equally by all agents of age ah.

The distribution matrix. The matrix Mt(ad, ah) is based on estimates of individual bequests
from Danish administrative data. These estimates are obtained using a difference-in-difference
estimator. This measures how the difference in wealth of an individual of age ah, whose relative
of age ad has died, differs from the the difference in wealth of the average person of age ah.
This results in estimates of several specific bequests from ad year old individuals to ah year old
individuals. Let i be the index for each specific transfer from an ad year old to an ah year old.
H̃ad,ah,i,t is then the estimated nominal amount transferred for each specific transfer. These
bequests given by individuals in age group ad to individuals in age group ah are then summed
and divided by the total number of ad and ah year olds (not just the ones involved in estimated
bequest transfers but all individuals). The result is a data frame containing the average bequest

19The sample is larger than in Boserup, Kopczuk, and Kreiner, (2016). Nearly everyone who dies has a son or
daughter, a parent, a nephew or niece, an uncle, etc. Therefore, unaccounted would be only those who die alone
yet have substantial assets to distribute.
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Had,ah,t received by an ah year old from an ad year old, regardless of whether a relative has died,

Had,ah,t = 1
Nah,tNad,t

 ∑
i
H̃ad,ah,i,t︸ ︷︷ ︸

All transfers adto ah


where Nx,t is the number of people of age group x. The age groups range from 0 to 100 and
the time span is from 2000 to 2012.20 The average bequest given/left by an individual from
age group ad is then given by

Had,t =∑
ah

Had,ah,tNah,t = 1
Nad,t

∑ah
(∑

i
H̃ad,ah,i,t

)
︸ ︷︷ ︸
All transfers adto all ah


Due to the sparsity of these matrices, they are averaged over time

Had = 1
T

T∑
t
Had,t , Had,ah = 1

T

T∑
t
Had,ah,t

The share of an ad year old’s bequests received by an ah year old is then

χ̃ad,ah = Had,ah
Had

This share contains a large amount of noise. We therefore conduct a non-parametric estimation,
using a local linear regression with the age of both giver and receiver as dependent variables
and a Gaussian kernel. χ̃ad,ah is then replaced by the fitted value χad,ah .
Since χad,ah is time invariant, χad,ahNah,t will generally not sum to 1. This means that bequests
given will not be the same as bequests received. To prevent this, the shares are normalized so
that we finally obtain the allocation matrix

Mt (ad, ah) = χad,ah∑
ah χad,ahNah,t

These have the desired property that

∑
ah

Mt (ad, ah)Nah,t = ∑
ah χad,ahNah,t∑
ah χad,ahNah,t

= 1
Therefore total bequests given will equal total bequests received.

Consistency. Since people die at the end of a period the total bequest given by a deceased
member of age group ad, consists of his assets at the end of the period, which in the case of
the model are net financial assets Bad,t and housing.21 Here we proceed using only net financial
assets B as an illustration. This means that the average bequest given by a member of age
group ad is

(1 − sad,t
)
Bad,t where sad,t is the survival rate, i.e. the probability of an ad year

20Note that age zero in the data corresponds to index 1 of age in the model.
21In the data the value of property is included in the wealth difference such that the allocation matrix we use

is consistent with the model.
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old also being alive at age ad + 1. Total bequests given by all age groups at the end of time t
after all decisions have been taken are then

Ht =∑
ad

(1 − sad,t
)
Bad,tNad,t

Bequests are received in the next period. The average bequest from an ad year old deceased at
the end of period t − 1 received by an ah year old in period t will therefore be(1 − sad,t−1)Bad,t−1Mt (ad, ah)
The bequest received by a member of age group ah at time t is then given by

Hah,t =∑
ad

(1 − sad,t−1)Bad,t−1Mt (ad, ah)Nad,t−1
This in turn results in total bequests received being∑

ah

Hah,tNah,t =∑
ah

(∑
ad

(1 − sad,t−1)Bad,t−1Mt (ad, ah)Nad,t−1
)
Nah,t

=∑
ah

(∑
ad

(1 − sad,t−1)Bad,t−1 χad,ah∑
ah χad,ahNah,t

Nad,t−1
)
Nah,t

=∑
ad

(1 − sad,t−1)Bad,t−1
(∑

ah

χad,ahNah,t∑
ah χad,ahNah,t

)
Nad,t−1

=∑
ad

(1 − sad,t−1)Bad,t−1Nad,t−1 = Ht−1

so that total bequests given last period equal total bequests received this period22.

2.15.2 Estimating assets and Liabilities as functions of B

The model generates the net financial variable B endogenously. In the data this quantity is
made up of the sum of different assets (stocks, bonds and bank deposits) minus the sum of
liabilities (bank debt), so that in gross term B = A− L. This decomposition of B into assets
and liabilities displays systematic patterns over the life cycle, and here we detail how to capture
these features and use them in our model. We first look at a very simple example to highlight
the approach.

Assets and Liabilities as functions of B The exogenous portfolio composition is estimated
from the data as in the following example with one asset and one liability. This allows us to
take into account that 1) portfolios change with age and 2) portfolios change with the size of
net-savings. Assets Aa,t are related to net financial wealth Ba,t through the equation

Aa,t = IA + λBa,t

and we have the same for liabilities

La,t = IL + φBa,t

and here the quantities Aa,t and Ba,t are cohort averages, and therefore the quantities that
apply to individual households.

22The amount actually available as disposable income for the receiver differs from the amount given due to
transaction costs, taxes and interests payments.
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Since Aa,t −La,t = Ba,t we must have that our estimated parameters obey IL = IA and λ−φ = 1.
As it turns out these properties are ensured by the mechanics of OLS estimation. The OLS
regressions are A = XβA + εA, and L = XβL + εL where A and L are column vectors. Taking
the estimator for assets, β̂A = (X ′X )−1X ′A, and using the fact that A = B + L, we can write
β̂A = (X ′X )−1X ′B + β̂L. Here, since the matrix X has two column vectors, a column of ones
and the vector B, the OLS algebra implies

β̂A − β̂L = (X ′X )−1X ′B = [ 01 ]
In a regression A = Xβ + ε the OLS estimator of β projected A on the space generated by
the columns of X , containing the vector B. Since A − L = B the sum across equations of
coefficients attached to B must be 1 and the sum of coefficients attached to any other variables
must be 0, because the projection of B on B is exact. These properties extend to the case
where the regressions have explanatory variables so that the matrix X has more columns.

OLS is adequate as the relationships we are estimating are not behavioral. They are instead a
way to capture the patterns observed in the data more accurately than just using averages as
done in e.g. DREAM. For historical data we add the OLS error to the estimated regression
so as to replicate the portfolio data exactly.23 For forward looking simulation we leave the
orthogonal error (which has mean zero across ages and across assets) out, and use the estimated
parameters, plus endogenous B and any other explanatory variables inside X to generate a
portfolio going forward. Note that the estimation procedure and the exact specification of
these equations are agnostic (given the specification assumed) with respect to the data. There
may be theoretical reasons to think portfolio composition should vary over the life cycle. If the
data contains such heterogeneity, the estimated parameters will reflect that by having different
values for different assets. In addition, the estimated portfolio is an optimal portfolio given the
underlying assumption is that agents made optimal decisions that resulted in what we observe.

General Structure24 For several asset types i, and liability types j, we have at any given
moment t:25

Aia,t = I ia,t + λitBa,t

Lja,t = I ja,t + φjtBa,t
where I ia,t and I ja,t are the intercept functions for each age and (λit , φjt) are the parameters
associated with net assets. The intercept terms Ia,t are general functions of age and of auxiliary
variables with population, aggregate net assets B, and another macroeconomic variable Q as
a scaling factors. With a first order polynomial in age and with one auxiliary variable z the
intercept is as follows

I i,ja,t = I i,j0,t
[
Qt
Nt

]+ I i,j1,t
[
Qt
Sat

]
a+ I i,jz,tZa,t

with Nt =∑aNa,t , and Sat =∑aNa,t ·a, and Bt =∑aNa,tBa,t and Zt =∑aNa,tZa,t .26 The
object Qt is a macro variable. We can also have several Zt variables to fit the portfolio.

Homogeneity We now briefly drop the time subscript. In OLS regression terminology, the
objects Y and X are (for asset i) given by Y = [Aia] with X containing four column variables
(intercept, age, Z, and B) with as many rows as ages a:

X = [ Q
N ,

Q
Saa, Za, Ba

]
23OLS is unbiased. A GLS estimator with weights given by population Na is more efficient in the presence of

age related heteroeskedasticity. However, the error from this estimator, Y − Xβ̂GLS , no longer sums to zero.
24In the following we suppress the index for household type and implicitly aggregate over types. Whenever we

sum over age,
∑

a, in the translation to the model, we also sum out type heterogeneity using
∑

j Υj .
25We only run regressions along the age dimension. When data allows we will look into panel estimation.
26Because we have constrained and unconstrained agents the overall aggregates are Bt =∑j,aNa,t

{ΥjBj,a,t}
and Dt =∑j,aNa,t

{ΥjDj,a,t}. Note that impatient households only have non zero B in the response to a shock.
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The way the intercept terms are defined plays a role in ensuring homogeneity of degree 1 in the
model. Homogeneity of degree 1 is ensured if, when increasing all exogenous variables by a
common factor Λ, the model yields all endogenous variables factored by the same Λ such that
no relative quantities change. Consider the equation for asset Ai and aggregate over all ages a
and all households Na . Inserting the intercept we have∑

a
NaAia =∑

a
Na

{
I i0
[
Q
N

]+ I i1
[
Q
Sa

]
a+ I izZa

}+ λi
∑
a
NaBa

which, after canceling terms, yields

Ai
B = [(I i0 + I i1) QB + I iz

Z
B + λi

]
The portfolio structure only needs to ensure the homogeneity of aggregate (sum over all
individuals and all cohorts) assets and liabilities with respect to B. The rest of the MAKRO
model must then ensure that B is homogeneous with respect to all other variables. Since Q is
a macro variable introduced as a scaling factor, the long-run portfolio composition is constant
as long as MAKRO preserves the ratio Q/B. The same is true for the ratio Z/B. However,
policy interventions or structural changes that affect the long-run ratios Q/B and Z/B will
affect long-run portfolio compositions. Of particular note are the scaling objects N and Sa,
which ensure that the portfolio is homogeneous with respect to population size.

Housing We include housing in the auxiliary variable Z in the regression since it is a key
determinant of non-mortgage bank debt. Note that we implement the portfolio with one
short-run deviation from the estimated model: a slow-moving house price instead of the market
clearing price. We now detail the algebra associated with these features. Consider the equation
for some asset i. It is estimated as

Na,tAia,t = Na,t

{
I i0
[
Qt
Nt

]+ I i1
[
Qt
Sat

]
a+ I id · pDt Da,t + λiBa,t

}
and aggregation

∑
aNa,tAia,t = Ait implies (where pDt Dt is total housing)27

Ait = {I i0 + I i1}Qt + I id
[
pDt Dt

]+ λiBt

Aia,t = I i0
[
Qt
Nt

]+ I i1
[
Qt
Sat

]
a+ I id ·

[
Xt · p̄Dt Da,t

]+ λiBa,t

The house price p̄Dt attached to Da,t in this equation is the same for all ages and therefore just
scales the estimated parameter I id. As we implement this equation we define this price as a
moving average: p̄Dt = (1 − κPD

)
pDt + κPDp̄Dt−1 where pDt is the realized house price. In the

long run p̄Dt = pDt .

The marginal return on housing is I id · Xt p̄Dt , and with all assets and liabilities

r̄Dt = p̄Dt

(∑
i
rit I id,t−1 −

∑
i
rjt I

j
d,t−1

)
Aggregation and long run properties, however, require some adjustment. As we aggregate∑

aNa,tAij,a,t = Ait the intercept and the age term become∑
a
Na,t

{
I i0
[
Qt
Nt

]+ I i1
[
Qt
Sat

]
a
} = {I i0 + I i1}Qt

27The actual estimated equation multiplies both sides of this equation by population Na,t . In addition, the
scaling objects Qt , Nt ,and Sat are implicit as constants mutiplying the variables so that the actual coefficients(Ii0, Ii1) are recovered ex post by inversion. For example for the intercept we estimate β̂i0 and then recover
Îi0 = (Nt /Qt )β̂i0.
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while the last term becomes simply Bt . Aggregating over population yields

I id
∑
a
Na,t p̄Dt Dj,a,t = I idp̄Dt Dt

which means the aggregate portfolio obeys

Ait = (I i0 + I i1)Qt + I id
[
p̄Dt Dt

]+ λiBt

so that homogeneity is a property determined by the ratio Q/B and the ratio p̄Dt Dt
Bt .

Note that, as the entire household problem generates endogenous variation for B and Z , the
estimated portfolio model allows for endogenous variation of its constituent parts which by design
is an optimal portfolio adjustment. Note also that any sluggishness in portfolio adjustment
relative to economic conditions is already included in the estimated equations, either through
lower coefficients attached to explanatory variables or through a higher intercept. Finally, the
presence of the constant term yields an estimation error which is orthogonal to the life cycle, a
property which is useful in the forecasting role of the model.

Marginal return on B Given a portfolio structure we now must fit the budget constraint on
historical data. The budget constraint with explicit assets and liabilities is

Ba,t = Ba−1,t−1 + ∑
i
ritAi

(
Ba−1,t−1)−

∑
j
rjtLj

(
Ba−1,t−1)


︸ ︷︷ ︸

Realized Total Return

+...
and, given observed/realized rates of return, it is completely characterized. The realized return
on assets is∑

i
rit I ia−1,t−1 −

∑
j
rjt I

j
a−1,t−1


︸ ︷︷ ︸

intercept and attached rates

+∑
i
ritλit−1 −

∑
j
rjtφ

j
t−1


︸ ︷︷ ︸
marginal return on B

Ba−1,t−1

where we note again that the parameters and intercept functions are timed in the same way as
the underlying assets they describe, but the rates of return are timed one period forward.

The marginal rate we are looking for in the Euler equation is then

RB
t = 1 + r̄Bt = 1 +∑

i
ritλit−1 −

∑
j
rjtφ

j
t−1


and r̄Bt is not age dependent since the parameters φ and λ are not age dependent and we
assume that rates of return rit or rjt on any assets and liabilities of unconstrained agents are not
age related. Note that interest rates on bank debt may well be age related but we rule that out.

Marginal return on Z If the auxiliary variable Z is endogenous there will be a marginal rate
given by

r̄Zt = (∑
i
rit I iz,t−1 −

∑
i
rjt I

j
z,t−1

)
This is the case for housing. Since bank debt is related to housing purchases, we select the
housing stock Da,t (or housing value V D

a,t = PD
t Da,t) as an auxiliary variable Za,t. As the

portfolio is related to the housing stock, the choice of housing now influences the savings
decision through its impact on portfolio composition and returns. Note that as the household
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changes its decision on housing D and on net financial assets B, the portfolio adjusts within the
model as the data suggests it should. This adjustment is still exogenous as optimal portfolio
composition is implicit in the estimated parameters of the portfolio structure.

As shown above the additional marginal rate is

r̄Dt = Xt p̄Dt

(∑
i
rit I id,t−1 −

∑
i
rjt I

j
d,t−1

)
and is generally non zero, unless the rate of return on assets and liabilities is the same. It is also
not age dependent. This marginal rate helps characterize the user cost of housing in more detail
as the household faces mortgage interest costs on the mortgage part, but opportunity costs on
the non mortgage part. These opportunity costs now reflect also the change in portfolio weight
on bank debt when the volume of housing changes.

The user cost of housing We derived the expression

pucDj,a,t = [ ∂fj,a,t∂Dj,a,t
+ 11 + rBt+1

∂fj,a+1,t+1
∂Dj,a,t

−
RD
a+1,t+11 + rBt+1

]
︸ ︷︷ ︸

User Cost of Da,t measured at time t.

and with

1 + rBt+1 ≡ 1 +∑
i
rit+1λit −

∑
j
rjt+1φjt


where

RD
a+1,t+1 ≡ r̄Dt+1 = Bt

V D
t
PD
t

(∑
i
rit+1I id,t −

∑
i
rjt+1I jd,t

)
and we have28

USERa,t =  ∂fj,a,t∂Dj,a,t
+ 11 + rBt+1

∂fj,a+1,t+1
∂Dj,a,t

− Bt
V D
t
PD
t

(∑
i rit I id,t −

∑
i r
j
t I
j
d,t

)
1 + (∑i ritλi −

∑
j r

j
tφj
)

︸ ︷︷ ︸
User Cost of Da,t measured at time t.

Shocks and data

Shocks. Each different asset or liability has its own return, and, in the absence of shocks to
the model, realized and “expected” returns are identical. Since MAKRO is a perfect foresight
model, when a shock occurs it changes the environment from one probability 1 scenario to a
different probability 1 scenario. In the impact period of the shock (and only then), domestic
stock returns (and only those) will differ from “expected” returns. Realized returns are always
included in the budget constraint. Expected returns (which obey arbitrage conditions in the
absence of shocks) are always included in the intertemporal first-order conditions.

Data. As households in MAKRO are divided in 100 age groups, it is a requirement of the data
set used to calibrate households that it contains data distributed across those age groups.29

The tasks that MAKRO will be used for also require that the sum of the wealth profiles over

28The parameters λ and φ are in the code dvHh2dvHhx and, in the code the Iid,t and I jd,t are called
dvHh2dvBolig[′asseti′, t] (inside the aldersprofiler.gms file).

29Reference: Christian P. Hoeck (2020). “The creation of lifecycle profiles for households in MAKRO.”
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age correspond to the totals found in the national accounts. Such a data set was not available
prior to the creation of the MAKRO life-cycle profiles.

The administrative data used to create the wealth profiles is drawn from the Statistics Denmark’s
administrative data on wealth, with some additional data being drawn from the Lovmodel
database. Aggregate data on wealth is drawn from national accounts. Returns are based on
aggregate data and the portfolio composition implied by the created asset profiles.

The asset profiles are created using two steps: First, a correspondence between the administrative
data and the asset structure in MAKRO is established. Most asset and liability types in MAKRO
have clear correspondences to the administrative data. This includes bank debt, deposits, real
estate, mortgages, and bonds. In MAKRO stocks are divided into foreign and domestic stocks,
but Statistics Denmark’s wealth data only contains information on the combined value of stocks.
Data from the Lovmodel database is therefore used to divide the combined value of stocks into
foreign and domestic stocks. In the second step, the asset and liability profiles are then scaled
proportionately to match the aggregate values from the national accounts.

Rates of return are calculated based on aggregate values from the national accounts. Combining
the rates of return with the created asset and liability age profiles results in age profiles for
total return

2.15.3 Land and housing depreciation

The housing D the household owns is an aggregate object containing “bricks” and land. The
entire stock of land is held by households inside their housing good. An intermediary buys
“bricks” and buys land released from depreciated housing, packages these together and sells the
resulting housing good to families. Here we make an important simplification to the model
for practical reasons. As over time the exact composition of new housing in terms of bricks
and land may change, so does the implicit composition in terms of bricks and land of the total
housing holdings, and this affects households of different ages differently. We simplify the model
by assuming that the composition of housing in terms of bricks and land is always identical for
all households. This avoids having to trace two additional age specific stock variables (bricks
and land) inside the household problem, and is similar to the assumption used in the labor
market where the age distribution of workers is the same in every firm.

Now, inside the housing good “bricks” depreciate but land does not. Nevertheless, the deprecia-
tion rate of the housing object is still the depreciation rate of bricks, as the land associated
with depreciated bricks is released and sold by the household. Therefore we account for the
released land as “lost” in the normal law of motion

Zj,a,t = Dj,a,t −
(1 − δbrickst

)
Dj,a−1,t−1

and “recover” it as household revenues from land sales.

One final detail is that new land is released into the economy every period. The aggregate
land variable grows exogenously and this land growth is helicopter dropped on households
proportionally to their individual land holdings. In order to settle the accounting of land sales
we must determine the individual land holdings relative to aggregate land.

Individual households own the following fraction of total land:(
Dj,a−1,t−1 · ΥjNa−1,t−1∑
j
∑

a ΥjDj,a−1,t−1Na−1,t−1
) 1ΥjNa−1,t−1

The term in brackets contains the fraction of total land held by the appropriate population
group (j, a, t). The second term is 1 over the size of that population. The product of the two
yields the fraction of individual land holdings. Eliminating terms this equals Dj,a−1,t−1ΩLand

t
where

ΩLand
t ≡ 1∑

j
∑

a ΥjDj,a−1,t−1Na−1,t−1 = 1
Dt−1
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Now we are ready to determine revenues from land sales. The total quantity of land being
sold is the land released by housing depreciation plus the helicopter land growth, Landsalest =
δbrickst Landt−1 + Landt − Landt−1. Individual revenues from selling land are then given by

Dj,a−1,t−1 ·ΩLand
t PLand

t LandSalest

This quantity is now adapted to the model in the main text by defining the object αLandt . This
is given by

αLandt = ΩLand
t PLand

t LandSalest
PD
t−1 = PLand

t LandSalest
PD
t−1Dt−1

where αLandt is the same for all households.

A final remark regarding depreciation is in order. Housing depreciation is endogenous in the
data. Maintenance investments prolong the life of a house. Such investments are choices and
either consist of home production or of purchases from small to medium size service providers
such as plumbers and carpenters. This is a simple model extension which can later be included
in MAKRO if necessary.

2.15.4 Mortgages and Housing in the budget constraint

Preliminaries. The law of motion for the housing stock is

Da,t = (1 − δd
)
Da−1,t−1 + Za,t

When we derive the budget constraint we consider the cases of positive versus negative net
investment in housing since when Za,t > 0 we want to to impose a down-payment constraint
but when Za,t < 0 we do not. In order to make the budget constraint easier to read define the
composite variable ∆a,t ≡ Ba,t −

(1 + ra,t
)
Ba−1,t−1 − yDispa,t + renttHa,t

We postulate the exogenous relationship for the mortgage debt stock XM
a,t , such that mortgages

are proportional to the value of the house

XM
a,t = µa,tpDt Da,t

where µa,t is a variable which is exogenous to the household, and which we detail below.
Endogenous mortgage ratios increase the size of the model and require modelling of credit
relationships which is a non trivial expansion of MAKRO.

The budget constraint: positive investment in housing. Consider first the case of Za,t > 0.
The term MDP

a,t > 0 is the fraction or amount paid in cash when increasing the housing stock
(the down-payment), and ma,t is an unspecified mortgage payment. In this case the size of the
mortgage stock obeys the law of motion

XM
a,t = (1 + rmortt

)
XM
a−1,t−1 + pDt Za,t −MDP

a,t −ma,t

The budget constraint of the household is∆a,t + pCt Ca,t = −MDP
a,t −ma,t

−
(
τWt + xt

)
pDt−1Da−1,t−1 + pDt−1Da−1,t−1αLandt

where τW is the wealth tax rate, xt measures expenses in running the property, and the last
term is the revenue from land sales. Now use Xa,t = µa,tpDt Da,t , and the laws of motion for D
and XM to get ∆a,t + pCt Ca,t = −

(1 + rmortt
)
µa−1,t−1pDt−1Da−1,t−1 + µa,tpDt Da,t

−pDt Da,t + pDt (1 − δt)Da−1,t−1
−
(
τWt + xt

)
pDt−1Da−1,t−1 + pDt−1Da−1,t−1αLandt
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The budget constraint: negative investment in housing. Consider now the case of Za,t < 0.
The budget constraint of the household does not have a down payment fraction but rather
keeps the entire proceeds of the net sale

∆a,t + pCt Ca,t = −pDt Za,t −ma,t

−
(
τWt + xt

)
pDt−1Da−1,t−1 + pDt−1Da−1,t−1αLandt

Since none of the revenues are used to pay down the mortgage, the size of the mortgage stock
obeys the law of motion

XM
a,t = (1 + rmortt

)
· XM

a−1,t−1 −ma,t

When we put the two together we obtain exactly the same as above. There is no asymmetry in
the problem. Of note is also the fact that the mortgage payment ma,t disappears entirely from
the problem.

The f object. Reorganizing terms yields the f object we use in the main text.

f
(
Da,t , Da−1,t−1) = (1 − µa,t

)
PD
t Da,t

+{(1 + rmortt
)
µa−1,t−1 + τWt + xt − PD

t
PD
t−1
(1 − δdt

)
− αLandt

}
PD
t−1Da−1,t−1

No transaction costs. Proper aggregation of non-convexities at the micro level, such as
fixed costs of trading houses, is necessary for an accurate description of aggregate behavior.30

Given the constraints imposed by the GAMS software and by the size of the model introducing
these non differentiabilities excessively increases the computational burden. In the absence of
an endogenous trade-off between renting and owning we leave such adjustment costs out of
the problem, and proxy for them through the reference housing value inserted into the utility
function.

2.15.5 The Mortgage Ratio µ.

It is useful here to preserve the type index j in the algebra that follows. Mortgages are
proportional to the value of the house

XM
j,a,t = µj,a,tPD

t Dj,a,t

where µa,t is exogenous to the household and is given by

µj,a,t = µ̃a,t
P̄D
j,a,t

PD
t

where µ̃a,t is a calibration object exogenous to the model. It is in this expression that the type
index is necessary, in order to highlight the difference between the average data profile in µ̃a,t
versus the individual and type specific nature of the other variables.

The reference price P̄D
a,t is a function of current and past prices of the form

P̄D
j,a,t = Γpj,a,tPD

t + (1 − Γpj,a,t) P̄D
j,a−1,t−1

30See the entire literature on firm investment with non convexities. Specific examples are Cooper and Adda
(2000) on cars, Li, Liu, Yang, and Yao (2016) on housing, and Ampudia, Cooper, LeBlanc and Zhu (2019) on
financial portfolio adjustment.
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The factor Γpj,a,t is a measure of new borrowing. A simple measure is the ratio of current
investment over final stock

Γpj,a,t = Zj,a,t
Dj,a,t

= Dj,a,t −
(1 − δd

)
Dj,a−1,t−1

Dj,a,t

In this way, for the first age of economic life when houses are bought, Γpj,a,t = 1, implying all
mortgages are new and subject to the current price. This number Γpj,a,t is bounded above by 1
and since D is always positive it has a finite lower bound. Younger agents are much more subject
to the variation in house prices than older ones. The ability to finance through a mortgage
therefore varies with house prices. Given Γpj,a,t the ratio

µj,a,t = µ̃a,t
P̄D
j,a,t

PD
t

= µ̃a,t

(Γpj,a,t + (1 − Γpj,a,t) P̄D
j,a−1,t−1
PD
t

)
falls at impact with an increase in house prices. The household can mortgage more as prices
increase, since XM

j,a,t = µj,a,tPD
t Dj,a,t increases with the house price keeping all else constant,

but less than proportionally. Leverage ratios fall with house price increases. But since Γpj,a,t
changes endogenously as housing decisions react to house prices the mortgage ratio is more
reactive. Leverage ratios fall slightly more with house price increases if investment falls. The
exact effect depends on how persistent the increase in prices is, which affects the investment
decision. A temporary increase in house prices should trigger a strong fall in investment. A
permanent one not necessarily so. We use a slightly more general way of writing this factor as
follows

Γpj,a,t = (1 − φ) + φ
Dj,a,t −

(1 − δd
)
Dj,a−1,t−1

Dj,a,t
= 1 − φ

(1 − δd
) Dj,a−1,t−1

Dj,a,t

as it allows for a degree of control over the influence of the endogenous housing decision on
the mortgage ratios.

2.15.6 Aggregation

Due to migration flows, population obeys31

Na,t = sa−1,t−1Na−1,t−1 + Ia,t − Ea,t

While in the data immigrants and emigrants are different from the average household in most
respects, the model is nevertheless bound by the necessity to fit all agents into an average that
can be replicated.32 The household model has two dimensions of heterogeneity, age and type.
Any additional heterogeneity is eliminated.

The goal is then to generate average quantities of assets B, housing D, consumption C , and
employment that encompass residents and migrants in an internally consistent way. In the
labor market chapter we detail the assumptions and mechanics needed to generate average
employment, and here we detail the aggregation of assets and housing. We therefore assume
that migrants carry with them the necessary assets to appropriately fit the resulting average.
That is not the only assumption required, so we first work through an aggregation example
without housing, and then replicate it with added housing.

31We assume household types are always in the same proportion in the different flows and stocks. The type
index j is omitted throughout this section, although the necessary adjustments due to type heterogeneity are
done in the code.

32Non migrants are also heterogeneous and yet only their average by age is in the model.
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Aggregation without housing. We first detail the budget constraint of three groups of
households. Surviving residents sa−1,t−1Na−1,t−1 − Ea,t have the budget constraint where
xa,t ≡ ya,t − PC

t Ca,t and where we have added a transfer term T Sa,t (superscript S for stayers):

Ba,t − xa,t = (1 + ra,t
)
Ba−1,t−1 + T Sa,t

The people who leave, Ea,t receive/pay a transfer T Ea,t before leaving. They do not earn income,
consume or buy end-of-period assets in the country this period so that their constraint is simply
a definition of the amount Ma,t they carry abroad:

Ma,t ≡
(1 + ra,t

)
Ba−1,t−1 + T Ea,t

Finally, the people who enter the country, Ia,t receive/pay a transfer T Ia,t after arrival. This
transfer and the assets A they bring into the country allow them to make identical choices to
those of the first group (the stayers):

Ba,t − xa,t = Aa−1,t−1 + T Ia,t

The next step is to define some properties we need to impose. We choose to impose a zero net
effect on the balance of payments. This implies the following relationship between households
entering and exiting the country:

Aa−1,t−1 = Ea,t
Ia,t

Ma,t = Ea,t
Ia,t

(1 + ra,t
)
Ba−1,t−1 + Ea,t

Ia,t
T Ea,t

We then impose that the transfer flows have zero net sum. This implies:

[sa−1,t−1Na−1,t−1 − Ea,t ]T Sa,t + Ea,tT Ea,t + Ia,tT Ia,t = 0
and finally we impose equality of stayers and new arrivals which implies

T Ia,t = (1 + ra,t
)
Ba−1,t−1 + T Sa,t − Aa−1,t−1

Now we can aggregate to obtain the budget constraint of the population within each type
(age and discount factor), Na,t. This is done in the following steps. Add surviving residents
sa−1,t−1Na−1,t−1 − Ea,t plus incomers

Na,t [Ba,t − xa,t ] = [sa−1,t−1Na−1,t−1 − Ea,t ] [(1 + ra,t
)
Ba−1,t−1 + T Sa,t

]+ Ia,t
[
Aa−1,t−1 + T Ia,t

]
replace the zero balance of payments relationship

Na,t [Ba,t − xa,t ] = [sa−1,t−1Na−1,t−1 − Ea,t ] [(1 + ra,t
)
Ba−1,t−1 + T Sa,t

]
+Ia,t [Ea,tIa,t

(1 + ra,t
)
Ba−1,t−1 + Ea,t

Ia,t
T Ea,t + T Ia,t

]
replace T I with the equality of stayers and incomers and collect terms to obtain

Ba,t − xa,t = (1 + ra,t
)
Ba−1,t−1 + T Sa,t

Finally, determine the transfer payments T . If we put together the relationships on zero balance
of payments, zero net transfers, and the equality of stayers and new arrivals, we obtain that

T Sa,t = −
(
Ia,t − Ea,t

)
Na,t

(1 + ra,t
)
Ba−1,t−1

T Ia,t = (Ia,t − Ea,t
) [ 1
Ia,t

− 1
Na,t

] (1 + ra,t
)
Ba−1,t−1 − Ea,t

Ia,t
T Ea,t

and using this we can rewrite the aggregate budget constraint as

Ba,t − xa,t = (1 + ra,t
)
Ba−1,t−1Γa,t

DREAM · MAKRO 39



MAKRO Documentation
Households

where Γa,t = sa−1,t−1Na−1,t−1
Na,t

One last detail is that the transfer T Ea,t is arbitrary and can be set at zero. These transfers are
artificial constructions used to ensure new arrivals and surviving residents can make the same
exact decisions subject to a balance of payments constraint which in this case is zero. They are
added to the problem as a lump sum which is taken as exogenous by the household and do
not affect marginal decisions. Furthermore, as all agents make identical choices within age and
type, the only budget constraint that needs to be satisfied is the aggregate one, namely

Ba,t − xa,t = (1 + ra,t
)
Ba−1,t−1Γa,t

Aggregation with housing. Surviving residents sa−1,t−1Na−1,t−1 − Ea,t have the budget
constraint

Ba,t − xa,t + (1 − µa,t
)
PD
t Da,t = (1 + ra,t

)
Ba−1,t−1 − χa,tPD

t−1Da−1,t−1 + T Sa,t

where

χa,t ≡
(1 + rmortt

)
µa−1,t−1 + τWt + xt − PD

t
PD
t−1
(1 − δdt

)
− αLandt

The people who leave, Ea,t do not consume or work in the country, and sell their houses so
that Za,t = − (1 − δt)Da−1,t−1 < 0 and take their assets and proceedings abroad. Because
they are downsizing, their budget constraint does not have a down payment fraction but rather
keeps the entire proceeds of the sale. The final mortgage payment m liquidates the outstanding
mortgage so that we obtain

Ma,t ≡
(1 + ra,t

)
Ba−1,t−1 − χa,tPD

t−1Da−1,t−1 + T Ea,t

and where Ma,t is the amount these agents will take abroad.

The people who enter the country, Ia,t have Za,t = Da,t > 0 and they earn their income and
consume here while they bring assets Aa−1,t−1 from abroad. Their housing expenditure is(1 − µa)PD

t Da,t . Their full budget constraint is

Ba,t − xa,t + (1 − µa,t
)
PD
t Da,t = Aa−1,t−1 + T Ia,t

We now impose the three conditions from above. Once again the zero balance of payments
effect is defined as

Aa−1,t−1 = Ea,t
Ia,t

Ma,t

and the property that the transfer flows have zero net sum is also as above:

[sa−1,t−1Na−1,t−1 − Ea,t ]T Sa,t + Ea,tT Ea,t + Ia,tT Ia,t = 0
and finally the equality of stayers and new arrivals now implies

T Ia,t = (1 + ra,t
)
Ba−1,t−1 − χa,tPD

t−1Da−1,t−1 + T Sa,t − Aa−1,t−1
Reproducing the same steps performed above we will find that we can set T Ea,t = 0 and that we
obtain the following objects. The aggregate budget constraint

Ba,t + (1 − µa,t
)
PD
t Da,t = ya,t − PC

t Ca,t+ [(1 + ra,t
)
Ba−1,t−1 − χa,tPD

t−1Da−1,t−1]Γa,t
and the transfer

T Sa,t = −
(
Ia,t − Ea,t

)
Na,t

[(1 + ra,t
)
Ba−1,t−1 − χa,tPD

t−1Da−1,t−1]
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and again the only budget constraint that needs to be satisfied is the aggregate one.

It is useful to emphasize here that cohort aggregation, which is used extensively in the code,
brings in the factor Γa,t attached to the lagged stocks Ba−1,t−1 and Da−1,t−1. In most of the
text here this does not show since we are concerned with the decisions of individual households.

2.15.7 Housing intermediary

Households buy houses from a particular intermediary agent. The purpose of having this agent
is to introduce land in the model. Although studies for other countries are only indicative
of possible effects in Danmark, they document land as a fundamental factor affecting house
prices.33 The housing intermediary buys bricks from the construction sector and land from
households, packages them and sells them to households as houses. These are the new houses
qnt built in a given period and correspond to the aggregate net investment obtained in the
household problem after summing over age, qnt ≡ Dt − (1 − δt)Dt−1.
The intermediary agent has profits given by

πt = PD
t qnt − PLand

t qLSt − P I
tqIt

where new houses qnt equal gross output minus adjustment costs, qnt = qyt − qact , and gross
output qyt uses land qLSt and “bricks” qIt which here are labelled as an investment quantity
because they will be used to accumulate an auxiliary stock of buildings needed to match data.
The adjustment cost function is added to the problem here in order to help fit dynamic behaviour
of house prices and quantities.34 This function is given by

qact = γ2qIt−1
(
qIt
qIt−1 − ξ It

)2

while the first order conditions are

PD
t

[
∂qyt
∂qLSt

]
≡ PD

t

(
µLS

qyt
qLSt

)1/E = PLand
t

PD
t

[
∂qyt
∂qIt

− ∂qact
∂qIt

] = P I
t + βt+1PD

t+1
[
∂qact+1
∂qIt

]
It is useful to detail the second condition which is dynamic and forward looking due to the
adjustment cost function

PD
t

[(
µI
qyt
qIt

)1/E
− γ

(
qIt
qIt−1 − ξ It

)] = P I
t + βt+1PD

t+1
[
γ2
(
qIt+1
qIt

)2 + γ2 (ξ It+1)2]
so that we can write demand functions in CES style

qLSt = µLS · qyt
(
PLand
t
PD
t

)−E

qIt = µI · qyt
(
usert
PD
t

)−E

33Davis, M. A., and Heathcote, J. (2005). Housing and the Business Cycle. International Economic Review,
Vol. 46, No. 3, pp. 751-784. Davis, M. A. and Heathcote, J. (2007). The price and quantity of residential land
in the United States. Journal of Monetary Economics, vol. 54(8), pp. 2595-2620.

34Ideally these adjustment costs would be introduced at the individual household level but that increased
significantly the computational burden due to the large life cycle. Also, at the age specific household level they
would mostly be fixed costs, something even more computationally demanding.
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usert = P I
t + γPD

t

{
qIt
qIt−1 − ξ It + βt+1PD

t+1
PD
t

12
[(

qIt+1
qIt

)2 + (ξ It+1)2]}
Given these demand function the optimization problem solves using both of them and the CES
zero profit condition

PD
t q

y
t = PLand

t qLSt + usertqIt
The quantity qIt is then used to generate the stock variable qkt in the standard manner

qkt = (1 − δt)qkt−1 + qIt

where δ is the depreciation rate of the “bricks” or buildings part of the house. This is a measure
of the stock of construction in owned housing, the total stock of “bricks” contained in all existing
owned housing. To this we add an exogenous capital stock of rental housing to get the stock
variable that enters the housing production sector which is present in the input/output data,
and which is described in the chapter on private production.

2.15.8 Merging profits of intermediary with the household budget constraint.

Due to the addition of adjustment costs the intermediary agents have profits. As this is an
auxiliary construction to introduce land into the model which does not have a correspondence
in data, these profits are plugged back into the household budget constraint as transfers that
do not affect the user cost and the marginal decisions of households.35 Profits are allocated to
households by age using the weight Da−1,t−1/Dt−1 as illustrated in the optimizing household
budget constraint.

Ba,t = (1 + ra,t
)
Ba−1,t−1 + ỹa,t − pctCa,t −

(1 − µa,t
)
PD
t Da,t

−
{(1 + rmortt

)
µa−1,t−1 + τWt + xt − PD

t
PD
t−1
(1 − δdt

)
− αLandt

}
PD
t−1Da−1,t−1

+ Da−1,t−1
Dt−1︸ ︷︷ ︸
weight

PD
t
[
Dt −

(1 − δdt
)
Dt−1]− PLand

t qLSt − P I
tqIt︸ ︷︷ ︸

profits


At this point we work on the algebra of the budget constraint to simplify the expression and
reduce the computational burden. We first decompose the last line

...Da−1,t−1
Dt−1 PD

t
[
Dt −

(1 − δdt
)
Dt−1]− Da−1,t−1

Dt−1 PLand
t qLSt − Da−1,t−1

Dt−1 P I
tqIt

and eliminate the terms in
(1 − δdt

)
to obtain

Ba,t = (1 + ra,t
)
Ba−1,t−1 + ỹa,t − pctCa,t −

(1 − µa,t
)
PD
t Da,t

−
{(1 + rmortt

)
µa−1,t−1 + τWt + xt

}
PD
t−1Da−1,t−1 + αLandt PD

t−1Da−1,t−1
+PD

t Da−1,t−1
[
Dt
Dt−1

]
− Da−1,t−1

Dt−1 PLand
t qLSt − Da−1,t−1

Dt−1 P I
tqIt

now use the fact that αLandt is given by

αLandt = PLand
t qLSt

PD
t−1Dt−1

35The household model is designed to capture the majority of transactions which involve already built housing.
The possibility that households themselves buy land and contract the building of the house is partially captured
by the intermediary and the inclusion of its profits in the budget constraint.

DREAM · MAKRO 42



MAKRO Documentation
Households

and replace so that the land terms disappear completely and obtain a budget constraint with
fewer terms

Ba,t = (1 + ra,t
)
Ba−1,t−1 + ỹa,t − pctCa,t −

(1 − µa,t
)
PD
t Da,t

−
{(1 + rmortt

)
µa−1,t−1 + τWt + xt − PD

t Dt − P I
tqIt

PD
t−1Dt−1

}
PD
t−1Da−1,t−1

2.15.9 The multiplier effects of leverage.

The presence of the mortgage contract generates a leverage effect in the model. Specifically,
when house prices rise, pDt > pDt−1, the existing debt obligation is valued at prices pDt−1 but now
the equity on the house is valued at the house price pDt . It may be profitable to liquidate the
previous mortgage, sell the house and buy a bigger house using the fact that one only has to
commit a small fraction of funds because one is allowed to borrow. This mechanism is better
understood if we look explicitly at the cost of housing object f in the budget constraint.

f
(
Da,t , Da−1,t−1) = (1 − µa,t

)
PD
t Da,t

+{(1 + rmortt
)
µa−1,t−1 + τWt + xt − PD

t
PD
t−1
(1 − δdt

)
− αLandt

}
PD
t−1Da−1,t−1

We can rearrange this into

f = (1 − µa,t
)
PD
t Da,t︸ ︷︷ ︸

Out of pocket: new house equity

−

(1 − δdt
) PD

t
PD
t−1 − µa−1,t−1︸ ︷︷ ︸

exisiting house equity ratio

PD
t−1Da−1,t−1

+{rmortt µa−1,t−1 + τWt + xt − αLandt
}
PD
t−1Da−1,t−1︸ ︷︷ ︸

Unavoidable net carrying costs

The key feature is that an increase in house prices has a marginal effect which is not dragged
down by the previous debt µa−1,t−1. We have

∂f
∂pDt

= (1 − µa,t
)
Da,t︸ ︷︷ ︸

effect on new house equity

−
(1 − δdt

)
Da−1,t−1︸ ︷︷ ︸

effect on exisiting house equity

and since 1 − δ > 1 − µ the cost of housing comes down when house prices increase. Therefore
it is possible to buy extra housing.

Notice that there are no transaction costs which implies taking advantage of the leverage effect
is costless. This potentially makes the leverage effect very powerful.

Now, this mechanism here is static. Rational agents are forward looking so they will not rush
to buy more houses if prices are likely to fall in the future, which will happen if the cause of
the increase in house prices is a temporary shock. As they antecipate capital losses they will
dampen their current response to the price increase.

Financial accelerator

The leverage effect is not the financial accelerator effect of Kyotaki and Moore (1997), or
of Bernanke and Gertler (1995). In fact, the mortgage contract worsens with an increase in
house prices, ∂µ/∂p < 0, which makes it a stabilizer rather than an accelerator. An increase in
house prices, even though it raises the value of your current house does not relax the mortgage
financial constraint but rather tightens it. It does, however, allow the household to exploit an
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available (slightly worse) contract and buy more houses simply because the household now has
more money and because there exists an available debt contract.

Yet, MAKRO does have an accelerator in the KM and BG sense. It lies in the utility from
leaving a bequest. This object is a concave function of the sum B+p (1 − µ)D. This combined
object has an admissible lower bound. If the household is near this lower bound, an increase
in house prices allows liquid wealth B to decrease, which allows households to consume more
and buy more houses. The constraint has been relaxed by the house price increase, and here,
buying extra housing relaxes the constraint next period also. This dynamic effect has all the
hallmarks of the classic financial accelerator mechanism.
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3 Firms

The economy has eight private sectors indexed by the subscript s in this chapter. These are
agriculture (including fishing), construction, energy provision, extraction, housing, manufacturing
(including food processing), shipping, and services (other than shipping).

Firms maximize the present discounted value of profits. Solving this problem requires both cost
minimization and optimal price setting. These two problems are separated into two sub-sectors
- an intermediate sub-sector producing the goods and choosing inputs optimally, and another
sub-sector where retail firms buy goods from producers, set prices and sell the same goods to
the final consumers. The production and the price-setting decisions are separated both in the
documentation and in the code. The production problem is given in this chapter.

The model’s private sector firms use labor, capital, and intermediate goods as inputs. These
inputs generate output through a production function which is a CES nest with multiple levels.
Capital and intermediate goods can be bought from domestic firms or imported, and labor
services are bought from supplying households. The market for intermediate inputs is a spot
market and the optimal decision is static. The optimal decisions for labor and capital are
dynamic, and the relevant price measures are user costs derived from intertemporal first-order
conditions.

The user cost of labor is derived in the labor market chapter. The user cost of capital is
derived here. Given the correct user cost measures, the problem of the firm can be solved by
a sequence of static cost minimization problems at every level of the CES tree. Two bottom
levels of the CES tree determine input demand for intermediate inputs and investment goods
from all producing sectors and from foreign or domestic sources. These levels are separated
from the problem of the firm and into the input/output system of market clearing relationships
by interpreting them as intermediate transformation sectors with constant returns to scale
technologies. These two levels are mainly data aggregation devices although we can also
interpret them as behavioral objects. They are described in the input/output chapter.

This section delivers two demand components - intermediate inputs,Rs,t , and investments, Ii,s,t
- to the input/output chapter. The rest of this chapter is organized as follows:

• Cost minimization, subsection 3.1: The production function, the CES tree, and the
general cost minimization problem.

• Dynamic optimization, subsection 3.2: The dynamic optimization problem and the
computation of the user cost of capital.

• Firm investments with costly external finance, subsection 3.3: A reduced form way of
modeling costly external finance through the firm’s discount factor.

• Finance, subsection 3.4: A brief introduction to the valuation of the firm and how we
account for firm financial assets and liabilities.

• Special sector considerations, subsection 3.5: Deviations from the baseline model for the
housing and extraction sectors.

3.1 Cost minimization

3.1.1 The production function

Gross output Q is produced with capital equipment, KiM , labor, L, capital structures (buildings)
KiB, and intermediate inputs R .

All inputs except intermediate inputs enter production in effective units which include factor
utilization and in the case of labor, net of hiring costs. Effective capital inputs are denoted
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K u
iM,s,t−1 and K u

iB,s,t−1 (superscript u for utilization). Capital stocks are subject to a one period
time to build which implies they are fixed in the short run (current period) although they can be
used with varying intensity.

We write the general production function in sector s at time t as

QKLBR
s,t = Q

(
K u
iM,s,t−1, Ls,t , K u

iB,s,t−1, Rsp,t)
In what follows sector and time indices are omitted when that does not affect exposition.

3.1.2 The CES tree

Production inputs generate output through a CES nest structure where superscripts K, L, B, R
denote equipment capital, labor, structures, and intermediate inputs:

QKLBR (QKLB, R
)

QKLB (QKL, KiB
)

R

QKL (KiM , L) KiB

KiM L

3.1.3 CES cost minimization

The optimal demand for inputs is obtained from solving a sequence of cost minimization
problems at every level in the tree. As an example, the problem at the bottom branch of the
upper tree is to minimize total cost PKLQKL = pLL + pKK u subject to QKL = CES (K u, L).
The solution to this problem is well known and yields the following objects which, with the
necessary extensions and appropriate indexing, translate appropriately to all levels of the tree:36

Output ⇒ QKL = [(µK ) 1
η (K u) η−1

η + (µL) 1
η (L) η−1

η

] η
η−1

Derivative ⇒ ∂QKL

∂L = (µL QKL

L

) 1
η

Demand/F.O.C. ⇒ L = µLQKL
(
PKL

pL

)η
CES Price ⇒ PKL = [µK (pK )1−η + µL

(
pL
)1−η

] 11−η

In these equations the parameters µj are calibrated scale parameters. The parameter η is the
elasticity of substitution between the two inputs. The input prices pj(not the CES prices P)
are user costs except for intermediate goods where it is a CES aggregate of spot prices.

One detail to mention is that, although we show it explicitly here, the production function
is never used in the numerical solution to the problem. Much like the utility function in the

36It is easy to show that the CES structure also captures zero elasticities of substitution. The demand
functions, constraint, and CES price all go through, while we never make use of the production function,
QKL = min(K/µK , L/µL), and of course there are no derivatives but instead optimality implies Ku/µK = L/µL = QKL.
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household problem, only its derivatives are ever needed, and they enter the problem through
the demand functions shown above. The problem is solved using only the demand functions
and the constraint in the form PKLQKL = pLL+ pKK .

Solving all the problems in the tree requires knowing the correct prices of every input.

Intermediate inputs in production as well as capital investments are sourced from many production
sectors, both domestic and foreign, in exactly the same way as all other demand components.
The prices of intermediate inputs and investments are derived in input/output chapter. Firms
pay same the wage pr. unit of labor, but user costs will generally differ between sectors due to
differences in labor adjustment costs etc. The user cost of labor is derived in the labor market
chapter.

Finding the correct input prices of capital (and labor) requires solving a dynamic, forward-looking,
optimization problem. We look at the user cost of capital in the next subsection.

3.2 Dynamic optimization

This section derives the user cost of capital. All variables and parameters in the problem
generally have a sub-index (k, s, t) – that is over investment/capital type, sector and time. In
this section, this index will be truncated to only t, unless otherwise explicitly stated. Given
eight different private sectors and two types of capital, MAKRO has 16 appropriately indexed
versions of the variables and equations described.

3.2.1 Definitions

All capital stocks have a law of motion of the following form

Kt = (1 − δt)Kt−1 + It
where δt is the depreciation rate and It is the investment flow.37

Capital stocks are subject to adjustment costs

ACt = γ2 (It − ξt It−1)2
Kt−1

where γ and ξt are parameters.

Capital stocks are fixed in the short run due to one period time to build, but they can be
used with varying intensity ut. The problem of optimal capital utilization is examined below.
Adjustment and utilization costs as well as vacancy costs are not explicitly measured in the
data, and are modeled as unobserved lost production. Adjustment costs are subtracted from
gross production, Q. Gross and net output are related by:

QKLBR
t = Yt +∑

k
AC k,t

where the index k identifies the type of capital good (equipment or structures). Note that
we do not see the vacancy posting costs or labor utilization costs explicitly here, as they are
modeled directly inside gross output Q and detailed in the labor market chapter.

37Inventory investment is assumed to be proportional to net output: Iinvt,sp,t = µInvtsp,t Ysp,t . It does not
accumulate or contribute to production. It is just a drain on resources in order to match the model with national
accounts data, where it is small fraction of total spending (less than 0.5 percent). Inventories are listed in the
index i which identifies the three types of investments (inventories, equipment, structures): i = {iL, iM, iB}.
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3.2.2 Debt

We model the debt issued by the firm as:

Dt = µDt pItKt
where µDt is a factor taken as given by the optimizing firm and which can be viewed as the
result of an independent optimal corporate capital structure problem. The value of µDt is then
an expression of a modified Modigliani-Miller theorem. There is an implicit trade-off between
bankruptcy risk and associated costs on one hand, and the gain from financing the firm at
a lower rate on the other. Currently all firms in the model have the same constant debt
factor µDt = 0.4. This way of modeling debt mirrors the way mortgage debt is modeled on our
household side of the model.

There are other reasons to link debt to the firm’s capital stock. One significant component of
firm debt is mortgage debt, which is closely related to (or collateralized by) the firm’s capital
stock. Corporate debt is also issued with various covenants (such as not allowing sales of
installed capital), which serve as an indirect claim on the firm’s equipment and structures.

3.2.3 The problem of the firm

For exposition purposes, we state the problem with a single capital stock rather than two, and
we use only the time index on all variables. As we focus only on the optimal choice of capital,
we also leave out many details of the labor input. The operating surplus π in a period t is

πt = (1 − τct )


PtYt − PR
t Rt −

[1 + τLt
]
wtLt

−τKt P I
tKt−1 − Tt

−rDt µDt−1P I
t−1Kt−1


− P I

t It + τct δTaxt K Tax
t−1 + µDt P I

tKt − µDt−1P I
t−1Kt−1

+ qt ([1 − δt ]Kt−1 + It − Kt)
+ qTaxt

([1 − δTaxt
]
K Tax
t−1 + P I

t It − K Tax
t
)

where net output Yt is given by

Yt = Qt (utKt−1, Rt , Lt) − ACt

To properly locate the elements in the above tree, the production function Q here corresponds
to the top of the tree, KLBR, and the optimization price P is the associated CES price.

The first block of the surplus expression in curved brackets lists elements affected by corporate
taxes τct . It contains net output, minus expenses on intermediate goods and on labor costs. τK
and τL are net input taxes (such as property taxes, vehicle taxes, or payroll subsidies). Finally
there are lump sum taxes Tt and interest payments on debt rD, all of which reduce the taxable
income (corporate tax) generated by the firm.

After these we have the nominal investment cost P I
t It, the value of the tax deduction from

capital depreciation, revenues (expenses) from increases (reductions) in corporate debt, and
finally, the Lagrange multiplier (Tobin’s q) and its attached law of motion for capital (the
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standard one), and the Lagrange multiplier and its attached law of motion for tax (or book)
value capital. The tax value of capital is the nominal object, K Tax .

3.2.4 First-order conditions

The discount factor between time t and time t+ 1 is βt+1 = 11+rt+1 . The required rate of return,
rt , is taken as given by the firm and may vary across sectors if investors demand different risk
premia to hold equity in different sector. In subsection 3.3, we discuss the introduction of costly
external finance in the firm’s problem, modeled so that its effect is contained in an augmented
discount factor.

The optimal choice of labor is detailed in the labor market chapter. The first-order condition for
capital utilization is discussed in section (3.2.5) below. The first-order condition for intermediate
goods, Rt , is simply Pt ∂Qt∂Rt = PR

t and, since this optimization is static, it is already obtained in
the CES cost minimization problem. The first-order condition for investment, It , which isolates
Tobin’s q, is

qt = P I
t
(1 − qTaxt

)+ (1 − τct )Pt ∂ACt∂It
+ βt+1 (1 − τct+1)Pt+1 ∂ACt+1

∂It
Kt

The first-order condition for the book/tax value of capital, K Tax
t , is

qTaxt = βt+1τct+1δTaxt+1 + βt+1 (1 − δTaxt+1 )qTaxt+1
where δTax is the tax deductible depreciation rate. This Lagrange multiplier is given by a
Bellman equation which computes the present discounted value of all future tax deductions.

The first-order condition for capital, Kt , is

Pt+1 ∂Yt+1
∂Kt

= 1 + rt+11 − τct+1qt − 1 − δt+11 − τct+1qt+1
+ τKt+1P I

t+1
−
[

rt+11 − τct+1 − rDt+1
]
µDt P I

t

Some intuition is immediate. The corporate tax rate raises the user cost of capital by the factor1/(1 − τc). Having corporate debt reduces the user cost of capital when the cost of this debt
rDt+1 is lower than the cost of equity funding rt+1. And not surprisingly, taxes on capital τKt raise
the user cost. From the derivative of net output we isolate the user cost of capital

Pt+1 ∂Yt+1
∂Kt

≡ Pt+1 ∂Qt+1
∂ (ut+1Kt)ut+1︸ ︷︷ ︸

PK
t+1:user cost of Kt

−Pt+1 ∂AC t+1
∂Kt

where ut is the utilization rate in period t (utKt−1 is the effective capital input in period t).
The last term measures how an increase in Kt , decided in period t, lowers adjustment costs in
period t + 1.

3.2.5 Factor utilization

Intuition Factor utilization is added to the model to help generate pro-cyclical value added per
worker. In order to counter diminishing returns across all factors of production due to capital
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rigidity, it is necessary to compensate with a mechanism that increases total factor productivity.
The equations used are flexible adaptations of the following idea. Let the firm have gross output
given by a function of the type Qt = Q (utXt) with a generic first-order condition for optimal
choice of Xt given by

Pt
∂Qt

∂ (utXt)ut = PX
t

where PX
t is the user cost of X . Utilization is then associated with an auxiliary stock variable

x which obeys the following law of motion xt = (ut − 1)Xt + λtxt−1 where λt = ū1/η
t−1/βt, and

where ūt is an externality term which in equilibrium equals ut . This law of motion has a steady
state solution at x = 0 and u = 1. We replace the choice of ut with the choice of the stock xt
and impose the limit condition limt→∞ xt = 0. Imposing symmetric equilibrium on the externality
term, and lagging the expression one period, the resulting dynamic first-order condition is

ut = ( PX
t /ut

PX
t+1/ut+1

)ηu = ( PX
t /ut

PX
t+1/ut+1

)ηu (PX
t−1/ut−1
PX
t /ut

)−ηu

ut−1

Capital We generalize the derived expression with an additional parameter, λu, to get the
expression for utilization for each type of capital:

uk,t = ( PK
k,t/uk,t

PK
k,t+1/uk,t+1

)ηuk (PK
k,t−1/uk,t−1
PK
k,t/uk,t

)−ηuk (
uk,t−1)λu

The parameter ηu controls the degree to which capital utilization varies and is one of the key
parameters that we set in order to match MAKRO’s impulse responses to a number of empirical
models. Setting 0 < λu < 1 adds persistence to changes in utilization and is likewise used to
match empirical IRFs.

Labor Although we do not look at the optimal choice of labor in this chapter it is convenient
to discuss its utilization rate here. Labor utilization is closer to the idea of effort. The object L
contains many components and we use the term PL which is the marginal product Pt∂Qt/∂L.
In the Q(u · X ) model above the object X equals L/u, with the resulting first-order condition

PL
t
∂Lt
∂ut

∂ut
∂xt

+ βPL
t+1 ∂Lt+1

∂ut+1
∂ut+1
∂xt

= 0
and using the fact that ∂Lt/∂ut = L/u we get

ut = ( PL
t

PL
t+1
)η = ( PL

t
PL
t+1
)η ( PL

t
PL
t+1
)−η

ut−1
and the generalized expression used in the model is

uLt = ( PL
t

PL
t+1
)ηuL (PL

t−1
PL
t

)−ηuL (
uLt−1)λu

3.3 Firm investments with costly external finance

In the following we detail a reduced form way of modeling costly external finance through the
firm’s discount factor. Besides financial frictions being a realistic feature of the theory of the
firm, they help generate pro-cyclical investment in line with data.
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3.3.1 An illustrative example

The simplest model of the firm abstracts from costly external finance. The firm has free
access to funds at an exogenous rate, rt, which is the discount rate of its cash flows, and
which is the required rate of return demanded by all investors.38 A simple illustration of
this model is the one variable example where the capital stock obeys the standard law of
motion Kt = (1 − δ)Kt−1 + It, and profits are given by revenues minus investment costs,
πt = Y (Kt−1) − P I

t It . The unconstrained optimal choice of capital obeys

∂πt
∂Kt

+ βt+1 ∂πt+1
∂Kt

= 0
where βt+1 = 1/(1 + rt+1) is the discount factor which is exogenous to the firm and is not
affected by how much the firm chooses to invest.

However, this is an incomplete model since financing the firm’s activity is a complex process.
When firms finance their activity, the immediate source of funds is retained earnings or internal
finance. This is often not enough and firms also interact with banks, issue corporate debt, and
raise or buy back equity. One common characteristic of all sources of outside finance is that it
is costly and therefore, we want to extend the model of the firm by defining this cost. Before
that, in order for costly external finance to matter the firm must be in need of funds: it must
be constrained.

The simplest model of costly outside finance adds a constraint πt ≥ π̄. Outside finance beyond
this threshold is infinitely costly. With a Lagrange multiplier ξ the optimal decision obeys

∂πt
∂Kt

+ [βt+1 1 + ξt+11 + ξt

]
∂πt+1
∂Kt

= 0
where if πt < π̄ then ξt > 0 (and large enough). The firm can raise cash freely up until the
threshold and after that the cost of outside finance is prohibitive. The optimality condition
shows that this financial friction is fully captured in the generalized discount factor. While
this is not a general property of models of firm finance, we choose our model so that we have
it. When the constraint binds, this generalized discount factor is lower (the future becomes
less relevant). This is intuitive as the effect of costly external finance is to reduce investment.
However, that is not the only effect of costly external finance on the firm. In fact, how this
constraint moves is more interesting over the business cycle. Although the existence of costly
external finance acts to reduce investment, as long as the constraint is normally binding what
matters is how the constraint tightens and relaxes. These effects through the constraint help
propagate the business cycle.

In MAKRO we model the costs of external finance assuming that they generally bind. We do
this by using a differentiable cost function as in Gomes (2001) as a flexible way of modeling the
above Lagrange multiplier. His model is as follows. Dividends are

dt = πt − ξ (mt)
with the function ξ having value zero for m ≤ 0 and a positive increasing function for m > 0
where mt = −πt = P I

t It − Yt , and it is easy to verify that it yields the same first-order condition

∂πt
∂Kt

+ [βt+1 1 + ∂ξt+1
∂mt+11 + ∂ξt
∂mt

]
∂πt+1
∂Kt

= 0
where the Lagrange multipliers are replaced with the derivatives of the cost function.

38There are also no conflicts of interest between management and ownership, and no issues of corporate
control.
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3.3.2 The financial constraint in MAKRO

The firm maximizes
Vt = mt − ξt + βt+1Vt+1

where mt is the free cash flow of the firm (excluding financial assets). The positive valued
function ξt ≡ ξ (mt −mt) ≥ 0 models the cost of financial frictions. The first-order condition
with respect to a given input Xt is

∂mt
∂Xt

+ β̂t+1 ∂mt+1
∂Xt

= 0
where the augmented discount factor β̂t+1 is given by

β̂t+1 = βt+1 1 − ∂ξt+1/∂mt+11 − ∂ξt/∂mt

We can rewrite the augmented discount factor as β̂t+1 = 1/(1 + rt+1 + rpt+1 + rξt+1) by defining
a premium rξt+1 associated with the financial constraint.

We specify the financial friction function ξ as a differentiable symmetric function with derivative
given by the hyperbolic tangent function39

∂ξt
∂mt

≡ µ tanh (κ [mt −mt ])
where limmt→∞ ∂ξt/∂mt = µ and limmt→−∞ ∂ξt/∂mt = −µ. Numerically, with µ = 2% the firm
pays a 2 pct. fee for outside finance (mt < mt). The parameter κ > 0 controls the slope of the
derivative around mt −mt = 0.

3.3.3 Homogeneity

The function ξs,t is sector specific with sector subscript s, and is approximately homogeneous
if ms,t = 0 and with high enough κ. To preserve long run homogeneity with a free cash flow
target different from zero we let ms,t endogenously adjust as

ms,t = γms,t−1 + (1 − γ)ms,t − εs,t
where γ controls the speed of adjustment and εs,t is calibrated to set ms,t = ms,t in the baseline
forecast. We calibrate κs,t = κ̂

Ks,t (other measures of sector size can be used) to ensure similar
behavior across sectors. For strict homogeneity κs,t would need to endogenously adapt to
changes in Ks,t , but this is unlikely to matter in practice as ms,t −ms,t converges to zero.

It is useful to define the ’habit adjusted’ free cash flow m̂s,t :

m̂s,t ≡ ms,t −ms,t = γ [ms,t −ms,t−1 + m̂s,t−1] + εs,t

Rearranging the augmented discount factor we get an expression for the discount rate premium
associated with the financial constraint

rξs,t+1 = [1 + rt+1 + rpt+1] [ 1 − µs tanh (κsm̂s,t
)

1 − µs tanh (κsm̂s,t+1) − 1]
39The function tanh(x) = (

ex − e−x) / (ex + e−x) is well defined for the entire support of x. This makes the
primitive function ξ a two-sided penalty function for missing profit targets and can be viewed as the cost of
issuing (mt < mt ) or re-purchasing (mt > mt ) equity.
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3.3.4 Acceleration

The financial constraint model we use is closer to the Gomes (2001) model than to collateral
acceleration models such as Bernanke and Gertler (1989). The factors relaxing the constraint
in good times come from the expansion of revenues as prices increase and from the increased
production ability as capital accumulates. There is no additional contribution from an improve-
ment in collateral values or from any additional relaxation of the constraint from a goodwill
effect arising from extra revenues.40

3.4 Finance

Production firms hold and manage liquid assets (cash, credit lines, liquid assets) since, due
to financial frictions, cash inside the firm is not identical to cash outside it. These frictions
are currently modeled parsimoniously in the production model and so the presence of financial
assets in the firm’s balance sheet is dealt with in reduced form and separated from the firm’s
optimization problem.

Financial services also account for a significant share of total services. We do not have a model
of the financial firm, and therefore there is no theory of endogenous optimal decision making
for these agents, but we do have basic principles of financial arbitrage which we apply to include
financial stocks and flows in the MAKRO model. These assets must be adequately accounted
for in order to fit the national accounts data (Nationalregnskabet) and make up a separate
entity from production firms.

The data contains both financial and production components of firm valuation. Financial assets
are valued at current market price41. We now provide a brief introduction to financial valuation
and accounting. More detailed descriptions are contained in the appendix.

3.4.1 Valuation algebra

We divide the value of the firm, Vt, into two separate objects: 1) The value of the main
operations of the firm V x , and 2) the value of net financial assets not related to the main
operations, Bxt .

Vt = V x
t + Bxt

The value of operations is the discounted value of the cash flows that result from the endogenous
optimal decisions of the firm:

V x
t = πt+1 + V x

t+11 + rEt+1
The required return on equity is the sum of the bond rate and an equity risk premium and differs
from the discount rate used by the firm in its optimal production decision.

Net financial assets consist of a several asset classes (index A) and two types of debt (index
L for liabilities). All the portfolio components are valued at their market price. For example,
financial firms hold a large number of mortgage bonds that we value at their market price rather

40These mechanisms are discussed in recent work. See Lian and Ma (2020) and Drechsel (2021) and references
therein.

41The value of cash and other low-return instruments outside the firm would be higher than the discounted
nominal value of their returns inside the firm. This is corrected by their convenience yield: this is the exact
difference between the nominal yield the asset generates and the required rate on equity. Keynes used the idea
of convenience yield in his money demand function. See also Del Negro et al. (2017), Safety, Liquidity, and the
Natural rate of Interest, Brookings Papers, Spring 2017.
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than discounting their associated interest rate payments with the required return on equity.
The debt associated with capital, µDt P I

tKt, is included in the value of main operations and is
therefore not included in net financial assets.

Bxt = ∑
A
BA,t︸ ︷︷ ︸

financial assets

−

∑L BL,t︸ ︷︷ ︸
total debt

− µDt P I
tKt︸ ︷︷ ︸

debt from operations


We assume that the firm holds financial assets proportional to the value of their main operations:

Bxt = (∑
A
µBA,t −

∑
L
µBL,t

)
V x
t

We can now write a budget constraint of the firm which ties together net financial assets with
the cash flow from main operations, dividends paid and finally revenue from new equity issues
(buybacks if negative):

Bxt = (1 + [1 − τct ] rBxt )Bxt−1 + πt − divt + issuest + εt︸︷︷︸
other transfers

where rBxt is the rate return on net financial assets before taxes.

We assume that firms follow a constant dividend rate policy such that dividends are proportional
to the total value of shares,

divt = rdivt Vt−1
implying equity issues are endogenous and determined residually by the budget constraint.42

The change in share price is then given by

romvt = Vt − issuest
Vt−1

Note that the rate of return on equity
(
rdiv + romv

)
is unaffected by the dividend policy and

equity issuance. I.e., if the firm issues equities and uses the money to buy financial assets, the
value of shares including financial assets, Vt , increases by exactly the same amount and share
prices do not change. Similarly, when the firm pays dividends, their value decreases by the same
amount.

3.4.2 Financial accounting terms and corporate taxes

In order to define the scope of corporate taxation τct we make a detour to discuss how EBITDA
(Earnings Before Interests, Taxes, Depreciation and Amortization) , and how EBT (Earnings
Before Tax), translate into the income the cash flow from main operations, π, (which we used
in the dynamic optimization problem of the firm):

42The separation between dividends and equity issuance has minor tax implications, but is primarily necessary
in order to match national accounting data.

DREAM · MAKRO 54



MAKRO Documentation
Firms

πt = PtYt − PR
t Rt −

[1 + τLt
]
wtLt − τKt P I

tKt−1 − Tt︸ ︷︷ ︸
EBITDA

− P I
t It + µDt P I

tKt −
(1 + rDt

)
µDt−1P I

t−1Kt−1︸ ︷︷ ︸
new debt without interest tax deduction

− τct

EBITDAx
t − δTaxt K Tax

t−1 − rDt µDt−1P I
t−1Kt−1︸ ︷︷ ︸

EBTx


EBTx consists of earnings before taxes and before income from net financial assets. To get
the total tax base for corporate taxes we add the income from the net financial assets part of
the firm:

EBTt = EBTx + rBxt Bxt−1
Note that the “before taxes” in EBITDA and EBT refers to corporate taxes only and not
production taxes. Net production taxes consist of τLt (payroll taxes and subsidies), τKt (land
and vehicle taxes) and Tt (other production taxes, which are treated as exogenous to the firm),
which can all be considered part of the net prices of the firm’s production inputs.

3.5 Special sector considerations

3.5.1 The extraction sector

The extractions sector consists of oil and gas and a small amount of gravel extraction. Output
and prices from this sector are exogenous and based on forecasts from the Danish Energy
Agency (Energistyrelsen). Given the exogenous output, production factors are endogenously
chosen to minimize costs and modeled the same way as other sectors apart from the existence
of an additional tax:

τcextraction,t = τct + yextraction,t − ygravel
t

yextraction,t
τoilt

As both the price and domestic output quantity is exogenous, we scale the demand for domestic
extraction output proportionally to match the supply. Demand for extraction imports is scaled
inversely such that the total demand for extraction does not depend on the exogenized sector
output. I.e., import and domestic production of extraction are perfect substitutes, and we
allocate a share of domestic output to different types of demand and use imports to satisfy
residual demand.

3.5.2 The housing sector

In the national accounts, the housing sector produces housing services where the key input is a
measure of the stock of houses. The sector includes both rental and privately owned housing
and produces a homogeneous good priced at the rental value of housing. The rent value of
owner-occupied housing is imputed based on rents of comparable rental housing.
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In the model, we have an endogenous decision by households on owner-occupied housing while
rental housing enters the household problem exogenously. As we do not (yet) model the rental
market, both consumption and production of rental housing are exogenous. The housing stock
available for rent is exogenous and assumed to depend on government-supported rental building
projects.

Given that the rental part of housing is exogenous, we need to decouple it from owner-occupied
housing. In order to achieve this separation, we model the production of housing services using
a Leontief production function. The main input is the existing stock of housing (structures) and
there is no input of capital equipment. Note that this measure of housing stock excludes land,
and therefore it is not the housing measure, D, described in the household chapter. In the data,
this sector accounts for services such as housing maintenance (≈ 15%), which involves labor
and intermediate inputs, and other (mainly financial) services (≈ 10%), and for that reason it is
organized as a production sector within the input/output structure of the economy.

These three inputs, structures, labor, and intermediate goods, generate output through a
Leontief production function. The consequence is that output, employment, and intermediate
goods are proportional to the capital stock measure. Unlike production in the other private
sectors, there are no adjustment costs to capital, and therefore, net and gross production are
the same.

Since everything is proportional to capital, we can separate all inputs and output in proportion
to the fraction of structures that are owner-occupied housing (described as “bricks” in the
household chapter) and the fraction which is rental housing. This is equivalent to assuming
separate but identical Leontief production technologies for owner-occupied and rental housing,
so they have equal amounts of intermediate goods and labor in proportion to their respective
building capital stock.

Once the rental part of the data is separated, we calculate how it behaves in existing data and
forecast its use of resources in the future.

Formalizing the problem Net output Yt uses structures (K ), labor (L), and intermediate
goods (R ):

Yt = Qt (Kt−1, Rt , Lt) = min
(
φk
φR

Rt , min
(
φkKt−1, φkφl Lt

))
and the Leontief function implies the optimality conditions Qt = φkKt−1, Lt = φlKt−1, and
Rt = φRKt−1.
The capital stock Kt (here, the total stock of structures or “bricks”), and the associated
investments, are the sum of owner-occupied and rental housing. The owner-occupied housing
part is endogenous, while the rental part is an exogenous projection. The owned housing part of
this stock is described in the household chapter in the section covering the housing intermediary.
Output, employment, and the use of intermediate inputs are endogenous, but all of them are
proportional to the stock due to the Leontief production function.

Link to the household problem As we decouple rental housing from owned housing, we
introduce them differently in the household problem. The rental housing coming out of this
sector is added exogenously to the household’s budget constraint, while owner-occupied housing
is an optimal decision. Owner-occupied housing is bought from an intermediary that takes a
flow product from the construction sector, puts it on a plot of land, and sells the final combined
good (bricks and land) to the household. Rental housing does not explicitly contain land.43 If
we remove the value added of land from the house bought by households, we have a stock

43Land is introduced in MAKRO in this specific way to improve house prices’ modeling. The user cost of
owner-occupied housing includes the effect of the price of land. Currently, land is not included in any other
product or sector.
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equivalent to the rental housing capital, and the sum of the two stocks match the data from
the housing services sector described here.

In the problem of the household we can find in the budget constraint a term which accounts for
expenses with housing maintenance, xtPD

t−1Da−1,t−1. The factor xt in this term is taken as given
by the household and is the fraction of the labor and intermediate goods costs

[
PR
t φR + PL

t φl
]

we have in the problem above which is allocated to owner-occupied housing.

Finally, the household owns the stock of owner-occupied housing and pays directly for its
maintenance costs. Therefore only the fraction of sector profits corresponding to rental housing
can be allocated through the ownership of the firm in the household portfolio, controlling for
the fact that households consume an exogenous amount of rental housing and pay rent on it.
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4 Price setting

The main contribution of this chapter is explaining how output prices are determined in MAKRO.
It also explains how import prices and export competing prices are determined.

The problem of the firms can be divided in two: Cost optimization and setting the optimal
output price. The chapter of the firm deals with cost optimization and this chapter deals with
setting the optimal output price. Cost optimization gives an optimal marginal cost per produced
output unit including factor-specific production taxes, PKLBR

s,t . Including non-factor-specific
production taxes this gives us the (marginal) unit costs, P0

s,t . In a perfect competition setting
the optimal output price, Ps,t , would equal the unit costs, P0

s,t .

In data observed prices are more sluggish than the ones generated by the perfect competition
solution. The standard way to solve this problem is to add an intermediate layer of price setting
behavior between the producing firm and the agents demanding the output so that the output
prices are not identical to the unit costs.

(
Ps,t |all s, wt , rt

)︸ ︷︷ ︸
Input Prices

=⇒︸︷︷︸
Production

P0
s,t |i∈s︸ ︷︷ ︸

Unit costs

=⇒︸︷︷︸
Price Setting

Ps,t |i∈s︸ ︷︷ ︸
Final Price

This price setting intermediate model is often modeled as a monopolistic competition problem.
We also adopt that model and apply it to all private production sectors except housing.

In addition to monopolistic competition, we have price rigidity coming from adjustment costs
of changing prices. Monopolistic competition alone does not generate price rigidity. It merely
provides a theoretical foundation for price setting behavior, which in turn generates price rigidity.

4.1 Monopolistic competition and price rigidity

Monopolistic competition is a superstructure added to the problem of the firm, where every
sector is thought of as having a continuum of firms with unit mass, each producing an individual
“variety”. Demand for all varieties is a standard CES aggregator with a demand elasticity, and
in equilibrium the price paid by the consumer, Ps,t, is a markup over the marginal cost of
production which reflects this elasticity. The equilibrium is symmetric so that in the end the
unit mass of firms within a sector looks like a single representative firm.

While the unit costs P0
s,t is flexible, the consumer price is not, and therefore on top of this

structure we add price rigidity through a cost of price adjustment similar to Kravik, Motzfeldt
and Mimir (2019).44

4.2 Monopolistic Competition Model

In what follows we disregard the sector index s. Within each sector, firms are subject to
monopolistic competition. In the monopolistic competition set-up all firms within each sector
face the same demand elasticity, ηt , and the aggregate price over all firms in a given sector, Pt ,
is a CES price index.

Without price-adjustment costs Pt would be a constant markup over the marginal cost of
production, P0

t . However, prices are sticky as we assume these firms pay a quadratic adjustment
cost to change them. The adjustment cost function is similar to Rotemberg (1982), but instead
of the cost being applied to changes in the price level, pt/pt−1, it is applied to changes in
inflation (as in Kravik, Motzfeldt and Mimir, 2019) which allows for richer dynamics.45

44Kravik, Erling Motzfeldt og Yasin Mimir (2019). “Navigating with NEMO”. I: p. 177.
45[Rotemberg, Julio (1982). “Monopolistic Price Adjustment and Aggregate Output”. I: Review of Economic

Studies 49.4, s. 517–531.]
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The monopolistic competition model generates the following demand aimed at the individual
firm:

yjt = ( pjtPt
)−ηt

Yt

where pjt is firm j ′s price and Yt is the sector’s total production (net of capital adjustment
costs).

In the absence of price adjustment costs firms would set their price as the following markup
over marginal costs:

P∗
t = (1 + 1

ηt − 1
)
P0
t = (1 + θ∗

t )P0
t

In the presence of price adjustment costs the markup relationship is more general.

4.2.1 Optimization Problem

Each firm j in this sector faces adjustment costs of changing prices given by:

gjt = γt2
[
pjt/p

j
t−1

pjt−1/Pt−2 − 1]2
P0
t Yt

Firm j in this sector solves the dynamic problem

V j
t = maxpjt

{(
pjt − P0

t

)
yjt − gjt + βt+1V j

t+1}
subject to

yjt = ( pjtPt
)−ηt

Yt

and to the adjustment cost function above.

The first order condition is

pjt = (1 + 1
ηt − 1

)
P0
t − 1

ηt − 1 pjtyjt
[
∂gjt
∂pjt

+ βt+1 ∂gjt+1
∂pjt

]
(4.1)

The derivatives of the adjustment cost function are

∂gjt
∂pjt

= γt

([
pjt/p

j
t−1

pjt−1/Pt−2
]

− 1)[ pjt/p
j
t−1

pjt−1/Pt−2
] 1
pjt
P0
t Yt

∂gjt+1
∂pjt

= −2γt+1
([

pjt+1/pjt
pjt/Pt−1

]
− 1)[ pjt+1/pjt

pjt/Pt−1
] 1
pjt
P0
t+1Yt+1

= −2pjt+1
pjt

∂gjt+1
∂pjt+1

It is helpful to define the auxiliary variable
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Ψt ≡ 1
ηt − 1 pjtyjt 1

P0
t

∂gjt
∂pjt

= ψ
([

pjt/p
j
t−1

pjt−1/Pt−2
]

− 1)[ pjt/p
j
t−1

pjt−1/Pt−2
]
Yt
yjt

where θ∗
t = 1

ηt−1 is the structural markup, i.e. the markup in the absence of price rigidity, and

ψ ≡ γtθ∗
t

Inserting the auxiliary variable in the first order condition (4.1) we get

pjt = (1 + θ∗
t )P j,0

t −
[Ψt − βt+12Ψt+1P0

t+1

P0
t

yjt+1
yjt

]
P0
t

Finally, using symmetry and the unit mass assumption we obtain the expression

Pt = [1 + θ∗
t − Ψt + βt+12Ψt+1P0

t+1

P0
t

yjt+1
yjt

]
P0
t

This can also be written as

Pt = (1 + θt)P0
t

where the endogenous markup θt is a function of a structural markup θ∗
t and price rigidity

θt = θ∗
t − Ψt + βt+12Ψt+1P0

t+1

P0
t

yjt+1
yjt

4.3 Sector considerations

The price-setting model is a filter which takes as an input unit costs which are highly volatile,
and adds structure to it, generating output prices, which behaves in a more sluggish way.

When we take the price setting model to the data we assume independence of θ∗ and ψ. We
obtain a positive value of θ∗ in the largest private sectors. But markups in the agriculture,
energy, and shipping sectors are volatile and often negative during the data years - for these
sectors we forecast θ∗ as zero.

The extraction sector has a large positive markup, but it is hard to think of its price as being
determined anywhere else than in the world market. Therefore, despite the large positive
markups this is not a sector where the price setting structure is likely to apply, and we exogenize
its price instead.

In the shipping sector, we also model a world price, by keeping the price of shipping exports
constant relative to competing foreign prices, letting the markup adjust endogenously.

Finally, the housing sector is primarily a synthetic national accounting sector, which transforms
the stock of owner-occupied houses into a consumption flow that is included in GDP etc. The
price attached to the housing consumption flow is the rental housing price and not the user cost
of housing. As the Danish rental market is highly regulated, we do not model the rental price as
a market-clearing price. Instead, we model the rental price (which is also the accounting price
for owner-occupied housing services) as a moving average of other private consumption prices.
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4.4 Foreign prices

In MAKRO there are two exogenous foreign prices: The oil price, Poil
t , and the foreign price

excluding effects from the oil price and from rigidities, PF
t .46 All import prices, PM

s,t , and export
competing prices, PXF

x,t , are determined on the basis of these two exogenous prices. For given
Poil
t and PF

t all other foreign prices are constant. It should be noted that all foreign prices
are determined for given interest rates and for given foreign imports. Correlations in oil prices,
other foreign prices, the interest rate and foreign imports must be handled outside the model47.

The import price for each sector is specified in the following way

PM
s,t = [µpMs,t (Poil

t
)σpMs (

PF
t
)1−σpMs

]1−φpMs [
PM
s,t−1]φpMs

where PM
s,t is the current import price for sector s, µpMs,t is an unobservable scale parameter,

and Poil
t is the current oil price. σpMs is the price elasticity of oil while φpMs measures the price

stickiness of the import price in sector s. 48

The export competing prices are determined in a similar way by

PXF
x,t = [µpXFx,t

(
Poil
t
)σpXFx (

PF
t
)1−σpXFx

]1−φpXFx [
PXF
x,t−1]φpXFx

where µpXFx,t , σpXFx and φpXFx are scale parameters, price elasticity of oil and price stickiness for
the export competing prices for exports groups x.

46The oil price is directly observable and the foreign price excluding oil and rigidities is calibrated historically
using aggregate import prices. The oil price in DKK, Poilt , is a price index that is determined by the Brent
price of oil in dollars times the exchange rate between dollars and DKK. In a strictly technical sense it is not
endogenous, but as the Brent price of oil in dollars and the exchange rate are exogenous variables - Poilt is
unaffected by all endogenous responses in MAKRO.

47An explicit satellite model connecting these variables will likely be added in a future version of MAKRO.
48This equation enables us to analyze three types of shocks: Oil price shocks, general foreign price shocks

and shifts in µpMs,t . The expression consists of three unknowns: µpMs,t , σ
pM
s , φpMs . The parameters σpMs and φpMs are

estimated empirically in Kastrup et al. (2021) for each sector. Applying the estimates of σpMs and φpMs , µpMs,t can
be calibrated residually and forecast based on the auto-arima forecast method applied in MAKRO to calibrate
scale parameters. This unobserved variable reflects all factors net of oil prices that affect the import price. Such
factors could be foreign producer price, exchange rate fluctuations, changes in the degree of pricing-to-market,
and markup variations of foreign firms.
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5 The input/output system

The input/output (IO) matrix organizes market clearing conditions, equating demand and
supply of goods and services. We follow the National Accounting classification where aggregate
demand consists of intermediate inputs in production, R , private consumption, C , government
consumption, G, investment, I, and exports, X . Demand is met by domestic production, Y ,
and imports, M. In current prices49:

Y +M = R + C + G + I + X (5.1)

The right hand side objects in equation (5.1) are aggregated from various demand side
compositions, investment differs according to the type of capital good for example. Each
demand object (R ,G,etc) combines inputs from potentially all sectors, and from both domestic
production and imports.

The IO system can be viewed as a retailer buying domestic production and imports and selling
intermediate product bundles to the demand side under perfect competition. The final demand
products are produced with a nested production function. There are two nests. The lower nest
is between imports, Md.s,t , and domestic input, Yd.s,t , from a specific sector. The upper nest is
between aggregates of foreign and domestic inputs, YMd.s,t, from the different sectors. The
elasticity of substitution in all the upper nests is 0, but in the lower nest between imports and
domestic production most elasticities are non-zero.

Tables 5.0.1 and 5.0.2 show the input/output structure of MAKRO in a single year. The
first 9 rows represent domestic production sectors, while the next 4 rows are import sectors50.
Each column represents a demand side: intermediate inputs used in each of the 9 production
sectors, 5 private consumption groups, a single type of government consumption, 3 investment
types (including inventory investments), and finally 4 export groups (excluding tourism exports
which are included in the private consumption groups). The numbers shown are values of the
input/output combinations in current prices before taxes in 2021 (bn. DKK).

5.1 Market clearing prices

Markets really exist only at the bottom of the CES trees, and thus this is where equilibrium
prices are determined. All other prices are constructed from these equilibirum prices. In MAKRO
the most disaggregate production level is the sectoral level, indexed s. All output from a sector
s has the same price (before taxes) irrespective of who buys it.51

The after-tax price may vary depending on the buyer, as indirect taxes can vary across demand
components. For example, households generally face higher indirect taxes on private consumption
than firms on intermediate inputs. Demand prices (paid by the buyer) are given by:

PYτ
d,s,t = (1 + τYd,s,t

)
PY
s,t

PMτ
d,s,t = (1 + τMd,s,t

)
PM
s,t

49For ease of notation we omit deflators for this equation i.e. we write Y instead of PYt Yt etc.
50The imports in MAKRO is in the current model version tied to import groups from ADAM and the mapping

leaves agriculture and shipping empty (imports from housing, public production and construction are also 0 in the
national account IO-tables or very close to 0). For more detail refer to the appendix on “Data and calibration”.

51In the input/output matrix from the national accounts, it is possible to derive prices for the different IO
cells. In these cells, the net price from each delivering sector will vary. We disregard this information to make
the model more tractable. In the ADAM model, prices are not explicitly defined for the IO cells. Instead, they
use constant IO coefficients in determining the aggregate price, which implicitly assumes all output from sector
s has the same price irrespective of who buys it.
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Table 5.0.1: Input/output matrix (part 1/2)

Table 5.0.2: Input/output matrix (part 2/2)
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where PY
s,t and PM

s,t are the (domestic and foreign) prices received by producers, which are the
same irrespective of the identity of the buyer and the τ’s denote taxes. In particular, the indirect
tax rates for domestic production and imports are compositions of customs, net duties, and
value added tax (VAT) rates:

τYd,s,t = (1 + τDutyYd,s,t − sYd,s,t
)(1 + τVATyd,s,t

)(1 + τRegd,s,t

)
− 1

τMd,s,t = (1 + τCusd,s,t
) (1 + τDutyMd,s,t − sMd,s,t

) (1 + τVATmd,s,t
) (1 + τRegd,s,t

)
− 1

where τDutyYd,s,t and τDutyMd,s,t are duty rates, sYd,s,t and sMd,s,t are subsidy rates, τVATyd,s,t and τVATmd,s,t

are the VAT rates, τRegd,s,t is the implicit registration duty for cars52 and τCusd,s,t are the custom
rates, all exogenous to the model and taken from the input/output data matrix in the National
Accounts.53

5.2 Demand trees

Each demanded product, Dd,t = [Rr,t , Cc,t , Gg,t , Ii,t , Xx,t ], is a composition of different inputs
produced in different sectors, s, either domestically (Y ) or imported (M) .54

The explicit problem of the zero-profit retailer selling an aggregated final product to a specific
market, Dd,t , is

maxYd,st ,Md,st Πretailer
d,t = PD

d,tDd,t −
∑

s

(
PYτ
d,s,tYd,s,t + PMτ

d,s,tMd,s,t

)
s.t. Dd,t = Leontief

(
YMd,s1,t , ..., YMd,S,t

)
s.t. YMd,s,t = CES

(
Yd,s,t ,Md,s,t

)
s.t. PD

d,tDd,t =∑s

(
PYτ
d,s,tYd,s,t + PMτ

d,s,tMd,s,t

)
(5.2)

where YMd,s,t is a CES bundle over domestic and foreign inputs, Yd,s,t and Md,s,t. The last
equation in eq. (5.2) is the perfect competition condition that gives the final product price,
PD
d,t . Given the perfect competition condition this additive separable problem can be split into

two cost minimization problems for a given level of demand Dd,t :

minYMd,s,t

∑
s PYM

d,s,t · YMd,s,t

s.t. Dd,t = Leontief
(
YMd,s1,t , ..., YMd,S,t

)
s.t. PD

d,tDd,t =∑s PYM
d,s,t · YMd,s,t

and
52The implicit registration duty, τRegd,s,t , is only non-zero for private consumption of cars, investments in

equipment and government consumption (d= cCar, iM, g).
53All duties, subsidies, customs, and VAT rates are allowed to vary across the demand and supply sectors. In

the most dis-aggregate national accounts and in ADAM they are identical for all deliveries s. The variation on
this dimension in MAKRO relative to ADAM is due to the fact that production sectors here aggregate a higher
number of sub-sectors.

54Note that for intermediate inputs, Rr,t , r is an alias for s, i.e. r exists for all sectors.
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minYd,s,t ,Md,s,tPYτ
d,s,tYd,s,t + PMτ

d,s,tMd,s,t

s.t. YMd,s,t = CES
(
Yd,s,t ,Md,s,t

)
s.t. PYM

d,t · YMd,t = PYτ
d,s,tYd,s,t + PMτ

d,s,tMd,s,t

The above structure does not apply for exports and inventory investments. For exports there
are explicit demands for domestic exports and for imports for export - the two are not nested
(see exports chapter). For inventory investments there is no aggregated demand for inventory
investments, IiL,t . Aggregate inventory investments is simply an accounting quantity imputed
using chain indices. The real demand is for sectoral inventory investments, IiL,s,t . Determination
of inputs to exports and inventory investments have their own subsections below.

5.2.1 Aggregation of foreign and domestic inputs

Domestic and foreign inputs are aggregated using a CES function with a fixed elasticity of
substitution η ≡ ηYMd,s :

YMd,s,t = [(µYd,s,t) 1
η
(
Yd,s,t

) η−1
η + (µMd,s,t) 1

η
(
Md,s,t

) η−1
η

] η
η−1

This is equivalent to solving an optimization problem with the accounting identity

PYM
d,s,t · YMd,s,t = PYτ

d,s,tYd,s,t + PMτ
d,s,tMd,s,t

which generates the demand functions

Yd,s,t = µyd,s,t · YMd,s,t ·
(
PYτ
d,s,t

PYM
d,s,t

)−ηYMd,s

(5.3)

Md,s,t = µmd,s,t · YMd,s,t ·
(
PMτ
d,s,t

PYM
d,s,t

)−ηYMd,s

(5.4)

where PYM
d,s,t is the corresponding zero-profit CES price aggregate of prices

(
PYτ
d,s,t , PMτ

d,s,t

)
.

The key implication of using this CES structure to aggregate the quantities from foreign and
domestic suppliers (instead of a price/quantity index construction often used in the data) is
that it contains behavior which can be quantified through the elasticity parameter.

Reduced short-run elasticity We tweak the structure above (subsection 5.2.1) in order to
impose lower short-run (relative to long run) elasticities between domestic and foreign inputs.

Specifically, we retain the zero profit condition along with the explicit quantity aggregator as
before:

PYM
d,s,t · YMd,s,t = PYτ

d,s,tYd,s,t + PMτ
d,s,tMd,s,t

YMd,s,t = [(µYd,s,t) 1
η
(
Yd,s,t

) η−1
η + (µMd,s,t) 1

η
(
Md,s,t

) η−1
η

] η
η−1

But, replace the ratio of the two demand equations
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Md,s,t
Yd,s,t

= µmd,s,t
µyd,s,t

·
(
PMτ
d,s,t

PYτ
d,s,t

)−ηYMd,s

with an ad-hoc generalization

Md,s,t
Yd,s,t

= µmd,s,t
µyd,s,t

·
(
RYM
d,s,t
)−ηYMd,s

where the relative price object, RYM
d,s,t , reacts sluggishly to changes in actual prices:

RYM
d,s,t = (RYM

d,s,t−1)λd,s (PMτ
d,s,t

PYτ
d,s,t

)1−λd,s

The resulting price PYM
d,s,t is no longer the standard CES price, but it remains the price consistent

with zero profits. It is still a method of aggregation, except with added behavior.

5.2.2 Aggregation of quantities from different sectors

In this level we use a Leontief aggregator combining sectoral inputs into final goods in fixed
proportions. For d ∈ {c, k, g, r} we have

YMd,s,t = µYMd,s,tDd,t

In this expression µYMd,s,t ∈ [0, 1] are the Leontief shares and Dd,t are the final goods quantities.
For example µYMc,s,t is the fraction of total demand for consumption good c, Cc,t, that falls on
goods produced or imported by sector s.

Note that for intermediate goods, Rr,t, r is an alias for s, i.e. r exists for all sectors. Finally,
note that for investments we assume that all investment demand is made up of the same
composition of sectoral inputs across sectors, implying that all sectors have identical investment
prices. In national accounts, the price of investments may differ between sectors. Therefore, to
ensure consistency with national accounts, we introduce a correction parameter in Appendix
5.4.1. The parameter has a linear effect on aggregate prices.

5.2.3 Exports

For exports there are explicit separate demand functions for domestically produced exports and
imports that are re-exported. Domestically produced exports, XY

x,t , and imports for export, XM
x,t ,

are each determined by Armington demand relations - see the exports chapter.

For each export demand, sectoral inputs are combined with a Leontief aggregator. The inputs
are given by:

Yx,s,t = µXyx,s,t · XY
x,t

Mx,s,t = µXmx,s,t · XM
x,t

DREAM · MAKRO 66



MAKRO Documentation
The input/output system

5.3 Aggregation

The production of each sector is the sum of deliveries to all demand components for both
domestic production and imports:

Ys,t =∑
d
Yd,s,t

Ms,t =∑
d
Md,s,t

At the sectoral level, there are model-defined equilibrium prices. However, at the aggregate
level there are no model-defined prices. Thus, for totals to ensure consistency with National
Accounts we use Paasche price indices and Laspeyres indices for the corresponding quantities.55

In particular, for a given variable, Z = [C, I, G, R, X,M ], we use the identity

PZ
t Zt =∑

d
PZ
d,tZd,t (5.5)

and the index relationship
PZ
t−1Zt =∑

d
PZ
d,t−1Zd,t (5.6)

Together, (5.5) and (5.6) imply the price and quantity dynamic indices

Zt = Zt−1
∑

d PZ
d,t−1Zd,t∑

d PZ
d,t−1Zd,t−1 and PZ

t = PZ
t−1

∑
d PZ

d,tZd,t∑
d PZ

d,t−1Zd,t
Price indices are unnecessary when quantities are homogeneous. In such a case, we replace the
index equation with the quantity sum and work with

PZ
t Zt =∑

d
PZ
d,tZd,t and Zt =∑

d
Zd,t

5.4 Appendices

5.4.1 Details on investments

All firms buy the same composite investment goods. We assume that the contributions from
supplying sectors, s, to a unit of a given type, k, of capital investment, Ik,t, are identical in
all demand sectors. In addition, the contributions from domestic and foreign sources in the
lowest level of the demand tree are also identical for all sectors. This implies that quantities
are homogeneous and can be added across sectors to obtain the aggregate quantity demanded
for an investment good. It also implies that the price of a unit of capital is the same across
sectors, P I

k,t .

However, in the national accounts investment prices for the same capital goods differ across
sectors. To match this, we add a correction factor, λPIk,r,t, and define sectoral prices as
P I
k,r,t = λPIk,r,tP I

k,t where r is the sector demanding capital.56 This price is then the relevant

55We do the same for GDP and for aggregate gross value added. Note that housing and non-housing
consumption do not face this problem as they have model-defined aggregate prices through CES preferences.
Investment quantities aggregate linearly so that we do not need a price index to calculate the price of total
investment of a given type (structures or equipment). Using the price index approach does not affect the
outcome in a significant way.

56It is easy to confuse the price from the perspective of the sector supplying inputs to the capital good PYτk,s,t
with the price from the persepctive of the sector demanding the capital good P Ik,r,t . This is why we use subscript
r for the demanding sector here. Note that P Ik,r,t is a weighted average of PYτk,s,t .
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price for the optimal dynamic investment decision in each sector and is the price that enters
the capital goods Euler equations, determining user costs. This factor λPIk,r,t enters after the
two bottom CES constructions are decided. It affects aggregate prices linearly.

5.4.2 Data and calibration

Our sectoral aggregation and the resulting input/output matrix match the corresponding nominal
aggregation from the Danish National Accounts. However, the data for the current version of
MAKRO is based on the database from the ADAM-model. ADAM has 12 sectors, 8 private
consumption groups, 1 government consumption group, 5 investments groups and 8 export
groups. There is a direct mapping from ADAM’s to MAKRO’s consumption, investment and
export groups. This mapping is as follows:

The production sector decomposition is almost a one-to-one mapping from ADAM to MAKRO.
Agriculture (lan,a), construction (byg,b), extraction (udv,e) housing (bol,h), sea transport
(soe,qs) are identical. Energy is decomposed in two (energy manufacturing, ne, and energy
refinery, ng) in ADAM but joined in MAKRO (ene = ne+ng). Manufacturing is also decomposed
(food nf and other nz) in ADAM and joined in MAKRO (fre = nf+nz). The private service
sector in MAKRO is defined as all services, including public and financial services, and excluding
all public services (offentlig forvaltning og service, o1 in ADAM). This yields the mapping for
services (tje,qf+qz+o-o1), and for public services (off,o1).

The public sector is not a part of the official input/output system. We have initiated a project
where MAKRO will receive input/output cells for the public sector’s production. Until then
private services are a residual and public services reflect the public sector. One disadvantage
of having private services residual is that there is some public production in each sector and
taking it all from services is only an approximation. Another is that there is no information on
the input-structure from and to this definition of the public sector. This is solved by assuming
that intermediate inputs to public production (off) are proportional to that of sector “o” in
ADAM and by assuming that all deliveries from the public sector go to public sales, direct public
investments, and public consumption. All public sales are assumed to go to private consumption
of services, and all direct investments from the public sector are assumed to go to intellectual
rights placed under investments in equipment - i.e. there are no exports from the public sector
and no intermediate inputs from the public to the private sectors.

In ADAM it is assumed that, in every purchasing sector, investments in a given type of capital
good contain the same input contributions from supplying sectors. National accounts data
contains detailed information about the deliveries to investment types in the different sectors.
MAKRO has the same assumption as ADAM, primarily to reduce the dimensionality of the
input/output system. This does not change the number of markets that have to clear as the
overall number of production sectors determines that. But it reduces the number of CES tree
prices and quantities that must be computed. All sectors then have the same price index for
investments in the input/output system.

Imports in ADAM are divided into product groups, whereas here, they are decomposed as the
production sectors.57 We include energy imports (from SITC Group 3) under imports from the
foreign energy and extraction industries, other imports of goods under the foreign manufacturing
industry, and service imports under the foreign service industry. All imports come from these 4
industries. Therefore, many µMd,s,t parameters are zero. Imports of energy is exogenous so it has
no endogenous substitution. Production in the extraction sector is exogenous so imports alone

57Imports in ADAM are more disaggregated than in MAKRO. They are divided into food, coal, crude oil,
other raw materials, other energy, cars, ships and aircraft, and other manufacturing. Imports of food inputs
are substitutes for domestic food industry output (in MAKRO part of manufacturing). Imports of other raw
materials are substitutes for manufacturing in ADAM (as in MAKRO), and manufacturing imports substitutes
itself. In MAKRO other import groups do not substitute for domestic production. Ships and aircraft have
no significant size, and cars are included primarily as input for car consumption, where the import share is so
large that substitution is insignificant. However, in ADAM, it matters as they do not have substitution at the
disaggregated IO cell level but at the overall import group level.
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clear this market. This means that all substitution between import and domestic production is
in relation to goods and services alone.

In the industry-disaggregated data from the national accounts IO tables, imports from con-
struction, extraction, housing, and public production are extremely small. However, there are
sizeable imports from foreign agriculture and shipping. This should, in principle, substitute for
these domestic industries. However, it is not apparent how, as long as we rely on ADAM data.
Therefore, we follow ADAM and let them substitute manufacturing and private services.

Before taxes, the bottom prices in MAKRO are market clearing prices identical for all buyers.
This is not the case in the national accounts for our level of aggregation, and so the corresponding
quantities are different in MAKRO and the national accounts. The aggregate quantities of
sectoral imports and domestic production are scaled, so the quantities of aggregate deliveries
from all sectors and import components to specific demand components are the same in
MAKRO and the national accounts. The imputation of data using this assumption is made in
the iodata_ADAM.gms file. All aggregates are calculated as Laspeyres quantity and Paasche
price indices except on the assumed micro level. All share parameters in the IO equations are
statically calibrated, so they correspond to MAKRO IO data.

5.4.3 Balancing share parameters

The share parameters, µYMd,s,t , µYd,s,t and µMd,s,t are balanced endogenously to ensure consistency
of the IO system in the case a user wants to shock e.g. the import share in a certain sector.
For a shock to any share, other shares adjust such they always sum to 1. We construct the
share parameters, µYMd,s,t , µYd,s,t and µMd,s,t using the auxiliary exogenous variables µYM0

d,s,t , µY0
d,s,t,

µM0
d,s,t , λd,t , and λYMd,s,t as follows:58

µYMd,s,t = λd,t
µYM0
d,s,t∑
s µ

YM0
d,s,t

µYd,s,t = λYMd,s,t
µY0
d,s,t

µY0
d,s,t + µM0

d,s,t

µMd,s,t = λYMd,s,t
µM0
d,s,t

µY0
d,s,t + µM0

d,s,t

for d = r, c, g, i, x.

In the calibration µYMd,s,t , µYd,s,t and µMd,s,t are determined as usual. It is imposed that
∑

s µ
YM0
d,s,t = 1

and µY0
d,s,t + µM0

d,s,t = 1. Then we have

µYMd,s,t = λd,tµYM0
d,s,t

µYd,s,t = λYMd,s,tµ
Y0
d,s,t

µMd,s,t = λYMd,s,tµ
M0
d,s,t

which implies λd,t =∑s µYMd,s,t and λYMd,s,t = µYd,s,t + µMd,s,t .
58With this construction we can shock an individual deeper parameter indexed zero and the mechanics of the

construction of the resulting parameters will spread the initial shock through all of them.
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Exceptions: Public direct investments and private consumption of public production The
exogenous share parameters, µYMd,s,t , µYd,s,t and µMd,s,t are constructed using the auxiliary exogenous

variables µYM0
d,s,t , µY0

d,s,t, µ
M0
d,s,t, λd,t, and λYMd,s,t. There are two exceptions to this structure, and

they are the share parameter for deliveries from the public sector to private consumption, µY0
c,s,t ,

and for deliveries from the public sector to investments, µY0
i,s,t where s = public. The demand for

public production for private consumption and direct investments is covered in the chapter on
public production. As we model these demands directly, the variables do not follow the general
demand for investment and private consumption inputs and the share parameters are adjusted
endogenously to match.
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6 Exports

We assume five export groups in MAKRO: energy, goods, shipping, tourism, and other services.59

The Danish economy is significantly more open today than it was a few decades ago and we
continue this trend by forecasting elements of the model governing the demand for exports.

Most exported goods are produced at home, but a small fraction consists of goods that are
imported and immediately re-exported. These are goods in transit and are therefore treated
separately. Any value added generated by the transit process is of course a part of exports,
but, the value added from import-export business is accounted for in the export of domestically
produced other services.

6.1 Export of domestically produced goods

6.1.1 Demand for the five export groups

The demand curve for each of the five export goods draws both on the Armington model -
Armington (1969), Anderson (1979) - and on the Gravity equations from Anderson and Van
Wincoop (2003). Using a single Armington type equation to describe the demand for exports
of a particular good in a small open economy model carries a number of assumptions regarding
aggregation of demand curves originating in different countries since aggregation is linear while
the demand function is nonlinear. As the foreign demand for exports is exogenous to the model
the specification we use is, while grounded in theory, empirically pragmatic.

For each export group, we specify a foreign demand function. Each export group,denoted with
subscript x, is directly sourced from domestic production (superscript y), Xy

x,t :

Xy
x,t = µXyx,t qxtqScale

t

(
RXy
x,t

)−ηXx

As in the CES demand problem from Anderson (1979) exports relate to price ratios RXy
x,t between

the exported good price and its equivalent world price with a given elasticity ηXx , and market size
qxt approximates for the aggregate income of foreign consumers demanding the good. qScale

t is
a scale parameter which measures the growth of the domestic country. In this way this equation
is similar to any of the CES demand curves originating from our households or firms. A more
detailed explanation of the variables are outlined below.

6.1.2 Market size

The variable qxt is a dynamic construction which is constructed as an index of the import activity
of Danish trade partners mx

t :
qxt = (mx

t )1−ψx (qxt−1)ψx
The parameter ψx controls rigidity in the transmission of increased economic activity among
Danish trading partners to increased demand for Danish exports. The parameter is set so that
it matches MAKRO’s impulse responses to empirical models of shocks to foreign trade.

6.1.3 Price ratio

The object RXy
x,t is a relative price ratio construction which is constructed as the export price,

PXy
x,t , relative to its export competing price, PXF

x,t . This foreign price PXF
x,t is the “world price”

59Index set x = {xEne, xVar, xSoe, xT je, xTur} where the prefix x stands for export.
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in the respective export market and is described in the price setting chapter. The domestic
export price PXy

x,t reflects the way the export group x is sourced from the 9 domestic production

sectors, and that composition is summarized by the factors µIOyx,s,t :

pXyx,t =∑
s
µYMx,s,tpYMx,s,t

We assume that there is no substitution between the sectors which an export group is sourced
from - see the input/output chapter for details.

The object RXy
x,t is constructed as follows:

RXy
x,t = PXy

x,t

PXF
x,t

− ΨXy
t + βt+1PF

t+1
PF
t

Xt+1
Xt

ΨXy
t+1

where

ΨXy
t ≡ ψXyRXy

x,t

[
RXy
x,t

RXy
x,t−1 − 1][ RXy

x,t

RXy
x,t−1

]

with the ψXy parameter controlling relative price rigidity and β being a discount factor for
foreign demand of exports. This construction brings a forward looking element into the demand
for exports, and is derived by considering a foreign firm which buys from Denmark and then
solves an optimal price setting problem when selling to its consumers in a market characterized
by monopolistic competition and price rigidity.

We derive explicitly this equation in section 4.4. The usefulness of this construction is that it
allows for changes in the prices PXy

x,t or PXF
x,t to affect the quantity exported in a more dynamic

and nuanced way than the effect obtained through the standard demand expression.

A low short-run export elasticity is a necessary component in generating substantial Keynesian
effects. Again, ψXy is one of the key parameters that we set in order to match MAKRO’s
impulse responses to a number of empirical models.

6.1.4 Export elasticity

The long-run export elasticities, ηXx , are set to 5 based on estimations by Kronborg, A., Poulsen,
K., & Kastrup, C. (2020). The export elasticity is a key parameter in MAKRO as it is the
source of overall aggregate diminishing returns which allows the model to have a solution.

6.1.5 Scale

The scale variable qScale
t measures the growth of the domestic economy. It adds to the demand

for exports an element of “supply generating its own demand”. We use a dynamic construction

Y Xt = (1 − α) n∑
i=0

Y ∗
t−i

n+ 1 + α · qScale
t−1

where Y ∗ is the structural gross value added of the private sector, which qScale
t converges

towards in an ARMA(1,5) process. α and n are parameters controlling the speed and path of
adjustment (the ARMA process gives an s-shaped response of qScale

t to a permanent shift in
Y ∗).
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The reason for Introducing qScalet is the following: The demand curve that results from
maximizing a CES objective function is a partial equilibrium object that cannot contain the
income of the supply side. However, the solution to the trade model will contain it in some way,
see Eaton and Kortum (2002), Melitz (2003). As we are not solving for world trade equilibrium
we include this feature in a reduced form way. Technically what results is not a demand curve
stricto sensu but rather a description of what drives the quantity exported.60

6.1.6 Energy exports

Energy exports are exogenous to the model and based on forecasts from the Danish Energy
Agency.

6.1.7 Tourism divided on consumption groups

The demand for domestically produced exports enters the input/output system directly, with
the exception of the tourism export group which instead enters through the demand for
consumption. Consumption including tourism is simply the sum of household consumption and
tourist consumption. Both household and tourist consumption are separated into the various
consumption groups. Determination of the household consumption is described in the household
chapter. Tourist consumption, Xy

xTur,t , is divided on the different consumption groups, CTourist
c,t ,

with fixed weights, µCTouristc,t :

CTourist
c,t = µCTouristc,t Xy

xTur,t

The export price of tourism is a weighted average of the price of the consumption groups
implicitly using the above weights µCTouristc,t .

Table 6.1.1 shows the input output matrix in MAKRO from a single year with emphasis on the
demand for exports including tourism.

6.2 Imports for export

The demand for imports for export is modeled exactly as domestically produced exports above:

Xm
x,t = µXmx,t qxtqScale

t
(
RXm
x,t
)ηXx

except that the relative price RXm
x,t is a static relation which only differs from 1 in the case of

taxation of goods in transit. The foreign price competing with imports for export is simply the
price of imports (see the chapter on price setting), and the relative price in the Armington
equation for imports for export is

60This solution is also suggested in the gravity model derived in Anderson and Van Wincoop (2003).
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Table 6.1.1: Input/output matrix

2021 input/output table in current prices before taxes (bn. DKK). Columns representing
demand for intermediate inputs or investments have been aggregated.

The red area shows domestically produced exports, whereas the blue area contains imports that
are re-exported.

In each export column, the cells in red sum to PXy
x,t X

y
x,t, and the cells in blue sum to PXm

x,t Xm
x,t.

Their total (in purple) is the total value of exports in export group x, PX
x,tXx,t .

The column for export of tourism is empty. Instead, export of tourism is part of the consumption
cells shaded light red. The tourism-export values are shown in an auxiliary row below the
input/output matrix, with the 3 consumption cells containing tourism exports summing to
PXy

xTur,tX
y
xTur,t. Note that the import of tourism is completely unrelated and contains the

consumption of Danish tourists abroad, whereas export of tourism are from foreign tourists in
Denmark.

DREAM · MAKRO 74



MAKRO Documentation
Exports

RXm
x,t = pXmx,t∑

s µmx,s,tPM
s,t

= ∑
s µmx,s,tPMτ

d,s,t∑
s µmx,s,tPM

s,t

= ∑
s µmx,s,t

(1 + τMx,s,t
)
PM
s,t∑

s µmx,s,tPM
s,t

While the numerator and denominator look very similar, the tax rate τMd,s,t can be important for
some (x, s) pairs and may vary over time.

6.3 Derivation of the dynamic price ratio

Consider the demand for exports given by the Armington equation

Xt = µQt

(
PX
t

PF
t

)−η

where PX
t is the price of exports faced by foreign consumers and PF

t is the price of competing
foreign products. We now introduce intermediaries (located abroad) that buy Danish exports at
price PX

t and sell these exports to their consumers at the price PX
t . With free entry and no

additional costs we have PX
t = PX

t .

Assume now that intermediaries face monopolistic competition and have an adjustment cost of
setting their price. The optimization problem becomes

PX
t = argmax

pi,t

[
pi,t − PX

t
]
Xt

[
pi,t
PX
t

]−η

− [gt + βt+1gt+1]
The first order condition of each intermediary is

Xt

[
pi,t
PX
t

]−η (1 − η
[
pi,t − PX

t
] 1
pi,t

)
−
[
∂gt
∂pi,t

+ β ∂gt+1
∂pi,t

] = 0
and imposing symmetric equilibrium pi,t = PX

t this writes

PX
t = η

η − 1PX
t − 1

η − 1 PX
t
Xt

[
∂gt
∂pi,t

+ β ∂gt+1
∂pi,t

]
The expression shows that one can have zero (or close to zero) markups (the difference
PX
t − PX

t ) without having perfect competition. On the other hand, as η → +∞ we do have

that PX
t =→ PX

t (perfect competition implies zero markups).

There is also an adjustment cost in the expression above and is defined as the following:

gt ≡ ψ̂2
[

pi,t/PF
t

pi,t−1/PF
t−1 − 1]2

PX
t Xt
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Defining the price ratio R t = PX
t /PF

t and imposing symmetry yields

R t = η
η − 1 PX

t
PF
t

− 1
η − 1 R t

Xt

[
∂gt
∂pi,t

+ β ∂gt+1
∂pi,t

]
∂gt
∂pi,t

= ψ̂
[
R t

R t−1 − 1] [ R t

R t−1
]
Xt

and

∂gt+1
∂pi,t

= −PX
t+1
PX
t

∂gt+1
∂pi,t+1

Multiply by the factor η−1
η to obtain the expression:

Rt ≡ η − 1
η R t = PX

t
PF
t

− 1
η − 1 RtXt

[
∂gt
∂pi,t

+ β ∂gt+1
∂pi,t

]
and define the auxiliary variable

ΨXy
t ≡ 1

η − 1 RtXt ∂gt∂pi,t
= ψXy︸︷︷︸

ψ̂
η−1

Rt
[
Rt
Rt−1 − 1] [ Rt

Rt−1
]

we obtain the expression for the price ratio

Rt = PX
t

PF
t

− ΨXy
t + β

PF
t+1
PF
t

Xt+1
Xt

ΨXy
t+1

After having derived the dynamic relationship determining the price ratio we will comment some
of the variables from above. Going back to the initial demand function we can see that using
the Rt ratio is equivalent to redefining the scale parameter µ

Xt = [ η
η − 1

]−η
µ︸ ︷︷ ︸

µXy

Qt (Rt)−η

µXy = [ η
η − 1

]−η
µ

as well as redefining the adjustment cost parameter

ψXy = ψ̂
η − 1

The value of η is not separately identifiable which implies we cannot judge how competitive
the intermediary price setting market is. Irrespective, what matters is that the problem is well
specified for any finite value of η > 0, and for any large value of η we have that µXy ≈ µ and
that, as it should, the price ratio approaches its spot value Rt → PX

t /PF
t .
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7 Labor market

The labor market contains heterogeneous households (unconstrained and “Hand-to-Mouth” type
of households age 15 to 100) and firms. Households choose the amount of working hours and
their labor market participation. Labor demand comes from firms posting their optimal amount
of job vacancies, and a matching function brings vacancies and workers together. The model
closes with bargaining between agents representing workers and firms, setting the market wage.
The model aims to reproduce the level and behavior of Danish employment and wages.

A difficulty when formulating the labor market is that there is heterogeneity on both the supply
and demand side - a life cycle with workers of different ages and multiple sectors on the firm
side. We therefore build the model so that the household side is age-specific and the firm side
is sector-specific, but the two dimensions are never present simultaneously. In addition, there
are two types of households, the constrained/impatient and the unconstrained/patient, and we
solve the model so that both types have the same labor market decisions. The following are the
key assumptions we make:

• Firms cannot choose who they hire. Firms and workers meet randomly in the matching
process, and once the meeting takes place, it is never optimal to send the worker away,
irrespective of how old the worker might be.

• Optimal labor market participation and hours are age-specific but not sector specific. The
worker cannot choose which sector she will be employed in and cannot voluntarily quit a
job in one sector to join a different one.

• For computational reasons, we do not solve for the age distribution of workers inside each
firm and instead impose that it is always the same for every firm. The data shows that
the average age of workers is the same across firms of different sizes and for firms that
are expanding or shrinking in terms of labor force size.

Finally, it is not the purpose of the model to unconditionally forecast long run trends in labor
market participation or hours worked. Rather, these are exogenous inputs to the model’s baseline
based on detailed demographic projections including education, gender, and immigration status
(Befolkningsregnskab).

7.1 Household problem

There is an exogenous number, Na,t, of households of age a in period t. In this chapter, we
interpret each household as containing a unit mass of agents who share the unemployment risk.
We suppress the index within cohort heterogeneity, j, as we let labor supply be identical for
all households of a given age. Households aged a at time t survive into the following age and
period with probability sa,t . When a household dies its entire unit mass of members dies with it.

Let 0 < qea,t < 1 be the fraction of the household unit mass of workers employed in period t.
At the start of each period, agents in a household of age a can be in one of two labor market
states: those who have kept their jobs from the previous period,

(1 − δa,t
)
qea−1,t−1, and the

remaining 1 −
(1 − δa−1,t−1)qea−1,t−1 that start the period without a job. The object δa,t is an

exogenous age-specific job destruction rate. After decisions are taken in period t and the market
clears qea,t are employed. From the household point of view employment evolves according to

qea,t = (1 − δa,t
)
qea−1,t−1 + xtqsa,t (7.1)

where qsa,t is search effort and xt is the job finding probability. We now define a measure of
labor force participation61 as the sum of the employed and the unsuccessful search effort:

qlfa,t ≡ qea,t + (1 − xt)qsa,t (7.2)

61We calibrate this measure to be identical to the concept of the gross labor force (brutto-arbejdsstyrke) in
aggregate, but not by age.,
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Total employment, nt = net + nft , contains the employment of residents, net = ∑
a qea,tNa,t,

plus a number of workers that are not residents, nft (see section 7.2).

7.1.1 Household problem

We extend household utility to include disutility from hours worked, hea,t , and from labor market
participation, qlfa,t . We have then

Ua,t(Ca,t , Da,t) − Zha,t︸︷︷︸
Control

ρea,tqea,t︸ ︷︷ ︸
Scaling

(
λha,t
)ηh

1 + ηh
(
hea,t
)1+ηh︸ ︷︷ ︸

Hours

+ Z lfa,t︸︷︷︸
Control

(
λlfa,t
)ηlf

1 − ηlf
(1 − qlfa,t

)1−ηlf︸ ︷︷ ︸
Participation

The Za,t controls are exogenous to the household and used to control for stationarity, and, in
line with Galí, Smets, and Wouters (2012), to eliminate the marginal utility of consumption
from the first order conditions. This allows us to have the same search and hours decisions for
HtM and unconstrained households, which greatly reduces model complexity. The objects λlfa,t
and λha,t are calibration parameters. As hours vary by age in the data the disutility parameter,
λha,t varies with age to match this pattern. Note that the CRRA disutility of labor market
participation binds labor market participation qlfa,t below one for all age groups; and as the
probability of finding a job is also in the unit interval, so is employment qea,t .

Utility maximization is subject to the budget constraint

Πa,t = (1 − τa,t
)
wtρea,thea,t︸ ︷︷ ︸

yearly wages after taxes

qea,t︸︷︷︸
employment

(7.3)

+ (1 − τa,t
)
ba,t

(
qlfa,t − qea,t

)︸ ︷︷ ︸
unemployment

(7.4)

+ (1 − τa,t
)
ba,t

(1 − qlfa,t
)︸ ︷︷ ︸

out of the labor force

(7.5)

The household’s after-tax wage depends on their effective tax rate τa,t, the market wage
wt, age specific productivity ρea,t and finally the number of hours worked hea,t. ba,t is the
unemployment compensation received by those that are unemployed or out of the labor force,
and Πa,t summarizes all other budget constraint terms which do not appear in the problem at
hand. As we do not make compensation contingent on search, the budget constraint simplifies
to

Πa,t = ba,t + [(1 − τa,t
)
wtρea,thea,t − ba,t

]
qea,t (7.6)

which says that every household member earns ba,t , and working members earn an additional
wage premium

(1 − τa,t
) [
wtρea,thea,t − ba,t

]
. As the tax rate depends on the household’s labor

market participation and their number of hours worked, we write the wage premium more
generally as ∂Πa,t

∂qea,t
. From this wage premium we define rba,t as the net benefit replacement rate

of a household on the extensive margin of the labor market, i.e. the income after taxes and
subsidies received by a household that is not employed, divided by the income received by that
household if they found a job.

1 − rba,t ≡
∂Πa,t/∂qea,t(1 − τa,t

)
wtρea,thea,t
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This rate determines the incentive to search for a job and participate in the labor market. The
net replacement rate rba,t is exogenous to the model and based on calculations from the Ministry
of Finance’s models of rules and administrative data (Lovmodeller).

The effective tax rate, τa,t, is likewise a complicated function of income and deductions, but
crucially depends on the number of hours worked by the household. Rather than specifying this
function here, we define the marginal income tax rate directly as:

1 − τma,t ≡
∂Πa,t/∂hea,t
wtρea,t

The level of age specific marginal tax rates τma,t are also based on Ministry of Finance calculations,
but move endogenously with shocks to tax rates.

We are now ready to maximize utility subject to the budget constraint and obtain the first-order
conditions for participation and hours.

7.1.2 Optimal choice of hours

The first order condition for household hea,t is:

[1 − τma,t
]
Uc
a,t
wtρea,t
pct

Uc
a,t
[1 − τma,t

] wt
pct

= Zha,t
(
λha,thea,t

)ηh
(7.7)

where Zha,t = Z ca,tZ τa,tZwt . The term Zwt is used to control the impact of after-tax real wages.
The term Z ca,t is used to eliminate the wealth effect from this equation.62 We let the Z terms
be defined as

Zwt = wt
pct

Z ca,t = Uc
a,t

Eliminating the impact of real wages and marginal utility of consumption, the only remaining
endogenous channel is from the marginal income tax rate τma,t

hea,t = 1
λha,t

[1 − τma,t
Z τa,t

] 1
ηh

(7.8)

By default, this effect is also eliminated by setting Z τa,t = [1 − τma,t
]
, however model users can

enable endogenous effects of shocks to marginal taxes on hours worked by exogenizing Z τa,t .63

In that case, the elasticity of hours worked to the marginal tax rate is

∂ lnhea,t
∂τa,t

= − 1
ηh
[1 − τma,t

]
62The standard is to assume Z ca,t is a function of average marginal utility which in symmetric equilibrium equals

the individual marginal utility. With the pooling assumptions within the unit mass of each household, and the
assumption that all households are identical the average and the marginal are always identical but the symmetric
equilibrium concept remains.

63We do not model the long run downward trend of the workweek. Z ct rules out the income effect (higher
consumption implying lower marginal utility) and Z τa,t rules out the substitution effect of higher taxes (funding
the expanding welfare state) in the baseline. An trend in preferences λha,t can be used to match an exogenously
imposed trend in the baseline.
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7.1.3 Optimal choice of labor market participation

Inserting the household law of motion of employment, (7.1), in the definition of qlfa,t (7.2) we
get an expression for qlfa,t (labor force participation) as a function of the household’s choice of
employment rate:

qlfa,t = qea,t
xt

−
(1 − xt

xt

)(1 − δa,t
)
qea−1,t−1 (7.9)

Using this and the first order condition for the qea,t (employment) yields the optimality condition:

Z lfa,t

(
λlfa,t1 − qlfa,t

)ηlf

︸ ︷︷ ︸
marginal disutility of search

= xt︸︷︷︸
probability of finding a job

·


Uc
a,t
pct

(1 − rba,t
) (1 − τa,t

)
wtρea,thea,t︸ ︷︷ ︸

wage premium

−Zha,tρea,t

(
λha,t
)ηh

1 + ηh
(
hea,t
)1+ηh︸ ︷︷ ︸

disutility from hours worked

+ sa,t
(1 − δa+1,t+1)︸ ︷︷ ︸

probability of surviving with a job

β︸︷︷︸
discount factor

(1 − xt+1
xt+1

)
Z lfa+1,t+1

(
λlfa+1,t+11 − qlfa+1,t+1

)ηlf

︸ ︷︷ ︸
saved disutility of search

 (7.10)

Optimality trades off current against future marginal utility, where β is the relevant utility
discount factor and sa,t is the survival rate. Extra engagement in the labor market today
brings an immediate disutility of search, but with probability xt (the job finding rate) leads to
additional employment. In case of finding a job we earn a wage premium

(1 − rba,t
) (...), but get

disutility from hours worked. With probability sa,t
(1 − δa,t

)
we are alive and still have the job

the following period and save the disutility from having to search. Specifically, a retained job
means we can lower qlfa+1,t+1 by

( 1−xt+1
xt+1

)
and still get the same level of employment, as shown

by the law of motion for qlf (7.9).

We now define Z lfa,t = Z ca,tZ τa,tZwt︸ ︷︷ ︸
Zha,t

Z ρa,tZ r
b
a,t .

As before, Z ca,t eliminates the effect of the marginal utility of consumption, Zwt eliminates the
effect of real wages pr. productive hour, and Z τa,t eliminates the effect of marginal taxes. In
addition, we define

Z ρa,t = ρea,thea,t

which eliminates the effect of age-specific productivity and hours worked.

Dividing through by Z lfa,t , the participation condition (7.10) can be re-written as
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(
λlfa,t1 − qlfa,t

)ηlf

︸ ︷︷ ︸
marginal disutility of search

= xt︸︷︷︸
probability of finding a job

·


(1 − τa,t

)
Z rba,tZ τa,t

(1 − rba,t
)

︸ ︷︷ ︸
wage premium

− 1
Z rba,t

(
λha,thea,t

)ηh
1 + ηh︸ ︷︷ ︸

disutility from hours worked

+ sa,t
(1 − δa+1,t+1)︸ ︷︷ ︸

probability of surviving with a job

β
Z lfa+1,t+1
Z lfa,t︸ ︷︷ ︸

discount factor

(1 − xt+1
xt+1

)( λlfa+1,t+11 − qlfa+1,t+1
)ηlf

︸ ︷︷ ︸
saved disutility of search


The elasticity of labor supply with respect to changes in the net benefit replacement rate is

∂ lnqlfa,t
∂rba,t

= − 1
ηlf xt

1
Z rba,t

(1 − τa,t
)

Z τa,t

(
λlfa,t1 − qlfa,t

)−ηlf (1 − qlfa,t
qlfa,t

)

Finally, we define the last control variable Z rba,t as

1
Z rba,t

= (1 − τa,t
)

Z τa,t
(1 − rba,t

)
−
(
λha,thea,t

)ηh
1 + ηh

ηlf /ηb−1

The parameter ηlf determines the effect of labor market conditions, as measured by the job
finding rate xt, on labor force participation, while ηb corresponds to the inverse elasticity of
labor market participation wrt. to the net compensation rate.

7.2 Non-resident workers

In our model, total employment includes employed residents in Denmark and non-resident
workers. Above, we outlined the decisions made by resident households. However, we assume
that firms do not distinguish between residents and non-residents when they hire. Non-residents
workers are cross-border agents that work in Denmark, but live abroad most or all of the year.
These non-resident workers are not part of the resident population Na,t and they do not have
any direct consumption in Denmark. Non-resident workers provide search input, ns,fa,t , into the
matching function and generate employment nfa,t. They face the same job destruction rates
and die and migrate at the same rate as the locals, and they stay in their jobs when they are
not destroyed but do not demand local consumption or housing. However, in order to match
the data, they have different productivity and work different hours than resident workers.

Non-resident workers have the same probability of finding a job as local job searchers, xt , and
the number of employed non-resident workers obeys the law of motion

nft = (1 − δt)nft−1 + xtns,ft

The total number of cross-border persons who are either employed or searching for a job in
Denmark can be written as

Nf
t = (1 − δt)nft−1 + ns,ft
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We assume that this total is exogenous. The number of non-resident workers searching for a
job is then endogenous and given by

ns,ft = Nf
t − (1 − δt)nft−1

E.g. when the job-finding rate is higher, more potential migrant workers find employment,
reducing the search input of non-resident workers in the following period.

Since non-resident workers only enter the model through the firm and the matching function,
their age decomposition is irrelevant, and only their aggregate contribution matters. Our default
assumption is that the number of hours worked pr. non-resident worker is proportional to that
of Danish households

hft = µhft

∑
hea,tnea,t∑
nea,t

where µhft is calibrated to match the data.

7.3 Firms

What follows applies to all private sector firms in the model while the public sector is treated
differently. There is a unit mass of identical firms in each (private) sector s. Employment in
the firm is given by the measure nt which sums residents and non-resident workers.

Total workers in sector s, ns,t , contribute with a total amount of productive hours ρs,ths,tns,t ,
where ρs,t is the productivity factor and hs,t is the hours factor in the firm. We cover their link
to the productivity and hours of the households in section (7.5.1) on aggregation.

Firms post vacancies and the economy wide matching function, mt, dictates their success in
filling them (see section 7.4 for details on the matching function). The matching process
occurs in period t, after which employment is determined and production occurs. The firm
cannot affect the hours worked by its employees and takes them as given. An effort/utilization
choice by the firm is added to the model to help generate pro-cyclical value added per worker.
Utilization is discussed in the production chapter.

7.3.1 The problem of the firm

Firms maximize profits and choose an optimal amount of labor input. When firms post vacancies,
they hire workers. Although workers are “attached” to hours and productivity, the choice variable
for the firm is n as the firm takes m as given. Current profits (as relevant for the optimal
employment decision) are given bymax

ns,t
πst = (1 − τcs,t

) {
p0
s,tYs

(
Ls,t
)

− wt
(1 + τLs,t

)
ρs,ths,tns,t

}
(7.11)

where τcs,t are corporate taxes and Ys is gross-output as a function of labor input sold at price
p0
s,t . Wages paid by firms pr. employee, wt

(1 + τLs,t
)
ρs,ths,t , contain payroll taxes and subsidies

τLs,t , the market wage wt paid pr. productivity unit, sector specific productivity ρs,t and hours pr.
worker hs,t . The object ns,t is the stock of employees as the employment decision of the firm is
a dynamic one, just as the choice of its capital stock. Below we will derive the user cost of
labor, pLs,t ≡ p0

s,t∂Qs/∂Lt which is evaluated at firm optimization price p0. This optimization
price is derived in the production chapter. The production input L is a broad concept of “labor”.
It is the total utilization of the effective labor input in productivity units. The effective labor
input is net of hiring costs which are “paid” in foregone labor input.

The first-order condition for employment is(1 − τcs,t
)
wt
(1 + τLs,t

)
ρs,ths,t = (1 − τcs,t

)
pLs,t

∂Ls,t
∂ns,t

+ (1 − τcs,t+1)βs,t+1pLs,t+1 ∂Ls,t+1
∂ns,t

(7.12)
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which trades off the marginal costs against the marginal added profit for the marginal worker.

In the following subsections, we detail the components of the firm’s problem.

7.3.2 Wages and production input

We define L as the net amount of productive labor input that goes into the CES production
function. It contains the endogenous utilization factor ut , sector specific productivity and hours
ρs,ths,t , and finally contains the endogenous adjustment for the fraction of employment used in
the hiring process which we denote by χ (detailed in subsection 7.3.3 below):

Ls,t = us,tρs,ths,t
(1 − χs,t

)
ns,t

The cost of hiring is defined in terms of units of labor lost to production so that the total
number of heads actually producing output is given by (1 − χ)n. Finally, the choice variable for
the firm is the number of workers, so that the relevant derivatives are

∂Ls,t
∂ns,t

= us,tρs,ths,t

(1 −
∂
(
χs,tns,t

)
∂ns,t

)
∂Ls,t+1
∂ns,t

= −us,t+1ρs,t+1hs,t+1 ∂
(
χs,t+1ns,t+1)
∂ns,t

7.3.3 Vacancy posting costs

A unit mass of identical firms in sector s posts vacancies v and the law of motion for employment
n is

ns,t = (1 − δt)ns,t−1 +mtvs,t
The cost of posting vacancies is incurred in units of employment. We define an auxiliary
endogenous variable χ such that χs,tns,t equals total vacancy posting costs:

χs,tns,t = κvs,t + γ2ns,t
[
ns,t
ns,t−1 /

ns,t−1
ns,t−2 − 1]2 + λmtvs,t

Vacancy costs are comprised of three terms, 1) a linear vacancy posting cost, 2) a quadratic
labor adjustment cost, and 3) a matching cost which can be calibrated to match data on the
cost of training new employees. Note that in the current version of MAKRO this component is
set to zero.

The derivatives of total vacancy costs, wrt. to the firm’s choice of employment, that go into
the first-order condition of the firm are

∂
(
χs,tns,t

)
∂ns,t

= κ
mt

+ γ2
[
ns,t
ns,t−1 /

ns,t−1
ns,t−2 − 1]2 + γ

[
ns,t
ns,t−1 /

ns,t−1
ns,t−2 − 1] [ ns,t

ns,t−1 /
ns,t−1
ns,t−2

]+ λ

∂
(
χs,tns,t

)
∂ns,t−1 = − (1 − δt) [ κmt

+ λ
]

− 2γ ns,t
ns,t−1

[
ns,t
ns,t−1 /

ns,t−1
ns,t−2 − 1] [ ns,t

ns,t−1 /
ns,t−1
ns,t−2

]
where we have used the law of motion for employment to eliminate the vacancies variable, i.e.
using that

vs,t = ns,t − (1 − δt)ns,t−1
mt
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7.3.4 Detailing the first-order condition

By rearranging the first-order condition (7.12) we get the expression

pLs,t = wt
(1 + τLs,t

)
ρs,ths,t

[
∂Ls,t
∂ns,t

+ (1 − τcs,t+11 − τcs,t

)
β̂s,t+1 ∂Ls,t+1

∂ns,t

]−1

where

β̂s,t+1 ≡ βs,t+1pLs,t+1
pLs,t

64

Inserting the derivatives of L we see clearly that in lieu of vacancy posting costs, the user cost
of labor is simply the wage after taxes and utilization:

pLs,t = wt
(1 + τLs,t

) 1
us,t

1 −
∂
(
χs,tns,t

)
∂ns,t

−
(1 − τcs,t+11 − τcs,t

)
β̂s,t+1us,t+1ρs,t+1hs,t+1

us,tρs,ths,t
∂
(
χs,t+1ns,t+1)
∂ns,t︸ ︷︷ ︸

hiring costs


−1

or vice versa: firms post vacancies until the wage equals the marginal product of labor (user
cost of labor) except for the wedge caused by hiring costs:

wt = pLs,t
us,t1 + τLs,t

1 −
∂
(
χs,tns,t

)
∂ns,t

−
(1 − τcs,t+11 − τcs,t

)
β̂s,t+1us,t+1ρs,t+1hs,t+1

us,tρs,ths,t
∂
(
χs,t+1ns,t+1)
∂ns,t︸ ︷︷ ︸

hiring costs


Note that sector specific hours and productivity disappear. This is consistent with the assumption
that firms pay the same wage pr. productive hour of labor, i.e. the sector differences only
reflect that the average worker in each sector provides a different number of productive hours
of labor. Shifts in the sector-composition of employment therefore do not affect the total
productivity units of labor available and does not directly affect total wages.

7.3.5 Link to CES optimization

The dynamic first-order condition provides the input to the CES minimization problem used in
solving the overall problem of the firm. The CES function is

pKLs,t QKL
s,t ≡ pKLs,t

[(
µks,t
) 1
E
(
uks,tKs,t

) E−1
E + (µls,t) 1

E
(
Ls,t
) E−1

E

] E
E−1

On the budget side of the CES problem we have the total cost associated with all the labor
actually used, L:

pKLs,t QKL
s,t ≡ pLs,tLs,t + pKs,tKs,t

64In order to ensure that actual employment converges with our model of structural employment on any
stable growth path, the default setting is to exogenize β̂s,t+1 such that it remains as it is in the baseline when
we shock the model. The first-order condition retains forward-looking behavior since the derivatives of L contain
endogenous variables.
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where the object pLs,t is the user cost of L. In the CES optimization problem we take a derivative
with respect to Lj,t and this yields

Ls,t = µls,tQKL
s,t

(
pLs,t
pKLs,t

)−E

The last identity ensures the CES problem is consistent with the optimization problem and
shows the relationship between the user cost of L and the optimal choice of vacancies. The
accompanying expression for capital is

uktKs,t = µks,tQKL
s,t

(
pKs,t
pKLs,t

1
ukt

)−E

and it looks slightly different from the labor one but that is because utilization is embodied in
the L object.

7.4 The matching function

We use the matching function from den Haan, Ramey & Watson (2000) which is defined in the
following way:

m (vt , nst ) = nst[(vt)1/ηm + (nst )1/ηm]ηm
The total number of searchers is the aggregate of households by age as well as non-resident
job-searchers:

nst = ns,ft +∑
a
qlfa,tNa,t

and total vacancies is the sum of vacancies posted by each sector:

vt =∑
s
vs,t

The labor market equilibrium condition states that the number of job searchers finding a job
must be equal to the number of vacancies filled and relates the vacancy matching rate m to
the job finding rate x:

xtnst = mtvt

The matching function specification has a few important properties. It has constant returns to
scale and can be rewritten as a function of labor market tightness vt

nst
:

m
(
vt
nst

) = [( vtnst
)1/ηm + 1]−ηm

It is also bounded between zero and one. I.e. if there are no other vacancies, a firm that posts
a vacancy is sure to fill it. However, if there are no job-searchers left the probability of filling a
vacancy goes to zero. More importantly, the job finding rate x is also bounded between zero
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and one.65 Combined with the condition that labor force participation qlfa,t is bounded, this
ensures that both unemployment and employment rates are positive for all ages. Finally, the
parameter ηm controls how sensitive households’ and firms’ probabilities of finding a job or
filling a vacancy are to changes in labor market conditions. ηm is one of the key parameters
that we set in order to match MAKRO’s impulse responses to a number of empirical models.

7.5 Aggregation

7.5.1 Hours and productivity

Total labor hours match both the sum of sectors (demand) and the sum over households and
non-resident workers (supply):

htnt =∑
s
hs,tns,t =∑

a

(
hea,tnea,t

)+ hftnft

Average productivity, ρ, is defined from the identity

ρthtnt =∑
a

(
ρea,thea,tnea,t

)+ ρfthftnft

To ensure that the total productive units by sector also aggregates to the total, i.e.

ρthtnt =∑
s
ρs,ths,tns,t (7.13)

we let sector productivity shift endogenously with changes in average productivity.

We first separate labor productivity units between the public and private sectors

ρthtnt =∑
s
ρs,ths,tns,t

= ∑
s ̸=Pub

ρs,ths,tns,t + ρPub,thPub,tnPub,t

and impose a fixed ratio between public sector productivity units and aggregate structural
productivity:

ρPub,t = µρPub,tρ∗
t

This ensures that a change in public employment has a proportional effect on the public sector
payroll, before general equilibrium effects, and that changes in employment between private
sectors has no direct effect on the public payroll. Note that ρPub,t has no effect on public
production (see the chapter on public production), but ρPub,twt is the hourly wage paid by the
government. Sector specific productivity is calibrated to match differences in hourly wages
across sectors, and only reflect differences in productivity insofar as differences in wages in the
data reflect differences in productivity.

Given public sector productivity, the productivity in each private sector is given by

65The finding rate as a function of labor market tightness is x
(
vt
nst

) = [( vt
nst

)−1/ηm + 1]−ηm
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ρs,t = µρs,t ·
∑

s̸=Pub ρs,ths,tns,t∑
s̸=Pub µ

ρ
shsns

| s ̸= Pub

where µρs,t is a parameter which controls for differences in productivity (hourly wages) between
private sectors. The interpretation is as follows: Differences in wages between sectors are
entirely due to differences in productivity tied to the composition of workers in different sectors.
Shifts in the sector-composition of employment therefore does not affect the total productivity
units of labor available and does not directly affect total wages.

7.5.2 Employment law of motion, firm’s point of view

Total employment nt follows the law of motion

nt = (1 − δt)nt−1 +mtvt

Since we make the necessary assumption to ensure non-resident workers have the same law of
motion as residents we can write

1 − δt = ∑
a
(1 − δa,t

)
nea−1,t−1 Na,t

Na−1,t−1∑
a nea−1,t−1

where the aggregate destruction rate δt is now endogenous (although exogenous to the firm).
Unlike the age-specific job destruction rate, the aggregate job destruction rate δt includes job
destruction due to migration or death - both effects are captured by the change in cohort size
Na,t

Na−1,t−1 (see Appendix 7.7.1).

Because the firm cannot choose whom it hires, it effectively always hires the average job
searcher. Then, as we impose the same age distribution inside every firm irrespective of sector,
all firms are the same in this respect and face the same job destruction rate. Since they do not
control who they hire, they do not control the job destruction rate either (see Appendix 7.7.2).

7.6 Wage determination

We have derived the equations determining optimal search/participation (labor supply) and
optimal vacancy posting (labor demand), but in both cases taking the wage level as given. To
determine the wage level, we use an adapted Nash bargaining problem.

We assume a unique bargaining agent on both sides of the market which aggregate, on one side,
preferences of all firms from all sectors, and, on the other, preferences of all workers of all ages.
We also assume that these agents, which we can call unions, are “distant” from their firm and
worker constituents and solve a simplified problem on their behalf. These assumptions allow for
a degree of freedom in setting up the surpluses that enter the bargaining problem. One other
important assumption is that although we consider a single bargaining problem that includes all
agents, the intervening unions disregard the impact of the wage on equilibrium employment.
Finally, we model wage rigidity directly in the bargaining problem through an adjustment cost
function that extends the usual Nash bargaining surplus.

7.6.1 Bargaining

The solution to the bargaining problem results in a bargained wage wt. Wage rigidity is
introduced by adding a cost function to the standard Nash formulation. This cost function
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captures a utility loss of changing wages as perceived by the bargaining agents.66 It also makes
the problem dynamic.

Let St denote the surplus of the unions representing the workers and Jt that of the firms. These
surpluses which enter the Nash bargaining function are given by the difference between the
value of agreement and the value of disagreement for each party. Disagreement is an out of
equilibrium event that never happens in model (we do not model labor disputes explicitly).

In the case of the union representing workers the surplus is

S (wt) = (1 − τ̄t)ρthtnt︸ ︷︷ ︸
S′
t

wt − ot

where τ̄t is the weighted average of the personal income tax rate67

τ̄t = ∑
a τa,tρea,thea,tnea,t + τtρfthftnft

ρthtnt
= ∑

a τa,tρea,thea,tnea,t∑
a ρea,thea,tnea,t

and ot is an outside option value which is exogenous to the agents68.

On the firm side the surplus is the difference between the marginal product of labor and the
wage paid, summing over all private sectors

J (wt) = ∑
s∈private

[1 − τct ] (PL
s,tus,tρs,ths,tns,t − ρs,ths,tns,t

[1 + τLs,t
]
wt
)

It is useful to divide the firm surplus into two parts: 1) the value of the labor to the firms after
taxes, J+t , and 2) net wages paid, J ′t · wt :

J (wt) = ∑
s∈private

[1 − τcs,t
]
PL
s,tus,tρs,ths,tns,t︸ ︷︷ ︸

J+t

−
∑

s∈private

[1 − τct ]ρs,ths,tns,t [1 + τLs,t
]

︸ ︷︷ ︸
−J ′t

wt

Suppressing the sector dimension and ignoring taxes makes it clear that the heart of the firm’s
bargaining surplus is the wedge between wages and the marginal product of labor:

J (wt) ≈ ρthtnt︸ ︷︷ ︸
scale

 PL
t︸︷︷︸

MPL

− wt︸︷︷︸
wage


The wedge (between wages and the marginal product of labor) exists due the cost of posting
vacancies which is a sunk cost in the bargaining situation. I.e. the firm’s expected value of
posting a vacancy is zero in equilibrium, but the value of a vacancy that has turned into a match
is positive. The value of a match is often called the matching surplus and it is this surplus
which is bargained over and divided into a bargaining surplus for the worker and a bargaining
surplus for the firm.

66Ljungqvist and Sargent, (2017) discuss standard formulations of the bargaining problem. The cost function
draws on Kravik & Mimir (2019) and we use it also in the price setting problem.

67We assume that non-resident workers pay the same taxes as average resident workers.
68We model the outside option as a constant share of the sum of wages, weighed by the job finding probability:

ot = µoS′
txtwt

The expression for the outside option can be interpreted as a share of the period and foregone wage 1 − µo
wasted in negotiations, after which the job seeker can find a different job with probability xt . Without better
empirical foundations we are not ready to directly link unemployment compensation to the wage bargaining
process, and we allow for the idea that searching for a different job is also an important outside option in
decentralized negotiations.
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The bargaining surpluses are mostly static and wage dynamics primarily enter the bargaining
problem through an adjustment cost function. We define the bargaining loss function as

Lt = (St)1−φt (Jt)φt − Gt (7.14)

where G(·) is a wage adjustment cost and φt is the Nash bargaining power parameter. We now
specify the adjustment cost function Gt ≡ gt + βt+1gt+1 where

gt = ψω2
[
wt
wt−1 /

wt−1
w t−2 − 1]2

and where w t−2 is an exogenous object which in equilibrium satisfies wt−2 = w t−2.
The bargaining problem then consists of maximizing the loss function (7.14) with respect to
wt , yielding

wt = φt
ot
S′
t

− [1 − φt ] J+tJ ′t + [ (St)φt (Jt)1−φt

S′
tJ ′t

1
wt

]
︸ ︷︷ ︸

≈constant

[
∂gt
∂wt

wt − 2βt+1 ∂gt+1
∂wt+1wt+1

]
(7.15)

For computational efficiency we replace the term
[ (St )φt (Jt )1−φt

S′
t J ′t

1
wt

]
with a constant as there is no

discernible difference between IRFs from holding it constant vis-a-vis letting it be endogenous.
Note that the wage rigidity term is zero in any steady state.

The fraction associated with the firm surplus, J+t
J ′t

, can be rewritten as a function of aggregate
measures with a term f Jt that captures all sector composition effects

J+t
J ′t

= ρthtnt [1 − τct ]PL
t

−ρthtnt [1 − τct ] [1 + τLt
] f Jt = −f Jt

PL
t1 + τLt

where PL
t and τLt are both sector averages.

Inserting this, and our function for the outside option of the worker representatives, ot =
µoxtS′

twt , we get the wage as a function of the marginal product of labor:

wt = [ 1 − φt1 − φtµoxt

]
f Jt[1 + τLt

]PL
t + {wage rigidity}

7.7 Appendices

7.7.1 Aggregating household employment with migration

Population flows obey
Na,t = sa−1,t−1Na−1,t−1 + Ia,t − Ea,t

where Ia,t are immigrants and Ea,t are emigrants. Households making the choice described
above are those surviving from the previous period. Those that survive from on period to
another and stay in the country are denoted as; Na−1,t−1sa−1,t−1 − Ea,t. Emigrants Ea,t are
identical to other residents except that they leave the country. Employment for a household of
age a evolves according to the accumulation-equation

qea,t = (1 − δa,t
)
qea−1,t−1 + xtqsa,t
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Immigrants Ia,t come into the country and we assume they obtain the same employment qea,t
as residents. We also assume that immigrants have the same search behavior as surviving
households. However, they do not have an employment history in the country. This implies
that some immigrants enter with jobs, so they do not have to search. This accounts for the
employment quantity qIa,t Ia,t . We have then

qea,t = xtqsa,t + qIa,t

This sums to

Na,tqea,t︸ ︷︷ ︸
nea,t

= (1 − δa,t
)(

sa−1,t−1 − Ea,t
Na−1,t−1

)
qea−1,t−1Na−1,t−1

+ xt qsa,t
(
sa−1,t−1Na−1,t−1 + Ia,t − Ea,t

)︸ ︷︷ ︸
nsa,t≡Na,tqsa,t

+qIa,t Ia,t
Now assume that

qIa,t ≡
(1 − δa,t

)
qea−1,t−1

so that

nea,t = (1 − δa,t
)(

sa−1,t−1 − Ea,t
Na−1,t−1 + Ia,t

Na−1,t−1
)
nea−1,t−1 + xtnsa,t

= (1 − δa,t
) Na,t
Na−1,t−1nea−1,t−1 + xtnsa,t

Given this construction, we do not have to know the number of immigrants and emigrants. All
we need to know is the total population.

7.7.2 Imposing the same age distribution on every firm

The result of the household’s first order condition for participation/search is that employment
will vary by age. However, we do not want to add the sectoral dimension to the disaggregated
employment variable. In order to do this, when we solve the problem of the firm we do not
solve endogenously for the age distribution of workers inside the different firms/sectors indexed
by j. Instead we impose exogenously that this distribution is the same across all firms in the
economy.69 We also choose not to allow for differences in the job destruction rate across
sectors arising from other factors. Evidence from administrative data on wage earners indicates
that the average age of the labor force is independent of firm size and also uncorrelated with
whether firms are reducing or expanding their employment.70

We force the same distribution using the relationship

na,s,t ≡ ns,t
nt
na,t

Given our assumptions, we never have to use the bigger object na,s,t , since on the production
side the age distribution does not matter and so we only care about total employment inside
the firm.

69Different sectors will move differently over the cycle. And age specific population does not move evenly over
time which implies neither will the labor force. All firms from all sectors hire the “average job searcher” from the
currently available pool in the economy. As firms from different sectors hire different amounts over time the
age composition of labor inside firms across sectors will differ, while it is the same in all firms within a sector.
Keeping track of the age distribution within each firm/sector greatly increases the dimensionality of the model.

70Job Destruction and Job Finding Rates by Age in Danmark. Dream Working Paper, May 5, 2021.
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7.7.3 Different average wages across sectors

Although in our model both labor supply and demand are anonymous, resulting in all firms hiring
the same average worker looking for a job, and employing the same average employed worker in
the economy, we observe in the data that average wages differ across sectors. It is possible
that this reflects the heterogeneity of workers employed in different sectors, a feature which is
ruled out in our model. In order to match the data on both employment and average wage
acoss sectors we need a reduced form mechanism that will allow us to do so without breaking
the two sided anonymity of the labor market.

The mechanism described here attaches different productivities to workers working in different
sectors, while the workers themselves are identical wherever they happen to work. A three
sector example helps illustrate it. We first impose the identifying constraint which attaches a
relative sectoral productivity factor ρit to sectoral employment, while keeping the total constant:

ρw1,tn1
t + ρw2,tn2

t + ρw3,tn3
t =∑

i
nit = nt

Given this constraint, calculate the average wage per sector in the data and compute the ratios:

ρw1,t
ρw3,t = w1

t
w3
t

= w13
t ,

ρw2,t
ρw3,t = w2

t
w3
t

= w23
t

Note: the objects w ij
t are data for the period where data exists, and are forecasts for the

subsequent periods. They are an exogenous input into the model. This allows for the endogenous
calculation of ρw3,t :

ρw3,t = nt
w13
t n1

t + w23
t n2

t + n3
t

and of course of the other two as well. During data years we use observed average wages
and employment, and in the forecasting years we use a forecast of relative average wages
to calculate the ρwj,t. This mechanism preserves the search model. It is consistent with the
randomness of matching. Which means the household problem is unaffected because of the
initial identifying constraint. And it can be interpreted as a proxy for heterogeneity.
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8 Structural employment and output

MAKRO calculates structural employment endogenously based on a modified version of the
labor market framework. Most importantly, we remove nominal frictions stemming from the
rigidity in wage bargaining and remove the real rigidity stemming from matching frictions. The
assumptions behind structural employment are described in more detail in Section 8.1.

From the estimates of structural employment, the model also calculates structural output,
specifically structural gross value added. We define structural output as the output that would
be produced given structural employment, but conditional on the actual capital stock. To
compute this measure, the model employs an aggregate production function that takes actual
capital and structural employment as inputs. This is explained in more detail in Section 8.2.

The estimates of structural employment and output are essential for calculating the structural
budget balance, which considers the effects of the business cycle on government revenues and
expenditures. The Ministry of Finance relies on the gaps between actual and structural levels of
employment and output, which can be forecast using MAKRO.

Both the output gap and employment gap are critical macroeconomic indicators that are
typically measured empirically. The structural model presented in this chapter aligns with the
Ministry of Finance’s estimation approach71, allowing the model to be calibrated to match
the estimated gaps. Therefore, the model can be utilized to close these gaps endogenously or
provide conditional forecasts of the effects of shocks or policy interventions.

It is important to note that MAKRO does not unconditionally forecast the structural labor force
or hours worked. Instead, these variables are treated as exogenous inputs based on detailed
demographic projections that account for factors such as education, gender, and immigration
status (Befolkningsregnskab). Therefore, the model’s estimates of structural employment and
output are conditional on the assumptions underlying the demographic projections.

8.1 Structural employment

Structural employment is primarily determined by the structural supply of labor - the labor force,
which is an exogenous input in the model’s baseline. Structural employment in MAKRO is
caused by real frictions in matching workers and firms. These frictions are structural, but they
are also a source of short run rigidity. To move from actual employment to a structural measure,
we need to remove the short run rigidity effect of matching frictions while maintaining their
effect on structural unemployment. We achieve this by letting structural employment reach a
quasi steady state in each period. Employment levels per se cannot be constant with changing
demographics, but rate measures such as employment relative to population and unemployment
rates can.

The labor market in MAKRO is constructed so that long run employment is independent of
wages and prices.

8.1.1 Law of motion of structural employment

The law of motion of actual employment is

nea,t = (1 − δa)nea−1,t−1 Na,t
Na−1,t−1 + xtnsa,t= qea,tNa,t = (1 − δa)qea−1,t−1Na,t + xtnsa,t

71“Finansministeriets beregning af gab og strukturelle niveauer” (Finansministeriet, November 2020).
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where qea,t is the employment rate, δa is the job separation rate, xt is the finding rate and nsa,t
is cohort total search effort.

To get to structural employment we modify this law of motion. First, we replace the job finding
rate and search effort with their structural counterparts x∗

t and ns∗a,t. Second, we replace the
lagged employment rate qa−1,t−1 with the the structural employment rate in the current period
q∗
a−1,t while maintaining the life cycle aspect of employment by retaining the lag on the age

index:

ne∗
a,t = (1 − δa)qe∗

a−1,tNa,t + x∗
t ns∗a,t= (1 − δa)ne∗

a−1,t Na,t
Na−1,t + x∗

t ns∗a,t

We can write the aggregate law of motion of structural employment as

ne∗
t = (1 − δ∗

t )ne∗
t−1 + x∗

t ns∗t

where the aggregate job structural destruction rate is

(1 − δ∗
t ) = ∑

a (1 − δa)qe∗
a−1,tNa,t∑

a qe∗
a−1,t−1Na−1,t−1

8.1.2 Non-resident workers

The law of motion of non-resident workers is modified as above to remove the short run rigidity
effect of matching frictions (by letting employment reach a quasi steady state in each period):

nf∗t = (1 − δ∗
t )nf∗t + x∗

t n
s,f∗
t

Both the actual and structural labor supply of non-resident workers is based on the same
exogenous input - the total number of cross-border persons who are either employed or
searching for a job in Denmark, Nf

t .

Based on this gross labor supply, the structural job-search of non-residents is

ns,f∗t = Nf
t − (1 − δ∗

t )nf∗t
8.1.3 Structural choice of labor market participation

To calculate a structural level of households’ labor market participation, qlf∗a,tNa,t = nlf∗a,t =
ne∗
a,t + (1 − x∗

t )ns∗a,t , we use the same optimality condition as in the actual labor market, except
for replacing the job finding probability and hours worked with their structural counterparts:
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(
λlfa,t1 − qlf∗a,t

)ηlf

︸ ︷︷ ︸
marginal disutility of search

= x∗
t︸︷︷︸

probability of finding a job

·


(1 − τa,t

)
Z rba,tZ τa,t

(1 − rba,t
)

︸ ︷︷ ︸
wage premium

− 1
Z rba,t

(
λha,the∗

a,t
)ηh

1 + ηh︸ ︷︷ ︸
disutility from hours worked

+ sa,t
(1 − δa+1,t+1)︸ ︷︷ ︸

probability of surviving with a job

β
Z lfa+1,t+1
Z lfa,t︸ ︷︷ ︸

discount factor

(1 − x∗
t+1

x∗
t+1

)( λlfa+1,t+11 − qlf∗a+1,t+1
)ηlf

︸ ︷︷ ︸
saved disutility of search


In order to be consistent with the definition of structural employment used by the Ministry of

Finance, we exogenize the augmented discount factor β Z lfa+1,t+1
Z lfa,t

in both the actual and structural

participation condition when evaluating shocks to the model. This implies removing the dynamic
effect of changes in real wages and marginal utility on the effective discount factor used in
evaluating the effect of participation today on future employment.

8.1.4 Structural choice of hours

The hours decision in MAKRO is already structural, although users can insert an exogenous
temporary gap between actual and structural hours worked:

hea,t = he∗
a,t + εha,t = 1

λha,t

[1 − τma,t
Z τa,t

] 1
ηh + εha,t

The labor utilization variable discussed in the production chapter provides a more general concept
of effort, which may also capture unmeasured deviations in hours worked. Unlike hours worked,
labor utilization varies endogenously in MAKRO and gives rise to gaps between structural and
actual output. How we handle utilization in the structural model is covered in section 8.2.

8.1.5 Structural labor demand

In the previous sections, we have calculated a structural supply of labor taking the structural job
finding rate, x∗, as given. In order to get an equilibrium x∗ we also need a structural demand
for labor and a matching function that connects workers and firms.

First we relate the structural vacancy matching rate m∗ to x∗. As in the model of actual
employment, the number of job searchers finding a job must be equal to the number of
vacancies filled:

x∗
t

(
ns,f∗t +∑

a
nlf∗a,t

) = m∗
t v∗
t

To get a measure structural vacancies, we start with the optimality condition of the firm posting
vacancies from the main model:
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pLs,t = wt
(1 + τLs,t

)
ρs,ths,t

[
∂Ls,t
∂ns,t

+ (1 − τcs,t+11 − τcs,t

)
β̂s,t+1 ∂Ls,t+1

∂ns,t

]−1

The structural version is equivalent, except that we substitute the corporate tax rate next period
for the one today and use a slightly modified version of the derivative ∂Ls,t+1

∂ns,t . We use the same

augmented discount factor, β̂s,t+1, as in the main model.

pL∗
s,t
w∗
t

= (1 + τLs,t
)
ρ∗
s,th∗

s,t

[∂L∗
s,t

∂n∗
s,t

+ (1 − τcs,t1 − τcs,t

)
β̂s,t+1 ∂L∗

s,t+1
∂n∗

s,t

]−1

The derivative ∂Ls,t+1
∂ns,t (which comes from the firm taking into account that a match with a

worker has a probability of lasting multiple periods) is modified in two ways: Firstly, we use the
within-period structural values of productivity, hours worked, separation, and matching rates.
Secondly, we eliminate the quadratic adjustment cost which is modeled such that it always
disappears in any steady state.

∂L∗
s,t+1
∂n∗

s,t
= −ρ∗

s,th∗
s,t
∂
(
χs,t+1ns,t+1)
∂ns,t

= ρ∗
s,th∗

s,t (1 − δ∗
t ) [ κm∗

t
+ λ
]

Using within-period structural values is consistent with the definition of structural employment
as a quasi-steady state employment with a fixed labor market structure. In the main model
an anticipated shock can affect firm hiring decisions even before the shock actually occurs,
however, for structural employment there is no affect until the change is implemented after
which the effect is fully incorporated immediately. Note however that very few shocks actually
affect structural employment. On the supply side, the net benefit replacement rate determines
households’ economic incentives to seek work, and demographics and preferences directly affect
supply. Changes in labor market structures such as hiring cost parameters, bargaining power, or
efficiency of the matching function also affect structural employment. Changes in demand for
labor on the other hand are largely irrelevant for structural employment however.

8.1.6 Structural wage

To close the model of structural employment, we need a structural model of wage bargaining.
We start with the wage bargaining equation from the labor market chapter:

wt = φt
ot
S′
t

− [1 − φt ] J+tJ ′t + {wage rigidity}

Removing the wage rigidity and inserting the outside option of the worker representatives,
ot = µoxtS′

twt , we get

wt = φtµoxtwt − [1 − φt ] J+tJ ′t
We then replace terms with their structural counterparts and divide through by w∗

t to get

1 = φtµox∗
t − [1 − φt ] (J+∗

t /w∗
t )

J ′∗t
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and

J+∗
t
w∗
t

= ∑
s∈private

[1 − τcs,t
](pL∗

s,t
w∗
t

)
ρs,th∗

s,tn∗
s,t

J ′∗t = −
∑

s∈private

[1 − τct ]ρ∗
s,th∗

s,tn∗
s,t
[1 + τLs,t

]
where J∗t = J+∗

t + J ′∗w∗
t is the structural bargaining surplus.

We treat both ratios involving the structural wage as single variables ( J
+∗
t
w∗
t

and pL∗
s,t
w∗
t
), and thereby

avoid having an explicit structural wage level, which would require us to make further assumptions
about the composition of demand. I.e. structurally, the wage level is in-determinate, and we only
need the ratio between the marginal product of labor and the wage. This ratio is determined by
the structures of the labor market, primarily by the bargaining power of the two sides, the cost
of posting vacancies, and the outside option of workers.

8.2 Structural output (gross value added)

We define structural output as the output that would be produced given structural employment,
but conditional on the actual capital stock72. With structural employment given by the modified
version of the labor market above, we can now model a measure of structural output. Specifically,
we model structural aggregate gross value added, Y ∗. To compute this measure, the model
employs an aggregate production function that takes actual capital and structural employment
as inputs.

We have to also consider how an output gap is distributed between different sectors. Here,
we follow the definition of the Ministry of Finance and divide the production sectors in two
groups - sectors with a output gap and sectors for which define the structural output is defined
to always equal actual output. Specifically, we only allow for output gaps in the four large
private sectors: services, manufacturing, construction, and energy provision. We label this set
of sectors s∗. The choice of sectors which contain gaps is primarily a pragmatic decision, driven
in part by econometric considerations with regards to estimating the output gap. The private
sectors excluded are the extraction sector and the housing sector which mostly consist of capital
(which we explicitly condition on), and shipping and agriculture where demand is mostly driven
by factors exogenous to the domestic business cycle. Finally, the public sector is exogenous by
construction and not directly affected by the business cycle.

With this sector decomposition in mind, structural output (aggregated using actual prices) can
be written as

P∗
t Y ∗

t = ∑
s∈s∗

Ps,tY ∗
s,t︸ ︷︷ ︸

P̂t Ŷ ∗
t

+∑
s /∈s∗

Ps,tYs,t

where Ŷ ∗ is aggregate structural output of the sectors in which structural and actual output
can differ. P∗ and P̂ are Paasche price indices based on prices levels from the main model.

We model the output aggregate Ŷ ∗ directly as a Cobb-Douglas production function, in line with
the assumptions that the Ministry of Finance uses when estimating the output gap:

72See Vetlov, Hlédik, Jonsson, Kucsera & Pisani (2011) for a discussion on various definitions of potential
output and the decision of whether or not to condition on the actual capital stock.
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Ŷ ∗
t = At

(
L̂∗
t

)α (
K̂t−1)1−α

where L̂∗
t ≡

∑
s∈s∗ L∗

s,t is the structural labor input and K̂t ≡
∑

s∈s∗ Ks,t is the actual capital
input. The labor share parameter α is set to match the estimation method of the Ministry of
Finance. The employment gap is assumed to affect the four sectors with gaps proportionally,
so that

L∗
s,t
Ls,t

= L̂∗
t

L̂t
|s ∈ s∗

The total factor productivity A is calculated endogenously such that the same Cobb-Douglas
production function, but using actual rather than structural inputs, reproduces the output
generated by the CES production structure of the main model (see the chapter on production).
I.e. A is given by

Ŷt = At
(
L̂t
)α (

ûKt K̂t−1)1−α
(8.1)

Unlike for structural output, the inputs used in (8.1) depend on the variable rates of utilization

(embodied in ˆˆt ≡
∑

s∈s∗ Ls,tL and explicitly for ûKt K̂t ≡
∑

s∈s∗ uKs,tKs,t−1). Factor utilization
varies significantly over the business cycle and is the source of the endogenous productivity gap
in MAKRO. Utilization is modeled such that is always 1 in the long run and we define structural
output conditional on utilization being 1 structurally.

DREAM · MAKRO 97



MAKRO Documentation
Public production

Table 9.0.1: Input/output matrix

2021 input/output table in current prices before taxes (bn. DKK). Columns representing
demand for exports and intermediate inputs have been aggregated. The red row is government
production. The blue column is government consumption.

9 Public production

Public sector output consists of all the different goods and services provided by the state, from
education and health care, to the judicial system and defense, and to child care, elderly care,
etc. This output, YG, is not exported. It is entirely consumed domestically. The vast majority
of these services are paid for using tax revenues or using the intake from public debt issues.

A small share of public services are paid directly by private agents, as is the case for some
co-payments for health care and education. These private payments are included in household
consumption of services and we denote this private consumption of government supplied services
as CPub

t . The government also makes direct investments, IPub
t , which is almost entirely publicly

funded R&D and accounted for as a public production of investments in equipment73. The
majority of public production is accounted for as government consumption of public goods and
services, GPub

t , however.

Table 9.0.1 shows the input output matrix in MAKRO from a single year. The column in blue
sums to the value of government consumption PG

t Gt, while the row in red sums to the value
of public production before taxes, PY

Pub,tYPub,t. Their intersect, the cell in purple, is public
production for government consumption and makes up the majority of both public production
and government consumption.

73Investments in research and development will likely be separated from investments in equipment in a future
version of MAKRO.
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9.1 Supply side

Public production, YPub,t , is produced just as private sector goods are, in the sense that it uses
labor, capital equipment and structures, and intermediate inputs.

Most public services are not traded on a market, however, and therefore no market prices exist
in the data. The accounting price of public production is instead the average cost of production
rather than a market price. This is equivalent to saying that there are zero profits in the public
sector.

The default setting in MAKRO is that all factors of public production (labor, capital equipment
and structures, and intermediate inputs) are exogenous. The quantity of output produced is
endogenous, but only reacts to shocks to the production factors.

The total cost of public production is the sum of the value of the inputs into production:

PY
Pub,tYPub,t = wtρPub,thPub,tnPub,t+∑

k
P I
k,Pub,tδk,Pub,t−1Kk,Pub,t−1+PR

Pub,tRPub,t+TNetY
Pub,t (9.1)

where wtρPub,thPub,tnPub,t is the public sector payroll, and where following accounting standards
for the public sector, the cost of public capital is entirely accounted for as depreciation74. Net
production taxes and subsidies, TNetY

Pub,t , are added explicitly rather than being included in the
payroll and cost of capital.

Given the total cost of public production, the issue is how to measure separately the quantity
of public output, YPub,t , and its price PY

Pub,t. In our model of the private sector we solve this
problem using a theory of production. This is materialized in a (CES) production function that
describes how the quantities of inputs are organized to generate units of output. The output
price is then a by-product of this theory and of profit maximization. For the public sector, we
generally do not apply a standard theory of production, but instead apply the input method.

9.1.1 Input method

We have separate measures of the price and quantity of each factor input in public production.
We can measure investment, capital stocks, employment, and quantities of intermediate inputs
used. From these, we create a Paasche price index of the underlying factor prices (set to 1 in
the base year) and a corresponding Laspeyres measure of the quantity, so that in addition to eq.
(9.1) we have

PY
Pub,t−1YPub,t = γtwt−1ρPub,t−1hPub,tnPub,t+∑k P I

k,Pub,t−1δk,Pub,t−1Kk,Pub,t−1 + PR
Pub,t−1RPub,t + TNetY

Pub,t−1
YPub,t−1YPub,t

(9.2)

In the data, public employees are differentiated by educational attainment etc., and changes in
the average public wage may therefore reflect changes in the composition of public employees
rather than actual changes in wages for the individual public employee. E.g. the average public
wage increases if the share of highly educated workers increases, even if the wage pr. highly
educated worker remains constant. An additional exogenous term, γt, is included with the
lagged wage to capture this effect in the baseline forecast. In addition, in years covered by
data, this term also captures differences between the input method and the national accounting
estimates of public production, which attempts to measure actual output (number of surgeries
etc.).75

74In years covered by data, we include residual terms in the depreciation rates and prices used to compute the
value of public capital depreciation in order to match the national accounts data. Public capital depreciation
would otherwise differ slightly from the national accounts data due to composition effects in the prices of capital
and investment which affect the chain indices used to calculate prices.

75The chain index method of accounting for public production has the unfortunate feature that a shock which
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9.1.2 Public employment

The expenditure on labor by the public sector consists of wages paid pr. hour, wtρPub,t , times
hours pr. employee, hPub,t, times the number of employee, nPub,t. Payroll taxes, τLt , are
disregarded here as they are transfers from the state to itself. The wage expenditure also
disregards vacancy posting costs as these are a component of the user cost of labor, which is
not considered in the input method of accounting for the public sector. I.e. since we merely
measure costs, rather than apply a standard theory of production, it does not matter whether
the labor is spent as hiring costs or used in production. The hourly wage, wtρPub,t , is detailed
in the labor market chapter.

Public employment in hours is exogenous by default in MAKRO. In the baseline forecast, the
ratio between public capital and output is fixed, as well as the ratio between the public payroll
and expenditure on intermediate purchases (we go into detail on these ratios below). With the
public K/Y and L/R ratios fixed in the baseline, public employment is determined residually
given a baseline demand for public production. The baseline demand for public production is
covered in section 9.2.

9.1.3 Public investments

Public investments as real quantities are exogenous by default in MAKRO, and it is up to the
user to shock public investments explicitly for a balanced shock to public production. Public
sector capital (equipment and structures) obeys the standard law of motion

Kk,Pub,t = (1 − δk,Pub,t
)
Kk,Pub,t−1 + Ik,Pub,t

In the baseline forecast, public investments are determined residually as we forecast the public
sector capital stock directly. Public sector capital in current investment prices is forecasted as a
constant share, α̂Kk,t , of a weighed average of public and private sector gross value added. That
is, we add the restriction

P I
k,tKk,t = α̂Kk,t

(0.7 ·
(
PY

Pub,tYPub,t − PR
Pub,tRPub,t

)+ 0.3 · Xt
)

where Xt is a moving average of private sector value added. α̂Kk,t is constant in the baseline
forecast, but is endogenous by default for shocks to the model as public investments are fixed.

New, direct, and indirect investments In addition to distinguishing between capital structures
and equipment, public investments are also classified in three other categories: new, direct, and
indirect investments. In this section we document how these categories are allocated between
equipment and structures and how we forecast these categories.

The majority of public investments are categorized as new investments, and we divide these
between both capital types with a share parameter, µnewt . Direct investments, which consist
almost entirely of publicly funded R&D are allocated to investments in equipment. Finally,
indirect investments are purchases of existing capital and are entirely allocated to structures. In
current prices, we have the following accounting identities:

public investmentst = new investmentst + direct investmentst + indirect investmentst

leaves all factors of public production completely unchanged can still affect the Laspeyres measure of output
through price changes. For a transitory shock, the effect is negligible, but for a permanent shock the effect can
be difficult to ignore, as the effect accumulates over time. The problem also exists for other chain indices, but is
exacerbated here by the fact that capital and intermediate inputs generally follow productivity growth, while
hours worked do not. For shocks to the model, which do not affect any public sector factor of production, users
are therefore advised to also exogenize government consumption, Gt , rather than using eq. (9.2).
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public investment in structurest = µnewt · new investmentst + indirect investmentst

public investment in equipmentt = (1 − µnewt ) · new investmentst + direct investmentst

Indirect investments are modeled as a constant share of aggregate gross value added

indirect investmentst = µindirectt ·
(
PY
t Yt − PR

t Rt
)

Note that the separation between indirect and new investments is purely accounting and has no
effect on any behavior in MAKRO.

Direct investments are modeled as a fixed share of public production in real quantities.

direct investmentst = PY
Pub,t · µPub

IM,t · YPub,t

New investments are determined residually, given total public investments.

9.1.4 Intermediate input purchases

The aggregate quantity of intermediate inputs used in public production is exogenous by default
in MAKRO.

Intermediate inputs in the public sector are sourced from many production sectors, both
domestic and foreign, in exactly the same way as other demand components and is covered in
the input/output chapter.

In the baseline forecast we assume a constant ratio, µLRt , between the public payroll and
expenditures on intermediate inputs:

µLRt = wtρPub,thPub,tnPub,t

PR
Pub,tRPub,t

For a generic shock to government consumption, the user can exogenize this ratio in order to
determine a proportional change in public sector intermediate purchases.

9.2 Demand for public production

Public production, YPub,t, is given in the input/output system as the sum of three demand
components: government consumption (of public services) GPub, private consumption of public
services CPub, and public direct investments, IPub.

YPub,t = CPub
t + GPub

t + IPub
t

As we assume that the same price (before taxes) is paid independent of how output is consumed,
this identity holds both for real quantities and in current prices.
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9.2.1 Private consumption of public services and public direct investments

We model the private consumption of public services as proportional to government consumption:

CPub
c,t = µPub

c,t Gt

The underlying assumption is that the structure of public services are fixed, such that co-
payments remain a constant share except if the user shocks these structures explicitly.

Similarly, public direct investments (R&D) are a fixed share of public production:

IPub
k,t = µPub

k,t YPub,t

These two assumptions imply that public production is fixed except for shocks that affect the
government consumption, as opposed to moving endogenously with changes in private sector
demand through constant input/output shares.

9.2.2 Government consumption of public production

Total government consumption Gt is the sum of government consumption of public output plus
government consumption of private output, including imports (the blue column in table 9.0.1):

PG
t Gt = PYτ

G,Pub,tGPub
t + Private inputs =∑

s

(
PYτ
G,s,tYG,s,t + PMτ

G,s,tM,G,s,t
)

The sourcing of government consumption from different sectors, domestic and foreign, works
in exactly the same way as other demand components and is covered in the input/output
chapter. Given a desired total government consumption, the input/output system delivers a
demand for public production, or vice versa given a total public production, we can calculate
total government consumption as a residual.

As all factors of production are fixed by default, the supply of public production YPub,t is also
effectively fixed, and the demand for government consumption is determined residually.

9.2.3 Baseline government consumption

We decompose the costs of government consumption in two parts: the depreciation costs of
capital and the remainder:

PG
t Gt =∑

k
δPub,k,tP I

Pub,k,tKPub,k,t + µGt NG
t ρtwt

In the baseline, the remainder (government consumption net of depreciations), follow a fixed
government service level parameter, µGt , times an exogenous demographics based index of
demand of government services, NG

t , and finally the average wage ρt · wt pr. hour, in line with
the forecast methodology of the Ministry of Finance. The demographics index is an important
exogenous input to the model baseline and based on more detailed demographic projections
(befolkningsregnskab).
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Table 9.3.1: Public production variables

Documentation Code Definition

YPub,t qY[’off’,t] Public production

hPub,tnPub,t hL[’off’,t] Public sector employment in hours worked

Kk,Pub,t qK[k,’off’,t] Public sector capital of type k, ultimo

RPub,t qR[’off’,t] Intermediate inputs to public production

Gt qG[’g’,t] = qG[gTot,t] Government consumption

GPub
t qIO[’g’,’off’,t] Inputs from public production to government consumption

CPub
t qIO[’cTje’,’off’,t] Inputs from public production to private consumption of services

IPub
t qIO[’iM’,’off’,t] Inputs from public production to capital equipment

δk,Pub,t rAfskr[k,’off’,t] Depreciation rate of public capital of type k

ρPub,t qProd[’off’,t] Labor units pr. hour in public sector

Ik,Pub,t qI_s[k,’off’,t] Public sector investments of type k

YG,s,t qIOy[’g’,s,t] Domestic inputs from sector s to government consumption

MG,s,t qIOm[’g’,s,t] Imports from sector s to government consumption

PY
Pub,t pY[’off’,t] Deflator for public production

wt pW[t] Wage per unit of productive labor

P I
k,Pub,t pI_s[k,’off’,t] Deflator for public sector investments of type k

PR
pub,t pR[”off’,t] Deflator for intermediate inputs to public production

PG
t pG[gTot,t] Deflator for government consumption.

PYτ
G,s,t pIOy[’g’,s,t] Price of domestic deliveries from s to ’g’ including taxes

PMτ
G,s,t pIOm[’g’,s,t] Price of imported deliveries from s to ’g’ including taxes

TNetY
Pub,t vtNetY[’off’,t] Value of net production taxes in public production

9.3 Appendices - Public Production

9.3.1 Productivity Growth

It is assumed the there is no labor augmenting technological progress in the public sector.
A simple way to understand the consequences of this fact is to work as if public production
happened through a Cobb-Douglas production function with inputs (Kb, Km, L, R ):

Yt = K αKb
b,t K

αKm
m,t (AtLt)αL RαR

t

In such a case the price would be the variable recovered through the zero profit condition, and
this price would be

Pt = A−αL
t

(
PK
b,t

αKb

)αKb (PK
m,t
αKm

)αKm (PL
t
αL

)αL (PR
t
αR

)αR
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On a balanced growth path all input prices or user costs grow with the inflation rate, except for
the user cost of labor, which increases with the inflation rate plus the Harrod neutral growth
rate gξ . This implies for a Cobb-Douglas output price:

Pt
Pt−1 = (1 + π)αKb +αKm+αR ( (1 + π) (1 + gξ

)(1 + gξ
) )αL = 1 + π

It is, however, assumed that there is no productivity growth in the public sector. This implies
that its price will grow with a higher rate, namely

P0
t

P0
t−1 = (1 + π)αKb +αKm+αR ( (1 + π) (1 + gξ

)
1

)α l = (1 + π) (1 + gξ
)αL

where the contribution of the growth rate of technology on the labor price is weighed by the
labor share.

This is captured in the price index of public production by adding the growth of technology in
the denominator as follows

P0
t = P0

t−1
∑

i∈(b,m) P I
i,tKi,t + PR

t Rt + (PL
t /��At

) (
��AtLt

)∑
i∈(b,m) P I

i,t−1Ki,t + PR
t−1Rt + (PL

t−1/At−1) (AtLt)
and this works in the desired way because the technology factor grows at a constant rate in all
sectors except for the public sector where it is constant.
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10 Government

This chapter provides an overview of government revenues and expenditures. Several items on
the expenditure side of the balance sheet are exogenous or obey exogenous relationships, such
as fixed ratios to population or GDP. The same is true on the revenue side, as much of this side
of the balance sheet amounts to determining the realized average tax rate on a particular item.

A couple of basic relationships are helpful to put forward here. First, the government budget
surplus is the primary budget surplus plus net interest income,

Surplus = Primary Surplus + Net Interests

and the primary surplus is the difference between revenues and expenditures (other than interest
payments).

Primary Surplus = Revenues - Expenditures

Revenues and expenditures are described in the next two sections. Section 10.3 accounts for
net interests, and finally, after detailing the balance sheet, we define the fiscal sustainability
indicator in section 10.4.

10.1 Revenue

Government revenue is the sum of direct taxation, indirect taxation and other government
revenues:

Revenues ≡ Tt = TDirectt + T Indirectt + TOthert

Direct taxes comprise around 60% of total tax revenues and are described in subsection 10.1.1,
which covers many aspects of the Danish income tax system. Indirect taxes consist mainly of
duties, VAT, and production taxes, as described in subsection 10.1.3. Indirect taxes make up
around 30% of tax revenues. The remaining taxes are described in subsection 10.1.4.

Regarding notation, the letter y stands for income and appears in different objects, tax rates are
denoted by τ, and tax revenues are given by the capital letter T . For example, the sector-specific
corporate tax rate is called τCorps,t and brings in the total revenue T Corps,t . Tax rates in the text,
τ, correspond to tax rates in the code t × f , where f is an adjustment variable to fit the data.
These adjustments help match observed average tax rates, given the rate determined in the tax
law. The adjustment factor is sometimes unnecessary and set to 1. Tax rates and adjustment
factors are typically exogenous in MAKRO - if not it is explicitly mentioned.

Where applicable, variables such as T Incomet represent sums over all cohorts, while corresponding
variables with an age subscript, T Incomea,t , represent cohort averages. The two variables are
related by T Incomet =∑aNa,tT Incomea,t .76

10.1.1 Direct taxes

Direct taxation is modeled closely after the Danish income tax law.77 Economic and demographic
movements affect the tax burden such that the relationship between direct taxation and the

76The only exceptions for tax revenues in this chapter are the taxes on the deceased and property tax. However,
it does not apply in general as, in some cases, the base is the start-of-year population, and the flow of the
deceased needs to be accounted for.

77See http://www.skm.dk/skattetal/beregning/skatteberegning/skatteberegning-hovedtraekkene-i-
personbeskatningen-2017
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total income level is not constant, and therefore we need a flexible modeling of the tax system.

Direct taxes consist of income taxes T Incomet , labor market contributions (AM bidrag)78, T AMt ,
corporate taxation, T Corpt , taxation on the return on investments in pension funds, T PALt , weight
duties on cars, TWeight

t , and other personal income taxation, T PersRestt :

TDirectt = T Incomet + T AMt + T Corpt + T PALt+TWeight
t + T PersRestt

Income tax revenues are given by

T Incomet = TMuncipalt + T Bott + T Equityt + T Topt+T Propertyt + T Businesst + TDeceasedt

where the components are local (municipal) income taxes, income taxes from the bottom
income bracket, taxes on capital income from equity, income from the top income bracket,
property taxes, taxes on small businesses that do not pay corporate tax, and taxes on the
deceased (as households can still have income subject to taxation in the year they die). All
these revenues are calculated for each cohort of households.

The municipal tax, bottom bracket tax, and top bracket tax revenues are given by:

TMuncipala,t = τMuncipala,t
(
yTaxablea,t − ALPersonala,t

)
T Bota,t = τBott

(
yPersonala,t + yNetCap

+
a,t − ALPersonala,t

)
T Topa,t = τTopt

(
yPersonala,t + yNetCap

+
a,t

)
αTopa,t

The municipal tax is based on taxable income, yTaxablea,t , while the bottom and top bracket taxes
are based on personal income, yPersonala,t , plus positive79 net income from bonds and deposits,

yNetCap
+

a,t . Only income above a certain threshold is taxed at the 3 relevant tax rates. For the
municipal and the bottom bracket taxes, a personal allowance, ALPersonala,t , is subtracted from

the base. For top bracket taxes, αTopa,t controls the share of personal income effectively taxed at
the top rate. The income terms and allowances are described in detail in subsection 10.1.2.

The taxes on income generated by financial stocks are given by:

T Equitya,t Na,t︸ ︷︷ ︸
Revenue from survivors

= τEquityt


∑

i∈Equity

rDivi,t Ai,a−1,t−1︸ ︷︷ ︸
Dividends (pr. household)

+ αGainst CAccGains
t︸ ︷︷ ︸

Aggregate capital gains

∑
i∈Equity Ai,a−1,t−1∑
i∈Equity Ai,t−1︸ ︷︷ ︸

Household share of total

 sa−1,t−1Na−1,t−1︸ ︷︷ ︸
Surviving population

where Ai,a,t is the households financial assets of type i, here either domestic or foreign equities.
Both dividends and realized capital gains are subject to taxes on equity income. Only the
surviving population pays regular equity taxes, as the deceased are instead taxed through a
special tax on the deceased.

78AM Bidrag is a tax of 8%, which all employees and the self-employed must pay each month on their wages.
Employers ensure that the labor market contribution is automatically deducted from salary after ATP and any
own pension contribution have been deducted, after which the other taxes are deducted.

79Positive means that the net income form bonds and deposits is conditional on being positive and above a
certain level.
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Unrealized capital gains are a stock, CAccGains
t , of accumulated gains and losses from price

changes on assets which have not yet been realized and taxed. We model the realization
of these gains as a fixed share, αGainst , of the unrealized stock. The law of motion of the
unrealized-capital-gains stock is

CAccGains
t = CAccGains

t−1 − αGainst CAccGains
t + ∑

i∈Equity

rRevali,t Ai,t−1
where rRevali,t is the price change of asset i.80 This formulation implies that capital gains are
gradually taxed with an average realization time depending on αGainst .

Property taxes follow the value of the start-of-period stock of owner-occupied housing,
Da−1,t−1:81

T Propertya,t Na,t = τPropertyt Da−1,t−1sa−1,t−1Na−1,t−1
The business tax follows earnings before taxes, EBTt . It is distributed among cohorts according
to their wage income assuming that business income is distributed as wage income:

T Businessa,t = τBusinesst EBTt
Wa,t
Wt

where Wa,t denotes the wages per person paid to the households of age a and Wt is the total
of the cohort.82

Taxation of the deceased primarily consists of taxes on capital income of the deceased. It
follows the base for equity taxes and other capital income for those that do not survive:

TDeatha,t = τDeatht



∑
i∈Equity

rDivi,t Ai,a−1,t−1︸ ︷︷ ︸
Dividends

+ αGainst CAccGains
t

∑
i∈Equity Ai,a−1,t−1∑
i∈Equity Ai,t−1︸ ︷︷ ︸

Capital gains+rNetCap+
a,t

∑
i∈Bonds & Deposits

rInteresti,t Ai,a−1,t−1︸ ︷︷ ︸
Interests


The first two terms of the base refer to equity taxes, and the last refers to positive net capital
income, which is described in the subsection “Income terms and allowances”. The aggregate
revenue from taxes on the deceased is given by:

TDeatht =∑
a
TDeatha,t

(1 − sa−1,t−1)Na−1,t−1
Labor market contributions (AM Bidrag) are modeled as:

T AMa,t = τAMt Wa,t

(
Wt − T CivilServantst

Wt

)
80A revaluation is a capital gain that is not realized (where assets change prices but are not traded). A capital

gain occurs when the asset is traded.
81Note that in the current version of MAKRO TPropertyt = TPropertya,t Na,t +

τPropertyt Da−1,t−1 (1 − sa−1,t−1)Na−1,t−1 = ∑
a τ

Property
t Da−1,t−1Na−1,t−1. That is property taxes on the

deceased (not a part of taxes on the deceased) must also be paid. These are paid through lower inheritance.
This will be changed in a future version of MAKRO.

82In the notation of the labor market chapter it is defined as Wa,t ≡ ρea,thea,tnea,twt
Na,t and Wa,t ≡

∑
aWa,tNa,t =∑

a ρea,thea,tnea,twt .
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They depend on the tax rate and on wages per person (not per employee) adjusted for pension
contributions to civil servants’ pensions.83

Corporate taxes are given by:

T Corpt = ∑
s∈Private

T Corpxs,t + TNorthSeat

which is the sum of corporate tax revenue from the private sectors, T Corpxs,t , plus a tax for oil
and gas extraction in the North Sea, TNorthSeat . The corporate tax excluding extraction is levied
on earnings before taxes, EBTt :

T Corpxs,t = τCorpt EBTs,t
while tax revenues from oil and gas extraction is based on earnings before taxes, interests, and
depreciations in the extraction sector and given by:

TNorthSeat = τCorpNortht EBITDAs∈Extraction,t

Pension funds pay tax on the return on their financial assets (interest on bonds, dividends and
capital gains on stocks):

T PALt = τPALt
∑

i∈Pensions

(
rInteresti,t + rRevali,t

)
Ai,t−1

where the rate of return is the sum of interests (including dividends), rInteresti,t , and revaluations,
rRevali,t , of the pension portfolio.

The weight charge on cars, TWeight
a,t , is calculated per person by an implicit tax rate times the

stock of privately owned cars, Carst , distributed by age according to non-housing consumption,
Ca,t :84

TWeight
a,t = τWeight

t Carst−1Ca,tCt

Finally, other (residual) personal income taxes are given by the tax on income received from
capital pensions, and a further term divided according to personal income times an implicit tax
rate:

T PersResta,t = τCapPensiont yPYp∈Capital pension,a,t + yPersonala,t τPRNCPt

where tax on income received from capital pensions is given by a fixed rate times the pension
income from capital pensions, yPYp∈Capital Pension,a,t .

10.1.2 Income terms and allowances

Personal income is given by:
83The last term is modifying the age dependent wage to be net of civil servants’ contribution. This is modeled

with the extra term as this contribution is not age dependent.
84To make the model more consistent we could have age specific car stocks. Then the distribution of weight

tax on age could be consistent to the prior car consumption by age. As we do not have car consumption divided
by age we assume it to be proportional to overall consumption, thus sparing the extra book keeping by age, and
distribute the tax according to non-housing consumption.
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yPersonala,t = Wa,t
Na,t

−T AMa,t +yGTaxa,t +yPYp∈Taxable excl. capital pension,a,t−yCPp∈Taxable incl. capital pension,a,t+yPersonalResta,t

which is wage income per person, Wa,t
Na,t

, excluding labor market contributions, T AMa,t , plus taxable

income transfers, yGTaxa,t , defined below in the section on government expenses, plus (received)
pension income subject to income taxation, yPYp∈Taxable excl. capital pension,a,t, minus pension pay-
ments to the two tax-deductible types of pensions, yCPp∈Taxable incl. capital pension,a,t .

85 Pensions are
discussed in the household chapter. Finally a residual item, yPersonalResta,t , ensures that personal
income by age matches administrative data.

Taxable income adds net capital income, yNetCapitala,t , and subtracts a number of allowances
(AL) defined below:

yTaxablea,t = yPersonala,t + yNetCapitala,t − ALEITCa,t − ALUnempa,t − ALEarlyReta,t − ALOthera,t

Net Capital Income of an average person of age a is the difference

yNetCapitala,t = yCap
+

a,t − yCap
−

a,t

where positive capital income is the return on household nominal deposits and bonds
∑

i∈Bonds & Deposits rinteresti,t Ai,a,t
and negative capital income consists of interest payments on nominal bank debt and mortgage
debt

∑
i∈Debt & Mortgages rinteresti,t Li,a,t .

Positive and negative capital income is given by:

yCap
+

a,t Na,t︸ ︷︷ ︸
Income to survivors

= ∑
i∈Bonds & Deposits

rInteresti,t Ai,a−1,t−1︸ ︷︷ ︸
Interests

sa−1,t−1Na−1,t−1︸ ︷︷ ︸
Surviving population

yCap
−

a,t Na,t︸ ︷︷ ︸
Payments by survivors

= ∑
j∈Debt & Mortgages

rInterestj,t Lj,a−1,t−1︸ ︷︷ ︸
Interests

sa−1,t−1Na−1,t−1︸ ︷︷ ︸
Surviving population

where Ai,a,t and Lj,a,t are the households’ financial assets and liabilities of type i and j. The
deceased do not pay regular income taxes on capital income. These are instead part of taxes
on the deceased.

All capital income is part of taxable income and enters the tax base for municipal taxation.
However, only positive net capital income (above a certain threshold, yNetCapitala,t > y > 0) is
part of the tax base for bottom and top taxation86:

yNetCap
+

a,t = (yNetCapitala,t > y > 0) ≡ rNetCap
+

a,t yCap
+

a,t

The potential personal allowance is the same for every (adult) person and follows the wage
indexation of transfers (satsregulering, sregt , described in subsection 10.1.3). The actual average
personal allowance used is, however, not the same for all cohorts as some (few) persons do not
have any income87:

85Income received from capital pensions is not taxed as personal income, but with an independent tax rate.
Payments into capital pensions are tax deductible.

86We are looking at micro data for an accurate measure and until then we set rNetCap
+

a,t = 0.5.
87The personal allowance can be used by a spouse if a person has no income (and is married). This effect is

not captured in the model.
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ALPersonala,t = sregt ĀLPersonala,t

where ĀLPersonala,t is set to match data.

The earned income tax credit (Beskæftigelsesfradrag, EITC) is an allowance for people in
employment. It is a percentage of income up until a limit. It has the properties of a negative
marginal tax for people with low income and a negative lump sum tax for people with high
income. It is treated as a negative marginal tax, but with a tax rate equaling the average
relative allowance. It could be distributed on age groups according to administrative data, but
in this model version it is assumed to be the same for all age groups. This means the total tax
credit can be calculated as the average allowance rate times wages:

ALEITCa,t = τEITCt Wa,t

The allowance for contribution to unemployment insurance, ALUnempa,t , is proportional to the
contributions paid towards unemployment insurance.88:

ALUnempa,t = Conta,t
Contt

A2CUnemp
t ContUnempt

and similarly, the allowance for contribution to early retirement (Efterløn), ALEarlyReta,t , is
proportional to contributions toward early retirement:

ALEarlyReta,t = Conta,t
Contt

A2CEarlyRet
t ContEarlyRett

We have data for ALUnempt and ContUnempt . The age decomposition follows the age distribution
from total contributions (as only total contributions, Conta,t , have an age distribution), which
is simply proportional to wage income by age.

Other allowances include allowances for transport, clothes etc. These are primarily related to
employment and therefore modeled as a function of the employment rate by age:

ALOthera,t = ĀLOthert sregt
nea,t
Na,t

where ĀLOthert is exogenous and set to match data.

10.1.3 Indirect taxation

The tax revenue from indirect taxes consist of the revenues from value added taxes, T VATt , excise
duties, TDutyt , duties from car sales (registreringsafgift), T Regt , production taxes, T Productiont ,
and the difference between customs taxes (taxes on imported goods), T Cust , and indirect taxes
to the EU, T EUt .

T Indirectt = T VATt + TDutyt + T Regt + T Productiont + T Cust − T EUt

Value added taxes, excise duties, and customs are all taxes on demand inputs from the production
sectors. Customs are added first, but only to imports:

T Cust =∑
d

∑
s
τCusd,s,tPM

s,tMd,s,t

88Allowances include contributions and administration cost. Therefore the ratios of allowance to contribution
A2CUnempt and A2CEarlyRett can be above 1.
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where τCusd,s,t is the exogenous custom rate, Md,s,t are imports from sector s to demand group d,
and PM

s,t is the corresponding price. Excise duties are added on top of customs:

TDutyt =∑
d

∑
s

[
τDutyYd,s,t PY

s,tYd,s,t + τDutyMd,s,t
(1 + τCusd,s,t

)
PM
s,tMd,s,t

]
where τDutyYd,s,t and τDutyMd,s,t are the exogenous duty rates, Yd,s,t is domestic input from sector s
to demand group d, and PY

s,t is the corresponding price. Value added taxes are added on top of
duties (except those from car sales) and subsidies:

T VATt =∑
d

∑
s

 τVATYd,s,t

(1 + τDutyYd,s,t − sYd,s,t
)
PY
s,tYd,s,t

+τVATMd,s,t

(1 + τDutyMd,s,t − sMd,s,t
)(1 + τCusd,s,t

)
PM
s,tMd,s,t


where sYd,s,t and sMd,s,t are exogenous subsidy rates. Note that duty and VAT rates vary for
imported and domestic inputs. The tax structure does not allow for such discrimination. It is a
product of aggregation as imported and domestic inputs have different composition and hence
different aggregate tax rates even on input/output cell level.

Duties from car sales are added after VAT and are modeled as:

T Regt =∑
d

∑
s

 τRegd,t

(1 + τVATYd,s,t

)(1 + τDutyYd,s,t − sYd,s,t
)
PY
s,tYd,s,t

+τRegd,t

(1 + τVATMd,s,t

)(1 + τDutyMd,s,t − sMd,s,t
)(1 + τCusd,s,t

)
PM
s,tMd,s,t


where the exogenous implicit car duty rates τRegd,t are 0 for all but three demand composnents:
Private consumption of cars, investments in equipment, and government consumption.

Production taxes are taxes on the production input (labor, capital and materials) of firms. They
are sector specific and consist of taxes on land (grundskyld), T Lands,t , weight charges on cars,

T FirmWeight
s,t , payroll taxes, T Payrolls,t , taxes related to firm’s contribution to workers education,
T FirmEdus,t , and a small sum of other production taxes, T ProductionRests,t :

T Productiont =∑
s

(
T Lands,t + T FirmWeight

s,t + T Payrolls,t + T FirmEdus,t + T ProductionRests,t

)
The tax on land is modeled as:

T Lands,t = τLands,t P I
iB,s,tKiB,s,t−1

With an exogenous tax rate, we assume that the tax base for land value follows the replacement
value of structures capital in the relevant sector, P I

iB,s,tKiB,s,t−1.
Both the payroll tax and the education contributions are proportional to payrolls:89

T Payrolls,t = τPayrolls,t · Payrolls,t

T FirmEdus,t = τFirmEdus,t · Payrolls,t

The residual production taxes follow gross value added in each sector:

89The payrolls are given by: Payrolls,t = (1 − λSelfEmps,t

)
wtρs,ths,tns,t , where λSelfEmps,t is the exogenous share

of self-employed in sector s. For notation on other parameters refer to labor market chapter.
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T ProductionRests,t = τProductionRests,t GVAs,t

Indirect taxes to the EU is not exactly equal to customs so a correction factor is added:90

T EUt = fTCust · T Cust

10.1.4 Other government revenues

Other revenues are as follows:

TOthert = T Bequestt + T δt + Contt + T ForeignCapt+T ForeignEUt + T ForeignRestt + THht+T Firmst + T Churcht + T LandRentt + TGovFirmst

Bequest taxes (arveafgift) follow the bequest amount, T Bequestt = τBequestt ·Beqt , where τBequestt
is the implicit tax rate and Beqt is the sum of bequests described in the household chapter.

Revenues from the depreciation of government capital T δt are discussed in the chapter on
government production and consist of depreciation allowances paid by the government to itself.
They are included here as revenue, while on the expenditure side they are a part of government
consumption. On the public production side depreciation is counted as a cost. The public
sector gets the money back here, however so the actual capital expense is the investment.

Contributions to social programs (Bidrag til sociale ordninger) Contt , sums a list of different
specific payments to the state:

Contt = ContUnempt + ContCivilServantst + ContEarlyRett+ContFreeRestt + ContMandatoryt

All these contributions follow the labor force through a relation of the form:91

ContXt = µXt · nLabForcet

with contribution rate µXt .92 The index X contains contributions to early retirement, other
voluntary contributions (øvrige frivillige bidrag), mandatory contributions (obligatoriske bidrag),
and contributions to civil servant pensions (bidrag til tjenestemandspension).

Transfers to the government are divided into foreign capital transfers, T ForeignCapt , non-capital
foreign transfers from the EU, T ForeignEUt , other foreign transfers, T ForeignRestt , transfers
from households, THht , transfers from firms, T Firmst , and transfers from publicly owned firms,
TGovFirmst .

All these transfers are all calibrated to match their respective shares of GDP:

T Xt = αXt GDPt
with X ∈ {ForeignCap, ForeignEU, ForeignRest, Hh, Firms,GovFirms}.

Tax revenue from the church tax follows the same tax base as municipal taxation and is (at a
personal level) given by:

90We have almost exactly T Cust = TEUt .
91The labor force in MAKRO is a sum of people in socio-economic groups in the labor force

∑
soc∈Labor Force nsoc,t

plus foreign worker. The number of people in socio-economic groups depends mechanically on employment and
population as described under transfers in the expenditure section of this chapter.

92This rate follows the regulation rate of public transfers (sats-regulering) as explained under public expenditures.
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T Churcha,t = τChurcht rTChurcht
(
yTaxablea,t − yPAa,t

)
where rTChurcht are the share of tax-payers that pay church-taxes.

The land rent, T LandRentt , depends on the gross value added in the extraction sector, and is
given by:

T LandRentt = τLandRentt · GVAextraction,t

10.2 Expenditures

Total government expenditures, ExpGt , are the sum of expenditures on government consumption,
PG
t Gt, income transfers, TRt, value of investments,

∑
k P I

k,Pub,t Ik,Pub,t, subsidies, Subt, and
other expenses, ExpOthert :

Expenditures ≡ ExpGt = PG
t Gt + TRt +∑

k
P I
k,Pub,t Ik,Pub,t + Subt + ExpOthert

The largest expense categories are government consumption and income transfers. In 2021
these two posts were respectively 49 and 32 percent of government expenditures.

Government consumption, Gt , and investments, Ik,Pub,t , are exogenous. The prices of these are,
as usual for demand prices, given by the output prices from the sectors delivering inputs plus
indirect taxes.93

Further details of government investments and capital stocks are given in the chapter on public
production.

Income transfers, subsidies and other expenses are described in the rest of this section.

10.2.1 Income transfers

Government income transfers are the sum of many different types94:

TRt =∑
j
TRj,t

Every type of income transfer j is determined as a rate per person in million DKK times a
number of recipients in thousand persons:95

TRj,t = Ratej,t · nj,t
Rates follow the wage index, sregt , (satsregulering) 96:

Ratej,t = µRatej,t sregt
93Expenditures on government consumption and investments depend on the endogenous output prices, where

the public sector weighs the most. The public sector’s output price follows its production costs, which are mainly
wages. So expenditures on government consumption and investments follow the wage level relatively close even
though not one to one.

94In the current model version there are 36 different income transfers: 12 types of unemployment compensation,
7 types of pension and 17 other including student aid, support for housing, children etc.

95It is necessary to include an adjustment term in order to calibrate the model as in some years transfers have
been paid even though the base is zero. This is probably due to corrections in transfers paid from the year before.
The numbers are, however, very small and in projections this adjustment term is set to zero and not used.

96The only exception is the j = Green Check, which just consists of a constant value RateGreen Check,t =
µRateGreen Check,t .
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where µRatej,t is a calibrated parameter.

The wage index is based on the average wage per worker with a two year lag:

sregt = sregt−1Wt−2/net−2
Wt−3/net−3

The number of recipients is based on an exogenous mapping ∂nj
∂nsoc from socio-economic groups97

contained in the demographic projection (befolkningsregnskab) to the income transfer type:

nj,t =∑
soc

∂nj
∂nsoc︸ ︷︷ ︸

exogenous

·nsoc,t

The mapping ∂nj
∂nsoc is a j × soc matrix. In most cases this matrix only has diagonal elements -

i.e. one socio-economic group receives one type of transfer. In several cases, however, more
than one socio-economic group receives the same transfer type, for example employed and
unemployed students both receive student benefits. Also, the base for some transfers is all
people of age 18 and above. In a few cases the socio-economic groups are divided between
two transfer groups where they are not the only recipients. This makes it necessary to have
coefficients between one and zero in a few cells.

The number of persons in the different socio-economic groups changes with employment. When
employment increases by 1.000 persons groups, that make up employment increase by 1.000
persons, and the groups which make up non-employment decrease by the same 1.000 persons.
The specific allocation follows the deviation from structural employment:

nsoc,t = n∗
soc,t + ∂nsoc,t

∂net︸ ︷︷ ︸
exogenous

(net − ne∗
t )

where net is total employment (excluding non-resident workers) and ne∗
t is the equivalent structural

employment. The factor ∂nsoc,t
∂net

is the marginal effect from deviations of employment relative to
its structural level on the composition of the different population groups (socio-economic, index
soc).98 The object n∗

soc,t is the structural number of persons in the socio-economic group soc.

10.2.2 Age distribution of income transfers

The previous section covered income transfers by the type of income transfer, j. The total
of these income transfers to households is

∑
j TRG

j,t . We now look at how these transfers are
distributed among households of different ages.

To keep the model tractable, we do not model each type of transfer by age endogenously.
Instead, we model only the total transfers received by age, yGa,t . Total transfers by age must of
course match total transfers by transfer type; that is

∑
a
yGa,tNa,t =∑

j
TRG

j,t

In the baseline forecast, we do however, utilize a full demographic forecast by age and socio-
economic group, nsoc,a,t. In the baseline, we generally assume that the rate received for a

97In the current model version there are 52 different socio-economic groups. The employed are divided into
19 groups, the unemployed into 11 groups, leaving 22 groups for people outside the labor market.

98The marginal effects are measured empirically by the Ministry of Finance using correlations with the
employment gap. This is described in more detail in the working paper: “Fordeling af ændringer i beskæftigelsen
på socioøkonomiske grupper” published on www.fm.dk.
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particular income transfer is independent of age, but that the share of recipients varies greatly
by age. We can denote the full transfer matrix each period by age and type of transfer as yGj,a,t .

The total income transfer received by an individual is

yGa,t =∑
j
yGj,a,t

=∑
j
Ratej,t ·

nj,a,t
Na,t

=∑
j

Ratej,t∑
soc

∂nj
∂nsoc︸ ︷︷ ︸

exogenous

·nsoc,a,tNa,t


For marginal shocks to the model, we model the row and column totals of the yGj,a,t matrix,
but leave the age×transfer cells unspecified. As already stated, we do this in order to keep the
model tractable.

Specifically, we model yGa,t as

yGa,t = ∂yGt
∂net

·
nea,t
Na,t

+ ∂yGt
∂Nt

µyGa,t + yGOthera,t

where ∂yGt
∂net

and ∂yGt
∂Nt

are endogenous and depend on Ratej,t and µyGa,t is a calibrated parameter.
The term yGOthera,t contains age-specific transfers that are not included in the mapping from
socio-economic groups (j ∈ {Child-base,Adult-base} described above).

The endogenous derivatives, ∂yGt
∂net

and ∂yGt
∂Nt

, are given by:

∂yGt
∂net

=∑
j
Ratej,t

∂nj,t
∂net

=∑
j

{
Ratej,t

∑
soc

∂nj
∂nsoc︸ ︷︷ ︸

exogenous

∂nsoc,t
∂net

}
︸ ︷︷ ︸
exogenous

and

∂yGt
∂Nt

=∑
j
Ratej,t

∂nj,t
∂Nt

=∑
j

{
Ratej,t

∑
soc

∂nj
∂nsoc︸ ︷︷ ︸

exogenous

∂nsoc,t
∂Nt

}
︸ ︷︷ ︸
exogenous

where the derivatives ∂nsoc,t
∂net

and ∂nsoc,t
∂Nt

are exogenous when we shock the model. We covered

the estimated relation ∂nsoc,t
∂net

in the previous section. We calibrate the residual ∂nsoc,t
∂Nt

to match
an exogenous baseline forecast of structural socio-economic groups, such that
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n∗
soc,t = ∂nsoc,t

∂net︸ ︷︷ ︸
exogenous

ne∗
t + ∂nsoc,t

∂Nt︸ ︷︷ ︸
exogenous

Nt

When analyzing effects of structural reforms which directly affect the number of transfer
recipients (for example reforms regarding pension and education), users can directly specify the
expected change in structural socio-economic groups n∗

soc,t =∑a n∗
a,soc,t and calculate ∂nsoc,t

∂Nt
residually to match the change.

Not all government income transfers are subject to income taxes. The set of non-taxed transfers
is a subset of the index j used above - let us call it j−:

TRNonTax
t =∑

j−
TRj−,t

This is distributed by age according to a exogenous distribution, αGNonTaxa,t :

yGNonTaxa,t = αGNonTaxa,t TRNonTax
t

where
∑

a αGNonTaxa,t Na,t = 1 such that
∑

a yGNonTaxa,t Na,t = TRNonTax
t and taxable transfers are

given by

yGTaxa,t = yGa,t − yGNonTaxa,t

10.2.3 Subsidies

Government subsidies are subsidies for products and production minus subsidies financed by the
EU:

Subt = SubProductt + SubProductiont − SubEUt

Product subsidies are added simultaneously with excise duties after customs. The expense is
modeled as:

SubProductt =∑
d

∑
s

[
sYd,s,tPY

s,tYd,s,t + sMd,s,t
(1 + τCusd,s,t

)
PM
s,tMd,s,t

]
For notation, refer to subsection 10.1.3 on indirect taxes above.

Production subsidies are sector specific and related to firm production:

SubProductiont =∑
s
ςWage
s,t Payrolls,t +∑

s
ςProductionRests,t GVAs,t

where ςWage
s,t and ςProductionRests,t are exogenous effective subsidy rates and GVAs,t is gross value

added by sector s.

Subsidies financed by the EU are exogenous in MAKRO.

10.2.4 Other expenses

Other expenses consist of government land purchases and non-income transfers to abroad,
households and domestic firms:
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ExpOthert = ExpLandt + ExpForeignt + ExpHht + ExpFirmst

The non-income transfers to abroad are divided into sub-categories:

ExpForeignt = ExpForignCapt + ExpForeignVATt + ExpForeignGNIt + ExpForeignEUt+ExpForignFOt + ExpForeignGLt + ExpForeignAidt

where ExpForignCapt are capital transfers, ExpForeignVATt are VAT contributions to the EU,
ExpForeignGNIt are gross net income contributions to the EU, ExpForeignEUt are other transfers
to the EU, ExpForeignFOt are transfers to the Faroe Islands, ExpForeignGLt are transfers to
Greenland and ExpForeignAidt are transfers given as foreign aid.

The non-income transfers to the households are also divided into sub-categories:

ExpHht = ExpHhCapt + ExpHhNPISHt + ExpHhIndext + ExpHhRestt

where ExpHhCapt are capital transfers, ExpHhNPISHt are transfers to NPISH (Non-Profit Organi-
zations Serving Households), ExpHhIndext are transfers to households via index supplements to
pension schemes, and ExpHhRestt are other residual transfers to households.

All the non-income transfers mentioned in this sub-section are exogenous in MAKRO.

10.3 Net interest income and government net wealth

Net interest income consists of earned interest income from government assets, AGi,t−1, minus
paid interests on government liabilities, LGj,t−1 :

Net Interests ≡ NetIntGt =∑
i
AGi,t−1rInteresti,t −

∑
j
rInterestj,t LGj,t−1

where rInteresti,t is interest for bonds and deposits and dividends for equity.

Government assets are exogenous and consist of bonds, deposits, and equity (almost exclusively
domestic). Government liabilities consist only of bonds (divided between real estate bonds and
other bonds) and are endogenously given by the government net wealth:

W G
t = AGt−1 − LGt−1

The net wealth is given by the government budget:99

W G
t = W G

t−1 + Tt − ExpGt +NetIntGt︸ ︷︷ ︸
Budget

+∑
i
AGi,t−1rRevali,t −

∑
j
LGj,t−1rRevalj,t︸ ︷︷ ︸

Revaluations

where rRevali,t is revaluation of rate of assets and liabilities where rReturni,t = rInteresti,t + rRevali,t . It
should be noted that since government assets are exogenous and only government liabilities of
bonds are endogenous, the marginal government interest rate is that of bonds.

99The equation is the code also includes corrections for net government wealth defined in national accounts
vs. statistics on public finances.
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10.4 The fiscal sustainability indicator

The fiscal sustainability indicator, in the model called HBI (holdbarhedsindikator), is equal to
the net present value of all future government revenues minus expenditures (primary budget)
minus the initial government net debt (or plus net wealth) relative to the net present value of
future GDP:

HBIt =
∑∞

s=0 (Πs
q=0 1+rt1+rt+q

)Tt+s − ExpGt+s︸ ︷︷ ︸
Primary budget

+ Correctiont+s
+W G

t−1
∑∞

s=0 (Πs
q=0 1+rt1+rt+q

)
GDPt+s

where we discount both GDP and primary budgets using the government bonds rate - as the
marginal government return in the forecast is given by rt = rInterestBonds,t + rRevalBonds,t = rInterestBonds,t . There
is also a small correction for returns on assets different from the bond rate.100 Investing in
assets with a higher return than bonds will in the current version of MAKRO as a benchmark
increase the fiscal sustainability. It is assumed that the primary budget balance and GDP both
grow at the same constant rate after a terminal year (currently set to 2099).

100This correction is given by extra return on revaluations plus interests on govern-

ment assets and liabilities: Correctiont+s = ∑
i
AGi,t+s−1rRevali,t+s −

∑
j
LGj,t+s−1rRevalj,t+s


︸ ︷︷ ︸

Revaluations

−

∑
i
AGi,t+s−1 (rt+s − rInteresti,t+s )

−
∑
j
LGj,t+s−1

=0(︷ ︸︸ ︷
rt+s − rInterestj,t+s

)
︸ ︷︷ ︸

Interest margin

.
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